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ADVERTISEMENT TO THE FIRST EDITION, 


In my late father’s Will no instructions were left as to the publication of his 
Writings, nor specially as to that of the ‘‘ Eruments or QuatERnions,’’ which, but 
for his late fatal illness, would have been before now, in all their completeness, in 
the hands of the Public. 

My brother, the Rev. A. H. Hamilton, who was named Executor, being too 
much engaged in his clerical duties to undertake the publication, deputed this task 
to me. 

It was then for me to consider how I could best fulfil my triple duty in this 
matter—First, and chiefly, to the dead; secondly, to the present public; and thirdly, 
to succeeding generations. I came to the conclusion that my duty was to publish 
the work as I found it, adding merely proof-sheets, partially corrected by my late 
father, and from which I removed a few typographical errors, and editing only in 
the literal sense of giving forth. 

Shortly before my father’s death, I had several conversations with him on the 
subject of the ‘‘Ezements.”’ In these he spoke of anticipated applications of 
Quaternions to Electricity, and to all questions in which the idea of Polarity is 
involyed—applications which he never in his own lifetime expected to be able fully 
to develop, bows to be reserved for the hands of another Ulysses. He also discussed 
a good deal the nature of his own forthcoming Preface; and I may intimate that, 
after dealing with its more important topics, he intended to advert to the great 
labour which the writing of the ‘‘ Erements’’ had cost him—labour both mental 
and mechanical; as, besides a mass of subsidiary and unprinted calculations, he 
wrote out all the manuscript, and corrected the proof-sheets, without assistance. 

And here I must gratefully acknowledge the generous act of the Board of Trinity 
College, Dublin, in relieving us of the remaining pecuniary liability, and thus incur- 
ring the main expense, of the publication of this volume. The announcement of 
their intention to do so, gratifying as it was, surprised me the less, when I remem- 
bered that they had, after the publication of my father’s former book, ‘‘ Lectures on 
Quaternions,”’ defrayed its entire cost ; an extension of their liberality beyond what 
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was recorded by him at the end of his Preface to the ‘‘ Lectures,” which doubtless 
he would have acknowledged, had he lived to complete the Preface of the ‘“‘ ELements.”’ 

He intended also, I know, to express his sense of the care bestowed upon the 
typographical correctness of this volume by Mr. M. H. Gill of the University Press, 
and upon the delineation of the figures by the Engraver, Mr. Oldham. 

I annex the commencement of a Preface, left in manuscript by my father, and 
which he might possibly have modified or rewritten. Believing that I have thus 
best fulfilled my part as trustee of the unpublished ‘ Exrements,”’ I now place them 
in the hands of the scientific public. 


WILLIAM EDWIN HAMILTON. 


January 1st, 1866. 


PREFACE TO THE FIRST EDITION. 


[1.] THe volume now submitted to the public is founded on the same 
principles as the ‘ Lecrurss,” ) which were published on the same subject 
about ten years ago: but the plan adopted is entirely new, and the present 
work can in no sense be considered as a second edition of that former one. 
The Zable of Contents, by collecting into one view the headings of the 
various Chapters and Sections, may suffice to give, to readers already 
acquainted with the subject, a notion of the course pursued: but it seems 
proper to offer here a few introductory remarks, especially as regards the 
method of exposition, which it has been thought convenient on this occasion — 
to adopt. 

[2.] The present treatise is divided into Three Books, each designed to 
develop one guiding conception or view, and to illustrate it by a sufficient 
but not excessive number of examples or applications. The First Book 
relates to the Conception of a Vector, considered as a directed right line, in 
space of three dimensions. ‘The Second Book introduces a First Conception 
of a Quaternion, considered as the Quotient of two such Vectors. And the 
Third Book treats of Products and Powers of Vectors, regarded as constituting 


a Second Principal Form of the Conception of Quaternions in Geometry. 
* * * * * * * * 


* * * * * * * * 


* This fragment, by the Author, was found in one of his manuscript books by the Editor. 
[W. E. Hamilton. ] 
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Str Witt1am Rowan Hamiiron died on the 2nd of September, 1865, 
leaving his great work on Quaternions unfinished. He intended to have 
added some account of the operator* vy, an Index, and an Appendix con- 
taining notes on Anharmonic Coordinates, on the Barycentric Calculus, and 
on proofs of his geometrical theorems stated in Nichol’s Cyclopedia. At 
the time of his death, with the exception of a fragment of the preface, and 
a small portion of the table of contents, all the manuscript he had prepared 
was in type. As he rarely commenced writing before his thoughts were 
fully matured, he has left no outline of the additions contemplated. 

In this edition, printed by direction of the Board of Trinity College, 
Dublin, the original text has been faithfully preserved, except in a few 
places where trifling errors have been corrected. JI have added notes, 
distinguished in every case by square brackets, wherever I thought they 
were wanted. I have rendered the work more convenient by increasing the 
number of cross-references, by including in the page-headings the numbers 
of the articles (for the original references are generally given to articles and 
not to pages), by dividing the work into two volumes, and by the addition 
of an index. The table of contents has been amplified by a brief analysis 
of each article, designed as far as possible to assist the reader in following 
and in recapitulating the arguments in the text. Hamilton indicated “a 
minimum course of study, amounting to rather less than 200 pages (or parts 
of pages),” suitable for a first perusal, and he intended to have prepared a 
table containing references to this course. Such a table will be found at the 
end of the table of contents, but for the convenience of students of Physics, 
and of those desirous of obtaining a working knowledge of Hamilton’s 
powerful engine of research, I have amplified it somewhat, duly noting, 
however, the minimum course. 


* In the second volume I hope to devote an appendix to this important subject. 
HAMILTON’S ELEMENTS OF QUATERNIONS, b 
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I infer from the fragment of the author’s preface that he proposed to 
sketch an outline of the method of exposition, of an elementary character 
and adapted to those readers to whom the subject is new. ‘l’o those readers 
chiefly I address the following remarks :— 


According to the plan of this work, whenever a new conception or 
notation is introduced, a series of illustrative examples immediately follows. 
Most of these involve no real difficulty, but occasionally a long and difficult 
investigation occurs even in the early parts of the book. Intricate investi- 
gations, which are merely illustrative, are everywhere omitted from the 
selected course. 

The First Book deals with Vectors, considered without reference to 
angles or to rotations. In a word, it is concerned with the application of 
the signs +, -, and = to the algebra of vectors. The sign - is first intro- 
duced, and the sign + follows from the formula of relation (b - a) +a=b. 
Sections 3 and 4 (pp. 7-11) are occupied with a series of propositions con- 
cerning the commutative and associative laws of the addition of vectors, and 
the multiplication of vectors by sca/ars, or algebraical coefficients. Proposi- 
tions such as these often appear to a student to be mere truisms, and unfortu- 
nately it is not easy to find elementary examples to convince him of the 
contrary. The addition of vector-arcs, he will find on p. 156, is not com- 
mutative, though it is associative.t With the exception of a few passages 
noted in the table of a selected course, there is nothing in chaps. II. and ITI. 
essential to a good knowledge of the subject. They contain, however, an 
account of an extremely elegant theory of anharmonic coordinates, indepen- 
dent of any non-projective property, and intricate and powerful investigations 
of geometric nets and of systems of barycentres. 

The Second Book. treats of Quaternions considered as quotients of vectors, 
and as involving angular relations. It opens with a first conception of a 
quaternion as a quotient of two vectors, and thus the division of vectors is 
introduced before that of multiplication, just as in the First Book subtraction 
precedes addition. If g = 3: a is the quotient of two vectors, 3 and a, it is 
natural to define the product qg.a by the relation g.a = 3. It is soon found, 
if any vector y is selected in the plane of a and #, that the product g.y is a 
vector in the same plane whose length bears to that of y the same ratio as 
the length of £8 to that of a, and which makes the same angle with y that 6 


* In fact the commutative law of addition depends on a property of a parallelogram, and there- 
fore ultimately on the validity of Euclid’s fifth postulate. It does not hold except for Euclidean space. 
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makes with a. ‘Thus, from the first conception of a quaternion as a quantity 
expressing the relative length and direction of two given vectors, we have 
come to consider a quaternion as an operator on a special set of vectors, viz. 
those in its own plane. Observe that, so far, we have not arrived at the 
conception of the product of two vectors, nor of the product of a quaternion 
and an arbitrary vector. We have only reached the limited conception of the 
product g.y of a quaternion g and a vector y in its plane, and while an 
interpretation is assigned to g.y, as yet the product y.g is unknown. 

After reviewing a class of quaternions derived by fixed laws from a 
given quaternion, a special class of quaternions, called versors or radial 
quotients, is considered in detail. The product of a pair of versors is found 
(p. 147) to depend on the order in which they are multiplied, that is qq’ is 
not generally equal to ’q, or the commutative law of algebraic multiplication 
is not true for versors, nor d fortior? for quaternions. 

The multiplication of a special set of versors of a restricted kind occupies 
section 10, chap. I.; and on p. 160 the famous formula 

Vaefah=yk=—1 (A) 

is deduced, in which 7, 7, and & are right versors* in three mutually perpen- 
dicular planes. This section contains the first example of a product of more 
than two versors, and it is shown that the multiplication of these specially 
related right versors is associative. Warned by the failure of the commutative 
law, it is necessary to determine if the remaining laws of algebra are valid 
in quaternions. In algebra, if we first form the product dc and then multiply 
by a, we have the same result as if we multiplied ¢ by the product ad, and this 
associative law is expressed in symbols by the equation a.be=ab.c. This 
is also true for quaternions, and it may be regarded as the chief feature 
which distinguishes quaternions from other systems of vector analysis. For 
example, Grassmann’s multiplication is sometimes associative, but sometimes 
it is not. It is necessary to prove, moreover, that quaternion multiplication 
is distributive, or that a (b+c) =ab +ac. This is not true if 6 and ¢ are vector 
arcs, even when a is a number as shown on p. 156. Some of Hamilton’s 
early investigations led him to a non-distributive system of multiplication 
in 1830.+ 

Next a quaternion is decomposed in two ways:—(1) in section I1, into 
the product of its tensor and its versor; (2) in section 12, into the sum of its 


* A right versor turns a vector in its plane through a right angle. 
t Preface to Lectures on Quaternions, paragraph [41]. Scheffler has reproduced this system. 
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scalar and its right or vector part. This right or vector part, it is ultimately 
shown, may be identified with a vector; at present it is regarded as a right 
quaternion, or a quotient of two perpendicular vectors. By the first of these 
decompositions, ‘the multiplication of any two quaternions is reduced to the 
arithmetical operation of multiplying their tensors, and the geometrical 
operation of multiplying their versors”; and by the second the addition of 
quaternions is reduced to the algebraical addition of their scalar parts, and 
the geometrical addition of their vector parts. ‘Thus it is proved (Arts. 206, 
207) that the addition of the vector parts is reducible to the addition of 
vectors, and, as the addition both of scalars and of vectors is commutative 
and associative, so likewise is the addition of quaternions. 

The multiplication of right quaternions, or of the vector parts of quater- 
nions, is proved in Art. 211 to be distributive; and, as any quaternion is 
the sum of a scalar and a vector part, it is also proved that the general 
multiplication of quaternions is distributive. A long series of examples 
follows, some of which are not easy, including Hamilton’s well-known con- 
struction of the ellipsoid. 

Section 14 is entitled “On the reduction of the general Quaternion to the 
Standard Quadrinomial Form (¢ = w+ iv + jy + ks); with a First Proof of 
the Associative Principle of the Multiplication of Quaternions.” This proof 
depends on the general Distributive Property lately proved, and on the 
Associative Property of the particular set of versors 7, 7, & (Art. 161) ; but 
in chap. III. various proofs are given which are independent of these pro- 
perties. The first proof is sufficient for all practical purposes. 

The laws of combination of quaternions are now established. Addition 
(and subtraction) is associative and commutative; multiplication (and division) 
is associative and distributive, but not commutative. 

Passing over the second and third chapters in this Second Book, which 
are chiefly complementary to the development of the theory, we find in 
chap. I., Book IIJ., three lines of argument traced out in justification 
of the identification of the vector part of a quaternion with a vector. In 
fact a restriction is imposed, or a simplification is introduced, and this 
restriction or simplification is shown to be consistent with the results 
already obtained.* In much the same way as a couple or an angular 


* Compare the note to p. 175, in which Hamilton remarks: ‘‘ We have thus a new point of 
agreement, or of connexion, between right quaternions aid their indéx-vectors, tending to justify the 
ultimate assumption (not yet made), of eguality between the former and the latter.’’ 
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velocity is sometimes represented by a right line, a right quaternion and a 
vector of appropriate length, perpendicular to the plane of the quaternion, 
are now represented by the same symbol.* 

The scope of the remainder of this volume is, I think, sufficiently indi- 
cated in the table of contents. ‘The foregoing sketch of the development of 
the calculus of Quaternions necessarily presents but a meagre view of the 
nature of this work; however, my object has been to carry out, as far as I 
could, the intention of its illustrious author expressed in the fragment of 
his preface. 


CHARLES JASPER JOLY. 


THe Oxservatory, Dunsinx, 
December, 1898. 


* With but slight change, much of Books I. and II. might have been extended to space of 
n-dimensions. In Book III. advantage is taken of the peculiar simplicity of space of those dimensions 
in which but one direction is perpendicular to a given plane, and a legitimate reduction of the number 
of symbols is consequently made. 
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BOOK ot. 


ON VECTORS, CONSIDERED WITHOUT REFERENCE TO ANGLES, 


OR TO ROTATIONS, 


CHAPTER*® I. 


FunDAMENTAL PRINCIPLES RESPECTING VECTORS. 


Szcriont 1.—On the Conception of a Vector; and on Equality of Vectors, . 


[Art. 1, Definition of a vector ; Geometrical subtraction of points ; Introduction 
of the sign —, p. 3. — Art. 2, Equality of vectors ; Introduction of sign =, p. 3.— 
Art. 3, The equation p—c=B-—aA, considered as an equidifference of points, admits 
of inversion and alternation, p. 4.] 


Sxcrion 2.—On Differences and Sums of Vectors, taken two by two, . 


[Art. 4, Definition of the geometrical subtraction of vectors, p. 5.—Art. 5, Intro- 
duction of sign +, regarded as a converse to —, by the formula (b -a)+a=4,} p. 5. 
—Art. 6, The sum of any two co-initial sides of a parallelogram axpc is the co- “initial 
diagonal, or AB + AC = AD = AC + AB, p. 6.—Art. 7, Addition of two Vectors is a 
commutative operation, ora +B=B+a,§ p. 6.] 


Section 3.—On Sums of Three or more Vectors, 


[Art. 8, Definition of the sum of any number of vectors, p. 7.— Art. 9, The ad- 
dition of vectors is an associative and commutative operation, p. 7. — Art. 10, Closed 
polygon, p. 8.—Art. 11, Projection of a closed polygon, p. 8. ] 


Pages 


3-103 


1-8 


* This Chapter may be referred to, as 1. 1.; the next as I. 11.; the first Chapter of the Second 


Book, as II. 1.; and similarly for the rest. 


t This Section may be referred to, as I. 1. 1; the next, as I. 1. 2; the sixth Section of the Song 
Chapter of the Third Book, as III. 1.6; and so on. (Article 180 is referred to as (180), and the 


third sub-article of (180) as (180 (3.)).] 


[ft This is, in words, 6 — a is added to a and their sum is 4, but not a is added to d — a and their 


sum is b. See (6) and (7).] 
[§ In (180 (8.) ) it is shown that the addition of vector ares is not commutative. ] 
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Section 4.—On Coefficients of Vectors, 


[Art. 12, la + ma = (1+ m) a if m is a positive or negative integer, p. 9.— 
Art. 13, The multiplication of vectors by positive or negative integers is a doubly 
distributive operation,* p. 9.—Art. 14, This is also true when the coefficients are in- 
commensurable, ya t wa=(ytx)a; y(ta)=(y%) a=yxa; u(Bta)=xrBt 2a, p. 10. 
—Art. 15, 8=wa and a have the same or opposite directions according as x > or <0, 
p- 10.— Art. 16, Division of a vector by a parallel vector, p. 10.— Art. 17, Intro- 
duction of the term scalar, p. 11.] 


This short First Chapter should be read with care by a beginner ; any misconception 
of the meaning of the word ‘“‘ Vector’’ being fatal to progress in the Quaternions. The 
Chapter contains explanations also of the connected, but not all equally important, words 
or phrases, ‘‘revector,’’ ‘‘provector,’’ ‘‘transvector,’’ ‘‘ actual and null vectors,’’ ‘‘op- 
posite and successive vectors,’’ ‘‘origin and term of a vector,’’ ‘equal and unequal 
vectors,’’ ‘‘addition and subtraction of vectors,’’ ‘‘ multiples and fractions of vectors,”’’ 
&c.; with the notation B — a, for the Vector (or directed right line) an: and a deduction 
of the result, essential but mot peculiart to quaternions, that (what is here called) the 
vector-sum, of the two co-initial sides of a parallelogram, is the intermediate and co-initial 
diagonal. The term ‘‘Scalar’’ is also introduced, in connexion with coefficients of vectors. 


CHAPTER II. 


APPLIcATIONS TO Potrnts AND LINES IN A GIVEN PLANE. 


Section 1.—On Linear Equations connecting two Co-initial Vectors, . 


[Art. 18, Origin and change of origin, p. 12.—Art. 19, Equation of a line oa; 
B = xa, p.12.—Art. 20, Or aa + 6B = 0, p. 12.] 


Section 2.—On Linear Equations between three Co-initial Vectors, 


[Art. 21, aa + 6B is a vector coplanar with a and B, p. 13.—Art. 22, aa+ bp 
+ cy = 0 is the condition that 0, a, B, and c, or a, 8 and y, should be coplanar. Vector 
equation of a plane, p. 14.—Art. 23, a+4+¢=0 is the condition of collinearity of 
A, B, and c, p. 14.— Art. 24, a:b: e¢=Be: ca: AB, when a+5+c=0, p. 14.— 
Art. 25, Equation of a line. Anharmonic of four collinear points, p. 15.—Art. 26, 
Involution. Homographic division of lines, p. 16. — Art. 27, Vectors to points of 
first construction, A’= 0A * BC, B’= 0B‘ CA, C’= 0c‘ AB, t p. 17.—Art. 28, Ratios 
of segments of sides of the triangle anc, made by a’,3’,c’. Hence,a::¢= 
OBC : OCA: OAB, p. 18.—Art. 29, Origin at mean point of triangle, p. 18.—Art. 30, 
Projection of triangle and mean point, p. 19.] 


After reading these two first Sections of the second Chapter, and perhaps the three 
first Articles (31-83, pages 20-22) of the following Section, a student to whom the 
subject is new may find it convenient to pass at once, in his first perusal, to the third 


Pages 
9-11 


12-13 


13-19 


[* m (B + a) = mB + mais only trueifa+B=B+a. See (180 (3.)).] 
+ Compare the second Note to page 206. 


t oa~ Bc denotes the point of intersection of the lines oa and Bc, DE* anc the point of intersec- 


tion of the line pz with the plane axc.] 
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Chapter of the present Book ; and to read only the two first Articles (62, 63, pages 44-45) 
of the first Section of that Chapter, respecting Vectors in Space, before proceeding to the 
Second Book (pages 107, &c.), which treats of Quaternions as Quotients of Vectors. 


Section 8.—On Plane Geometrical Nets, 


[Art. 31, Properties of points of second construction, a’’=B'c’* BC; B” =0'a’* cA; 
c’ = a's’: AB, p. 20.—Art. 32, Equation of six segments made by transversal, p. 21. 
—Art. 33, Points of second construction, A’ = 0A* B’c’, B’” OCA Rh, 
p- 21.—Art. 34, Construction of plane net, p. 22. ] 
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Sxcrron 4.—On Anharmonic Co-ordinates and Equations of Points and Lines 
in one Plane, 


[Art. 35, Anharmonics of groups and pencils, p. 23.— Art. 36, Anharmonic 
_ waa + ybB + zy 
2a + yb + 20 
ordinates of a right line, p. 26.— Art. 38, Examples. Line at infinity, p. 27.— 
Arts. 39, 40, Independent geometrical interpretation of the coordinates of a line, 
p. 27.—Art. 41, Concurrent and parallel lines, p. 29.] 


co-ordinates. , p. 24.—Art. 37, Anharmonic equation and co- 


Sxction 5.—On Plane Geometrical Nets, resumed, 


[Art. 42, Points and lines of a net are rational, p. 29.—Art. 43, Converse. In- 
definite approximation to irrational points and lines, p. 30.—Art. 44, Anharmonics 
of nets are rational. Nets are homographic figures, p. 30.—Art. 45, Construction of 
a net from one of its quadrilaterals, p. 31.] 


Section 6.—On Anharmonic Equations and Vector Expressions, for Curves 
in a given Plane, 


[Art. 46, Conic touching sides of triangle at points of first construction, p. 32.— 
Art. 47, An ellipse or circle when o is interior to triangle, p. 83.--Art. 48, Case of 
o exterior to triangle, p. 33.—Art. 49, Geometrical criterion of species, p. 34.— 
Art. 50, Determination of asymptotes of hyperbola and axis of parabola, p. 34.— 
Art. 51, Anharmonic symbol for tangent, p. 35.—Art. 52, Vector to centre of conic, 
p- 85.—Art. 53, Circumscribed conic having double contact with the inscribed conic, 
p- 36.—Art. 54, Vector expression for a cubic with a conjugate point, p. 37.— 
Art. 55, Anharmonic generation of general cubic, p. 37.—Art. 56, Tangential Equa- 
tions, p. 38.—Art. 57, Examples of conics, p. 39.—Art. 58, Equations which are 
neither rational nor integral, p. 40.—Art. 59, Tangential equation deduced from 


x? + y> tes 0, p. 41.—Art. 60, General Method, p. 42.—Art. 61, Application to 
cubic, p. 42.] 


Among other results of this Chapter, a theorem is given in page 38, which seems to 
offer a new geometrical generation of (plane or spherical) curves of the third order. The 
anharmonic co-ordinates and equations employed, for the plane and for space, were sug- 
gested to the writer by some of his own vector forms ; but their geometrical interpretations 
are assigned. ‘The geometrical nets were first discussed by Professor Mébius, in his Bary- 
centric Calculus, but they are treated in the present work by an entirely new analysis: 
and, at least for space, their theory has been thereby much extended in the Chapter to 
which we next proceed. 
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Srcrron 1.—On Linear Equations between Vectors not Complanar, . . 44-50 


[Art. 62, aa+bB +cy + dé = 0, if a, B, y, 5 are any four vectors, p. 44.—Art. 63, 
a+b+e+d=0, if apc andp are coplanar, p. 45.-—Art. 64, Intersections of lines 
in a plane, p. 45.—Art. 65, For any five vectors aa + bB + ey+d5+ee=0, and 
a+b+e+d+e=0,p. 47.—Art. 66, Intersection of a line and a plane, p. 47.— 
Art. 67, Ratios of coefficients in (65) expressed as ratios of volumes of pyramids, 
p. 48.—Art. 68, Convention respecting signs of volumes, p. 48.—Art. 69, I. oA. BC 
+ oB.cA+0c.A4B=0; II. 0A. BCD- OB. CDA + OC. DAB - OD. aBC=0; III. oa. 
KCDE + OB. CDEA + OC. DEAB + OF. ABCD = 0; where in I., a, B, c are any three 
collinear points; in II., a, B, c, D are any four coplanar points; and in III., 
A, B, C, D, F are any five points of space, p. 49.] 


It has already been recommended to the student to read the first two Articles of this 
Section, even in his first perusal of the Volum’ ; and then to pass to the Second Book. 


Secrion 2.—On Quinary Symbols for Points and Planes in Space, . 50-55 


xaa + ybB + sey + wdb + vee 

ta+yb+ee+ud+ve 
p. 50.—Art. 71, Quinary Symbol for a point; Congruence, p. 51.—Art. 72, (Q’) =(Q) if 
(Q) = ¢(Q') + wu (U), where (7) = (11111), p. 51.—Art. 78, Condition of collinearity 
of three points, p. 52.—Art. 74, Condition of coplanarity of four points, p. 52.— 
Art. 75, Quinary equation and symbol of a plane, p. 53.—Art. 76, Intersection of a 
line and a plane, p. 54.—Art. 77, Points, lines, and planes rationally related to five 
given points, p. 54.—Art. 78, Syntypical points, p. 55.] 


[Art. 70, Indefinite expression for a vector p = ’ 


Sxction 83.—On Anharmonic Co-ordinates in Space, . : . 55-60 


[Art. 79, Quaternary or anharmonic symbol of a point in space, p. 55.—Art. 80, 
Anharmonic symbol and equation of a plane, p. 56.—Art. 81, Trace of a plane on a 
given plane, p. 56.—Art. 82, Formule of collineation and coplanarity, p. 56.— 
Art. 83, Ratios of co-ordinates expressed as anharmonics of pencils of planes, p. 57.— 
Art. 84, Anharmonics of groups of points and of pencils of planes, p. 58.—Art. 85, 
Quotients of two homogeneous and linear functions of the coordinates of a point 
expressed as the anharmonic of a pencil of planes, p. 59.—Art. 86, Reciprocal 
theorem and example, p. 59.-—Art. 87, Centre and plane of homology of pyramid, 
p- 60.] 


Section 4.—On Geometrical Nets in Space, . : : . 61-81 


[Art. 88, Net derived from five points, p. 61.—Art. 89, First construction, 
p- 61.—Art. 90, Second construction, p. 62.—Art. 91, Quinary symbols of con- 
structed lines and planes, p. 63.—Art. 92. Eight types of points pz. Anharmonic 
properties, p. 63.—Art. 93, Verification that the enumeration of the points Pe is 
complete, p. 73.—Art. 94, Arrangement of the points on lines and in planes, p. 76.— 
Art. 95, Extension of results of (44) and (45) to nets in space, p. 79.] 
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Sxcrion 5.—On Barycentres of Systems of Points ; and on Simple and Com- 
plex Means of Vectors, 


[Art. 96, Simple mean of coinitial vectors; Mean point; Gauche quadrilateral 
(1), (2); Lines and planes determined by mean points of partial systems (3)—(6), p. 81. 
— Art 97, Complex means; Barycentres, p. 84. ] 


Sxctron 6.—On Anharmonic Equations, and Vector Expressions, of Surfaces 
and Curves in Space, : ‘ ; ; ‘ : : 


[Art. 98, Local and tangential equations cof surfaces; Kuled quadric (1)—(10) ; 
twisted curve (11), (12), p. 87.—Art. 99, Vector expression for a curve p = (Ct) ; 
for a surface p = $(¢, «); Line and plane (1); Ellipse and ellipsoid (2); quadric cone 
(3), (4); Cubic cone (5); Ruled quadric (6)—(10), p. 94.] 


Section 7.—On Differentials of Vectors, . 


[Art. 100, Definition of the differential of a vector; Hodograph (3); Developable 
surface (8); Tangents to surfaces (9), p. 96. ] 


An application of finite differences, to a question connected with barycentres, occurs in 
p. 84. The anharmonic generation of a ruled hyperboloid (or paraboloid) is employed to 
illustrate anharmonic equations; and (among other examples) certain cones, of the second 
and third orders, have their vector equations assigned. In the last Section, a definition of 
differentials (of vectors and scalars) is proposed, which is afterwards extended to differen- 
tials of quaternions, and which is independent of developments and of infinitesimals, but 
involves the conception of Jimits. Vectors of Velocity and Acceleration are mentioned ; 
and a hint of Hodographs is given. 


BOOK. i. 


ON QUATERNIONS, CONSIDERED AS QUOTIENTS OF VECTORS, 
AND AS INVOLVING ANGULAR RELATIONS, 


CHAPTER: 1. 
FuNDAMENTAL PRINCIPLES RESPECTING QUOTIENTS OF VECTORS. 


Very little, if any, of this Chapter II. 1., should be omitted, even in a first perusal , 
since it contains the most essential conceptions and notations of the Calculus of Quater- 
nions, at least so far as quotients of vectors are concerned, with numerous geometrical 
illustrations. Still there are a few investigations respecting circumscribed cones, imagi- 
nary intersections, and ellipsoids, in the thirteenth Section, which a student may pass 
over, and which will be indicated in the proper place in this Table. 


Section 1.—Introductory Remarks ; First Principles adopted from Algebra, 


[Arts. 101-2, Comparison between Books I. and 1I.; General principles adopted 
by definition, p. 107.—Art. 103, I. Division must correspond to converse act of 


multiplication, or if a=p; “= q, p. 108.—Art. 104, II. Unequal vectors divided 
a a 


by equal vectors give unequal quotients, p. 109.—Art. 105, III. Quotients equal to 
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the same are equal to one another, p. 109.—Art. 106, IV. - + and 


CA a Oe 
a ..@ 


a 


= ; Definition of addition, subtraction and division of quotients with a common 


denominator, p. 109.—Art. 107, V. : “= z, p. 109.] 


Section 2.—First Motive for naming the Quotient of two Vectors a Quater- 
510 Ke) 


[Art. 108. The quotient of two vectors is not generally a scalar, p. 110.—Art. 109, 
But depends on their relative direction as well as on their relative length, p. 110.— 
Art. 110, The relative direction may be specified by a rotation, p. 111.—Art. 111, 
A rotation is defined by its amount and the direction of its positive axis, p. 111.— 
Art. 112, Hence a geometric quotient is a function of four numerical elements or a 
quaternion, p. 112.] 


Section 3.—Additional Illustrations, . 


[Art. 113, Illustration of a quaternion by means of a desk on a table, p. 113.— 
Art. 114, Four numerical elements, p. 118.—Art. 115, Meaning of these elements, 
p. 114.—Art. 116, A change in one of these alters the quaternion, p. 114. ] 


It is shown, by consideration of an angle on a desk, or inclined plane, that the complex 
relation of one vector to another, in length and in direction, involves generally a system of 
four numerical elements. Many other motives, leading to the adoption of the name, 
‘‘Quaternion,’’ for the subject of the present Calculus, from its fundamental connexion 
with the number ‘ Four,’’ are found to present themselves in the course of the work. 


Section 4.—On Equality of Quaternions; and on the Plane of a Quater- 
nion, 


[Art. 117, The quotients of corresponding sides of similar triangles in one plane 
are equal when the similarity is direct, p. 115.—Art. 118, But are unequal (and 
conjugate) when the similarity is inverse, p. 115.—Art. 119, Coplanar and diplanar 
quaternions, p. 115.—Art. 120, Two geometric quotients can be reduced to a common 
denominator, and therefore their sum, difference, product, and quotients are quater- 
nions, p. 116.—Art 121, Case of equal, p. 117.—Art. 122, And of diplanar quaternions 


5. B 
reduced to a common denominator, p. 117.—Art. 123, If g= = mee \[| a, 8, and 


5 |||, B, ory ||| g, 8 \\|g, ||| being a sign of coplanarity, p. 117.—Art. 124, Also 


ve [|| . p. 118.—Art. 125, If age a then, inversely, &_Y and alternately, 
La a a yY eee 

— and = = ef p. 118.—Art. 126, ae and aq = gu if # isascalar, p. 119. ] 

a £6 y 6 ta @ 


Sxcrron 5.—On the Axis and Angle of a Quaternion ; and on the Index of 
a Right Quotient, or Quaternion, 


[Arts. 127-8, The axis of a Quaternion is defined, p. 119.—Art. 129, And denoted 
by Ax. g, p. 120.—Art. 130, The angle of a quaternion, 2 g > 0 <7, p. £20.-—Art. 
131, Axis and angle of a scalar, p. 120.—Art. 132, Right quaternion or quotient of 
perpendicular vectors; Examples of geometrical loci expressed by the symbols Ax. 
and Z, p. 121.—Art. 133, Index of a right quaternion; A right quaternion is deter- 
mined uniquely by its Index, p. 122.] 
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Sxcrion 6.—On the Reciprocal, Conjugate, Opposite, and Norm of a Quater- 
nion; and on Null Quaternions, . ; 


[Art. 134, The reciprocal of g = ‘ 0 Ae LAG = SAO ee Axed ; 


1 
p. 122.—Art. 135, As in algebra g’ = ne 1: g, p. 128.—Art. 136, And 9”: g=q'’.g’ 


1 = 
=q’. A p. 123.—Art. 1387, Conjugate of quaternion, p. 123.—Art. 1388, 2 Kg=/ 4; 
Ax. Kg = — Ax. q, p. 124.—Art. 139, Kg = g, ifqgis ascalar; and conversely, p. 124. 
—Art. 140, ¢ + Kq is a scalar, p. 125.—Art. 141, Which is zero if 2 g= - p. 125. 


—Art 142, And conversely. More generally g + Kg >=or<0,ifZq<=or> 3 


and conversely, p. 125.—Art. 143, Opposite of a quaternion, p. 126.—Art. 144, Of 
a right quotient. K f+ £=0 is the equation of a plane (1) ; and Gs pf =0 ofa 
a @ 


right line (2), ps1 26 Arho45, Ke = KK = be KC 9) = Kee K — jeg 
= (Tq), p. 127.] 


Srecrron 7.—On Radial Quotients; and on the Square of a Quaternion, 


{Art. 146, Definition of a Radial (or Versor), p. 131.—Art. 147, + 1 are limiting 
cases of radials. Right radial, p. 182.—Art. 148, The square of a right radial is — 1. 


Generally g?=—Ng if Zq= s p. 132.—Art. 149, ot has, in this Calculus, an in- 


finite number of values of two classes—geometrical Reals and geometrical Imaginaries. 
Equation of circle, p. 183.—Art. 150, Reciprocal, conjugate and opposite of a Right 
Radial, p. 134. ] 


Section 8.—On the Versor of a Quaternion, or of a Vector; and on some 
General Formule of Transformation, . : ‘ : : 


[Art. 151-2, Radials and Versors differ only in the point of view from which they 
are regarded, p. 135.—Art. 153-4, Deduction of properties proved in Arts. 147-8 when 
a versor is regarded as a factor, p. 185.—Art. 155, Ua denotes a unit vector having the 
same direction as a, p. 186.—Art. 156, And Ug= ue = = denotes the versor of g, 

a a 
p. 186.—Art. 157, Ug depends only on relative direction, and is uniquely determined 
1 1 
by 2Ug=Z gand Ax. Ug= Ax. g; and conversely, p. 187.—Art 158, KUg = 7 = ue 
= UKg, p. 138.—Art. 159, Uxg = + Ug or — Ug according as the scalar # > or < 0, 
whether g is a quaternion or a vector, p. 189.—Art. 160, U? = UU = U, p. 140.— 
Art. 161, Transformations of Ug. Geometrica proofs and illustrations, p. 140.] 


In the five foregoing Sections it is shown, among other things, that the plane of a 
quaternion is generally an essential element of its constitution, so that diplanar quaternions 
are unequal ; but that the square of every right radial (or right versor) is equal to negative 
unity, whatever its plane may be. The Symbol V — 1 admits then of a real interpretation, 
in this as in several other systems; but when thus treated as real, it is in the present Cal- 
culus too vague to be useful: on which account it is found convenient to retain the old 
signijication of that symbol, as denoting the (uninterpreted) Imaginary of Algebra, or 
what may here be called the scalar imaginary, in investigations respecting non-real inter- 
sections, or non-real contacts, in geometry. 
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Srction 9.—On Vector-Ares, and Vector-Angles, considered as Represen- 
tatives of Versors of Quaternions ; and on the Multiplication and 
Division of any one such Versor by another, . : : : 


This Section is important, on account of its constructions of multiplication and division ; 
which show that the product of two diplanar versors, and therefore of two such guaternions, 
is not independent of the order of the factors. 


[Art. 162, Vector Arcs, p. 143.—Art. 168, nBA =n voandn ac=n Bp ifn AB 
=n cn, p. 143.—Arts. 164-5, Conditions of equality, p. 144.—Art. 166, Great semi- 
circular arcs, p. 145.—Art. 167, Representation of the product of two versors by a 
vector arc, p. 146.—Art. 168, The multiplication of versors is not commutative, 
p. 147.—Art. 169, Unless the versors are coplanar, p. 148.—Art. 170, For right 
versors g¢ = Kq’g 7 p. 148.—Art. 171, If their planes are at right angles, 9’¢ 
= — qq’ is a right versor in the plane at right angles to both, 149.—Art. 172, Repre- 
sentation of division of versors, p. 150.—Art. 173, g (g’: ¢) =q" only if g” ||| ¢; 
and conversely, p. 150.—Art. 174, Vector angles, p. 151.—Art. 175, Employed to 
construct the product q’g, p. 151.—Art. 176, Second construction, p. 152.—Art. 177, 
Sense of the rotation produced by g’q, p. 152.—Art. 178, Illustration by vector 
angles of the inequality of g’g and gq, p. 153.—Art. 179, Division of versors. 
Conical rotation, p. 154.—Art. 180, Sense of rotation round poles of sides of spheri- 
cal triangle. Arcual sum. Spherical sum, p. 155.] 


Secrron 10.—On a System of Three Right Versors, in three Rectangular 
Planes; and on the Laws of the Symbols, yh, 


[Art. 181, Versors 7, 7, and / variously expressed as quotients, p. 157.—Art. 182, 
J. ®@=-1; ft=-1; P=-1. Il. Yk; jhai; Ki=j. UWL. f=—k; =-i; 
ik =—J, p. 157.—Art. 1838, The associative property of multiplication proved for 
i,j, and kA; Fundamental Formula ?? = 7? = k? = yk=—-1. (A), p. 159.—Art. 184, 
II. and III. derived from (A), p. 161.] 


The student ought to make himself familiar with these laws, which are all included 
in the Fundamental Formula, 
| = jt = he (A) 
In fact, a QUATERNION may be symbolically defined to be a Quadrinomial Expression of the 
form, 
quw+iz+ysy + kz, (B) 
in which w, x, y, 2 are four scalars, or ordinary algebraic quantities, while i, j, & are 
three new symbols, obeying the Jaws contained in the formula (A), and therefore not 
sulyect to all the usual rules of algebra : since we have, for instance, 


ii=+h, but ji=—k; and BPH = — (yh). 


Section 11.—On the Tensor of a Vector, or of a Quaternion; and on the 
Product or Quotient of any two Quaternions, . 


[Art. 185, Tensor of a vector, p. 163.—Art. 186, Acts of Tension and Version. 
Examples on the plane and sphere, p. 164.—Art. 187, Tensor of a quaternion. 
Examples, p. 167.—Art. 188, Decomposition of a quaternion into ‘Tensor and Versor, 
p- 169.—Art. 189, Distinct and partial acts of Tension and Version, p. 169.— 
Art. 190, Transformations of Tg, p. 170.—Art. 191, Tensors and Versors of products 


and quotients, p. 171.—Art. 192, oe aut ‘ ae Kq’¢ =Kq. Kg’. Exampleson circles, 
g @ 


q ; 
p. 173.—Art. 193, Quotient of two right quaternions is equal to the quotient of 
their indices, or g': g = Ig’: Ig, p. 174.—Art. 194, And g’g=Iq': Iq, if 
Tv 


ya L£q'= 55 p- 175.] 
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Section 12.—On the Sum or Difference of any two Quaternions; and on 
the Scalar (or Scalar Part) of a Quaternion, . : : 


[Art. 195, For any ¢wo Quaternions addition is commutative, g + @’=q' + q and 
K(g' + ¢) = Kg’ + Kg, p. 176.—Art. 196, Introductionof symbol 8S. S=4(1+K)=SK. 
Examples on the plane sphere and cyclic cone, p. 177.—Art. 197, The sum of the 
scalars of any number of quaternions is the scalar of the sum, p. 185.—Art. 198, 
Scalar of a product, quotient, p. 186.—Art. 199, Or square, p. 187.—Art. 200, 
Tensor and norm of the sum of two quaternions. Transformations, p. 189. ] 


Section 18.—On the Right Part (or Vector Part) of a Quaternion; and on 
the Distributive Property of the Multiplication of Quaternions, 


[Art. 201, Determinate decomposition of a vector along and at right angles to 
a given direction, p. 192.—Art. 202, And of a quaternion into a scalar and a right 


quotient, p. 193.—Art. 203, B =S a .a@ and B’=V z . a are projections of oB along 
a a 


and at right angles to ca. Right line and cylinder, p. 194.—Art. 204, Properties of 
Vq. Cylinders, spheroids, and ellipsoids, p. 196.—Art. 205, V is a distributive 
symbol, p. 204.—Art. 206, IV (¢ + q’) = 1Vq+ IVq’, p. 205.—Art. 207, The general 
addition of quaternions is commutative and associative, p. 206.—Art. 208, Quotient 
and product of two right parts. Spherical trigonometry, p. 207.—Art. 209, Collinear 
quaternions, p. 210.—Art. 210, The multiplication of collinear quaternions is doubly 
distributive. Trigonometry, p. 211.—Art. 211, Multiplication of right parts, p. 218. 
Art. 212, In general 3¢ Sy’ = Sq’, p. 219.—Art. 213, Chords ; Art. 214, secants; and 
Art. 215, tangent-cones to a sphere, pp. 220, 223, 225.—Art. 216, Ellipsoid, circular 
sections, cyclic planes, p. 230.—Art. 217, Hamilton’s construction, p. 232.—Art. 218, 
Geometrical consequences of the construction, p. 235.—Art. 219, Semi-axes. Spherical 
conics, p. 238.—Art. 220, Transformations of the Quaternion equation of the ellipsoid, 
p- 240. 


Sxcrion 14.—On the Reduction of the General Quaternion to a Standard 
Quadrinomial Form; with a First Proof of the Associative oe of 
Multiplication of ecenene 


Arts. 218-220 (with their sub-articles), in pp. 220-242, may be omitted at first reading. 
[Art. 221, Standard quadrinomial form of a quaternion, p. 242.—Art. 222, 
Expression for derived functions. Law of the Norms, p. 248.—Art. 223, Proof of the 
associative principle of Multiplication. Examples and Interpretations, p. 245.—<Art. 
224, Sketch of further treatment of the subject, p. 249.] 


CHAPTER II. 


On CoMPlaNAR QUATERNIONS, OR QuoTIENTS oF VECTORS IN ONE PLANE; AND 
oN Powers, Roots, anp LogartrHms oF QUATERNIONS. 


The first six Sections of this Chapter (II. ii.) may be passed over in a first perusal. 


Sxction 1.—On Complanar Proportion of Vectors; Fourth Proportional to 
Three, Third Proportional to Two, Mean Proportional, Square Root ; 
General Reduction of a Quaternion in a given ce to a Standard 
Binomial Form, : : 

[Art. 225, Quaternions and vectors in a given pide p. 250.—Art. 226, Fourth 


proportional to three coplanar vectors, p. 250.—Art. 227, Continued proportion. 
Mean proportional, p. 251.—Art. 228, Standard binomial form. Couples, p. 254.] 
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Srectron 2.—On Continued Proportion of Four or more Vectors; whole 
Powers and Roots of Quaternions; and Roots of Unity, : 


[Art. 229, Powers and roots of quaternions, p. 256.—Art. 230, Cube roots. 
Illustration, p. 256.—Art. 231, Principal cube root, p. 257 —Art. 232, ‘/ —1 has 
three real quaternion values, p. 257.—Art. 233, Fractional powers. General roots of 
unity, p. 258.— Art. 234, Scalar fractional exponents, p. 260.] 


Srcrron 8.—On the Amplitudes of Quaternions in a given Plane; and on 
Trigonometrical Expressions for such Quaternions, and for their 
Powers, : ; : : ‘ E . : : ; : 


[Art. 235, Amplitude of a quaternion, p. 262,—Art. 236, Addition aud subtraction 
of amplitudes. Examples, p. 264.—Art. 237, Powers with scalar, p. 266.—Art. 
238, And with coplanar quaternion exponents, p. 268. ] 


Section 4.—On the Ponential and Logarithm of a Quaternion ; and on 
Powers of Quaternions, with Quaternions for their Exponents, 


[Art. 239, Ponential of a quaternion P(q), p. 268.—Art. 240, Exponential property 
P(g’ +9") = Pq'Pq”, if g’ ||| 2’, p. 270.—Art. 241, TP(x + iy) = P(x); UP(x + iy) 
= Piy ; connexion with trigonometry, p. 271.—Art. 242, Imponential, p. 274; and 
Art. 243, logarithm of a quaternion, p. 275. | 


Srctron 5.—On Finite (or Polynomial) Equations of Algebraic Form, in- 
volving Complanar Quaternions; and on the Existence of ” Real 
Quaternion Roots, of any such Equation of the n” Degree, . : 


[Art. 244-8, Statements of the theorem that rng = g" + qighm} +...+4n = 0 has n 
real quaternion roots, pp. 277—78.—Art. 249, Transformation of the equation, p. 278. 
—Art. 250, Geometrical statement, p. 279.—Art. 251, Construction of ovals, p. 279. 
—Art. 252, Geometrical proof, p. 280.—Art. 253, Quadratic equation, p. 281.—Art. 
254, Second geometrical proof, p. 284.—Art. 255, Construction of triangle, given base, 
product of sides, and difference of base angles, p. 287.] 


Section 6.—On the n? — x Imaginary (or Symbolical) Roots of a Quaternion 
Equation of the x Degree, with Coefficients of the kind considered in 
the foregoing Section, : : : 


[Art. 256, Quaternion 01 couple equation equivalent to a system of two scalar 
equations, p. 288.—Art. 257, Imaginary quaternion solutions. The general 
quaternion equation has x‘ roots, p. 290.] 


Section 7.—On the Reciprocal of a Vector, and on Harmonic Means of 
Vectors ; with Remarks on the Anharmonic Quaternion of a Group of 
Four Points, and on Conditions of Concircularity, 


[Art. 258, Reciprocal of a vector, p. 293.—Art. 259, Reciprocal of a sum or 
difference. Anharmonic quaternion function of a group of four points, p. 293.— 
Arts. 260-1, Circular and harmonic groups, pp. 295, 298.] 


In this last Section (II. ii. 7) the short frst Article 258, and the following Art. 259, 
as far as the formula VIII. in p. 294, should be read, as a preparation for the Third 
Book, to which the Student may next roceed. 
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CHAPTER III. 


On Drptanar QvatTeRNIONS, oR Quotrents oF VeEcrors IN SPACE: AND 
ESPECIALLY ON THE ASSOCIATIVE PRINCIPLE OF MULTIPLICATION OF SUCH 


QUATERNIONS. 
This Chapter may be omitted, in a first perusal. 


Sxctron 1.—On some Enunciations of the Associative Property, or Principle, 
of Multiplication of Diplanar Quaternions, 

[Art. 262, g’¢@=tifg’ = sr, s’ = rg, and ¢=ss’, p. 301.—Art. 263, System of 
planes of the six quaternions q, 7, s, s’, g’, t, p. 802.—Art. 264, Enunciations of the 
principle in the form of theorems concerning vector-arcs, p. 802; and Art. 265, 
Vector-angles, p. 304; and Arts. 266-7, A hexagon inscribed in a sphere, pp. 305, 
306, and Art. 268, A pencil of six rays in space, p. 306. | 


Srcrion 2.—On some Geometrical Proofs of the Associative Property of 
Multiplication of Quaternions, which are oe of the Distribu- 
tive Principle, 


[Art. 269, Nature of proofs, p. 308. —Art. 270, Proof of the theorems of Art. 264 
by means of cyclic-are properties of a sphero-conic, p. 308, and Art. 271, Of that of 
Art. 265 by its focal properties, p. 310, and Art. 272, Of that of Arts. 266-7 by stereo- 


graphic projection, p. 310. | 


Sxection 8.—On some Additional Formule, . ; : ; 


[Art. 273, Norm and Tensor of a vector, p. 318.—Art. 274, Transformations of 
the equation of the ellipsoid ; Square root of a quaternion and of zero; Biquater- 


nions, p. 313.] 
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ON QUATERNIONS, CONSIDERED AS PRODUCTS OR POWERS 
OF VECTORS; AND ON SOME APPLICATIONS OF QUATER- 
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CHAPTER I. 


On roe INTERPRETATION oF A Propucr or Vectors ok Power or A VEcTOR, 


AS A QUATERNION. 


The first six Sections of this Chapter ought to be read, even in a first perusal of the work. 


Section 1.—On a First Method of ma a Product of Two Vectors 

as a Quaternion, . : : 

[Art. 275-7, Introductory, p. 321.—Art. 278, First definition of a product of 
vectors Ba = B: Ra, p. 322.] 
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Sxction 2.— On some Consequences of the foregoing Interpretation, 


[Art. 279, Ba = Ka, p. 322.—Art. 280, Multiplication of vectors is doubly distri- 
butive. B(a+a’) = Ba+ Ba’, p. 323.—Art. 281, Products of parallel and perpendicular 
vectors. Examples. Trigonometrical expressions, p. 323.—Art. 282, Square and 


reciprocal of a vector a? = —Ta?; Ra =- = a~}. Examples on spheres, p. 326.] 
a 


This jirst interpretation treats the product B.a, as equal to the quotient B: a~!; where 
a (or Ra) is the previously defined Reciprocal (II. ii. 7) of the vector a, namely a second 
vector, which has an inverse length, and an opposite direction. Multiplication of Vectors is 
thus proved to be (like that of Quaternions) a Distributive, but not generally a Commutative 
Operation. The Square of a Vector is shown to be always a Negative Scalar, namely the 
negative of the square of the tensor of that vector, or of the nwmber which expresses its 
length; and some geometrical applications of this fertile principle, to spheres, &c., are 
given. The Index of the Right Part of a Product of Two Coinitial Vectors, oa, oB, is 
proved to be a right line, perpendicular to the Plane of the Triangle oan, and representing 
by its length the Double Area of that triangle; while the Rotation round this Index, from 
the Multiplier to the Multiplicand, is positive. This right part, or vector part, VaB, of the 
product vanishes, when the factors are parallel (to one common line) ; and the scalar part, 
SaB, when they are rectangular. 


Srcrron 3.—On a Second Method of arriving at the same Interpretation, of 
a Binary Product of Vectors, : 


[Art. 283, Connexion between Right Quaternion and its Index. JI. Iv’ = Iy, if 
v' =v, and conversely. II. I(v’ tv) =Iv’t Iv. III. Io’: Iv=0':v. IV. Rilv= 
IR», p. 329.—Art. 284, The formula Iv’. Iv = v’v = Ba, is substantially identical 
with the definition of 278, p. 329.] 


Section 4.—On the Symbolical Identification of a Right Quaternion with its 
own Index: and on the Construction of a Product of Two Rectangular 
Lines, by a Third Line, rectangular to both, . 


[ Art. 285, How far is the substitution of a right quaternion for its index permis- 
sible? p. 331.—Art. 286, This substitution is consistent with the First Book, p. 331. 
—Art. 287-8, And with the Second, p. 332.—Art.289, And is therefore adopted, p. 3338. 
—Art. 290, Product of two rectangular lines a line at right angles to both, p. 333. ] 


Srcrion 5.—On some Simplifications of Notation, or of Expression, resulting 
from this Identification; and on the Conception of an Unit-Line as a 
Right Versor, 


[Art. 291, Suppression of the symbols I and Ax. = UV, p. 334.—Art. 292, and 
of the terms Right Part and Index-vector, p.335.—Art. 293, Conception of a unit-line 
as a right versor, p. 335. ] 


In this second interpretation, which is found to agree in all its results with the first, 
but is better adapted to an extension of the theory, as in the following Sections, to 
ternary products of vectors, a product of two vectors is treated as the product of the two 
right quaternions, of which those vectors are the indices (II. i. 5). It is shown that, on 
the same plan, the Swim of a Scalar and a Vector is a Quaternion. 
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Section 6.—On the Interpretation of a Product of Three or more Vectors 
as a Quaternion, . : ; : : : : ; : ; 


fArt. 294, Multiplication of vectors is a special case of multiplication of Quater- 
nions. Examples on products of three vectors, p. 337.—Art. 295, Standard trinomial 
form for a vector. Cartesian expressions. Product of any number of vectors, p. 344. 
Art. 296, On the product of sides of polygons inscribed in a sphere. Anharmonic 
functions, p. 347.] 


This interpretation is affected by the substitution, as in recent Sections, of Right 
Quaternions for Vectors, without change of order of the factors. Multiplication of Vectors, 
like that of Quaternions, is thus proved to be an Associative Operation. A vector, 
generally, is reduced to the Standard Trinomial Form, 

p = ta+ysy + kz; (C) 
in which i, j, / are the peculiar symbols already considered (II. i. 10), but are regarded 
now as denoting Three Rectangular Vector-units, while the three scalars x, y, 2 are simply 
rectangular co-ordinates; from the known theory of which last, illustrations of results 
are derived. The Scalar of the Product of Three coinitial Vectors, oa, 0B, 0c, is found 
to represent, with a sign depending on the direction of a rotation, the Volume of the 
Parallelepiped under these three lines; so that it vanishes when they are complanar. 
Constructions are given also for products of successive sides of triangles, and other closed 
polygons, inscribed in circles, or in spheres; for example,-a characteristic property of the 
circle is contained in the theorem, that the product of the fow successive sides of an 
inscribed quadrilateral is a scalar: and an equally characteristic (but less obvious) property 
of the sphere is included in this other theorem, that the product of the five successive sides 
of an inscribed gauche pentagon is equal to a tangential vector, drawn from the point at 
which the pentagon begins (or ends). Some general Formule of Transformation of Vector 
Expressions are given, with which a student ought to render himself very familiar, as 
they are of continual occurrence in the practice of this Calculus; especially the four 
formule (pp. 337, 339) : 


V.yVBa = aSpy — BSya; (D) 

VyBa = aSBy — BSya + ySaB ; (E) 
pSaBy = aSByp + BSyap + ySaBp ; (F) 
pSaBy = VBySap + VyaSBp + VaBSpy ; (G) 


in which a, B, y, p are any four vectors, while S and V are signs of the operations 
of taking separately the scalar and vector parts of a quaternion. On the whole, this 
Section (III. i. 6) must be considered to be (as regards the present exposition) an 
important one; and if it have been read with care, after a perusal of the portions 
previously indicated, no difficulty will be experienced in passing to any subsequent 
applications of Quaternions, in the present or any other work. 


Secrion 7.—On the Fourth Proportional to Three Diplanar Vectors, 


[Art. 297, The Quaternion fourth proportional to three diplanar vectors Ba-ly. 
Areas of spherical triangles and polygons, p. 856.—Art. 298, Modifications when the 
sides of the triangle are greater than quadrants, p. 372.—Art. 299, Exceptional case 
of quadrantal triangle. Fourth proportional to three rectangular vectors, p. 377.] 


Sxcrion 8.—On an Equivalent Interpretation of the Fourth Proportional 
to Three Diplanar Vectors, deduced from the Principles of the Second 
Book, . i : : 

[Art. 300, By Book II. (8: a) y = 8+ eu, u« being a fourth proportional to three 
given rectangular unit-lines, p. 379.—Art. 301, Before adopting vy = PR if 
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4 = 1, p. 882.—Art. 302, Two tests are applied, and found to be satisfied, 
p- 382.—Art. 308, Consequently, adopting the formula of 301, if v is a right 
quaternion, v-!Iv = u, p. 383.—Art. 304, and as a further consequence (8: a)y = 
5 +-eu, u being now the same for all systems of mutually rectangular lines. Spherical 
parallelograms, p. 885.—Art. 305, Series of spherical parallelograms, p. 387.— 
Art. 306, Construction of the series, p. 390. ] 


Sxecrron 9.—On the Third Method of interpreting a Product or Function of 
Vectors as a Quaternion; and on the Consistency of the Results of the 
Interpretation so obtained, with those which have been deduced from 
the two preceding Methods of the present Book, 


[Art. 307, Fourth unit wu, p. 394.] 


These three Sections may be passed over, in a first reading. They contain, however, 
theorems respecting composition of successive rotations (pp. 360, 361, see also p. 368) ; 
expressions for the semi-area of a spherical polygon, ox for half the opening of an arbitrary 
pyramid, as the angle of a quaternion product, with an extension, by limits, to the 
semi-area of a spherical figure bounded by a closed curve, or to half the opening of an 
arbitrary cone (pp. 368, 369); a construction (pp. 390-392), for a series of spherical 
parallelograms, so called from a partial analogy to parallelograms in a plane; a theorem 
(p. 393), connecting a certain system of such (spherical) parallelograms with the foci of a 
spherical conic, inscribed in a certain quadrilateral; and the conception (pp. 384, 394) of a 
Fourth Unit in Space (u, or +1), which is of a scalar rather than a vector character, as 
admitting merely of change of sign, through reversal of an order of rotation, although it 
presents itself in this theory as the Fourth Proportional (ij-1k) to Three Rectangular 
Vector Units. 


_Sxcrion 10.—On the Interpretation of a Power of a Vector as a Quaternion, 


[Art. 308, A power of a vector is a quaternion, p. 396.—Art. 309, and a 


quaternion may be regarded as a power of a vector. Proof of the equation 
2c 2B 2a 


y™ B™ a™ = —1, p. 399.—Art. 310, which includes the whole doctrine of Spherical 
Triangles. Spherical sum of angles, p. 404.—Art. 311, And arcual addition of 
sides, p. 407.—Art. 312, Solution of the equation of 309, p. 408.—Art. 313, Ex- 
tension to spherical polygons, p. 414.—Art. 314, Geometrical loci and, p. 417.— 
Art. 315, Transformations connected with the powers of vectors, p. 420.] 


It may be well to read this section (III. i. 10), especially for the Exponential 
Connexions which it establishes, between Quaternions and Spherical Trigonometry, or 
rather Polygonometry, by a species of extension of Moivre’s theorem, from the plane to 
space, or to the sphere. For example, there is given (in p. 417) an equation of six terms, 
which holds good for every spherical pentagon, and is deduced in this way from an 
extended exponential formula. ‘The calculations in the sub-articles to Art. 312 (pp. 409- 
414) may however be passed over; and perhaps Art. 315, with its sub-articles (p. 420). 
But Art. 314, and its sub-articles, pp. 417-419, should be read, on account of the 
exponential forms which they contain, of equations of the circle, ellipse, logarithmic spirals 
(circular and elliptic), helix, and screw surface. 


Sucrron 11.—On Powers and Logarithms of Diplanar Quaternions ; with 
some Additional Formule, 


[Art. 316, Powers, logarithms, and trigonometrical functions of quaternions. 
Supplementary formula, p. 421.] 


It may suffice to read Art. 316, and its first eleven sub-articles, pp. 421-423. In this 
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Section, the adopted Logarithm, lg, of a quaternion g, is the simplest root, q’, of the 
transcendental equation, 

’ a q’8 & x - 

1l+@ er ear wer ea CG. 2g; 
and its expression is found to be, 

Ig = 1Tg+Zq.UV¢ (H) 
in which T and U are the signs of tensor and versor, while Z q is the angle of q, supposed 
usually to be between 0 and wr. Such logarithms are found to be often wseful in this 
Calculus, although they do not generally possess the elementary property, that the sem 
of the logarithms of two quaternions is equal to the logarithm of their product: this 
apparent paradox, or at least deviation from ordinary algebraic rules, arising necessarily 
from the corresponding property of guaternion multiplication, which has been already 
seen to be not generally a commutative operation (q’q" not = g"q’, unless qg’ and q’’ be 
complanar). And here, perhaps, a student might consider his jirst perusal of this work 
as closed.* 


CHAPTER II. 


On DirrerEentrats AND DEVELOPMENTS OF FUNCTIONS OF QUATERNIONS; AND 
ON SOME APPLICATIONS OF QUATERNIONS TO GEOMETRICAL AND PuHysIcaL 
QUESTIONS. 


It has been already said, that this Chapter may be omitted in a first perusal of the work. 


Section 1.—On the Definition of Simultaneous Differentials, 


[Art. 317, Introductory, p. 430.—Art. 318, The usual definitions of differential 
coefficients and of derived coefficients being inapplicable, p. 480.—Arts. 319, 320, 
Differentials of quaternions are Serre p. 431.—Art. 321, Simultaneous differen- 
tials, p. 432.] 


Section 2.—Elementary Illustrations of the Definition, from Algebra and 
Geometry, 


[Art. 322, Illustration from Hee p. 432.—Art. 323, And from geometry, 
p. 435.] 


In the view here adopted (comp. I. iii. 7), differentials are not necessarily, nor even 
generally, small. But it is shown at a later stage (Art. 401), that the principles of this 
Calculus allow us, whenever any advantage may be thereby gained, to treat differentials 
as infinitesimals; and so to abridge calculation, at least in many applications. 
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* If he should choose to proceed to the Differential Calculus of Quaternions in the next 
Chapter (III. ii.), and to the Geometrical and other Applications in the third Chapter 
(III. ili.) of the present Book, it might be useful to read at this stage the last Section 
(I. iii. 7) of the First Book, which treats of Differentials of Vectors (pp. 96-102); and 
perhaps the omitted parts of the Section II. i. 13, namely Articles 213-220, with their 
sub-articles (pp. 220-242), which relate, among other things, to a Construction of the 
Lillipsoid, suggested by the present Calculus. But the writer will now abstain from 
making any further suggestions of this kind, after having indicated as above what 
appeared to him a minimum course of study, amounting to rather less than 200 pages (or 


parts of pages) of this Volume, which will be recapitulated for the convenience of the 
student at the end of the present Table. 
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Section 3.—On some general Consequences of the Definition, 


fArt. 324, Differential of g? and of g7!, p. 438.—Art. 325, Notation proposed, 
p. 440 —Art. 326, Distributive property, p. 441.—Art. 327, Differential quotients 
and differential coefficients, p. 443.—Art. 328, Differential of a function of several 
quaternions, p. 445.—Art. 329, Partial differentials, p. 446.—Art 330, Elimination 
of a differential, p. 448.—Art. 331, Differentiation of functions of functions, p. 449. ] 


Partial differentials and derivatives are introduced; and differentials of functions 
of functions. 


Sxcrion 4.—Examples of Quaternion Differentiation, 


[Art. 332, Differentiation of algebraic and of, p. 451.—Art. 333, Transcendental 
functions of a quaternion, p. 453.—Art. 334, Differentiation of Kg, 8g, Vg, Tg, and 
Uq, p. 454.—Art. 335, Differentiation of the axis and angle of a quaternion, p. 457.— 
Art. 336, Differentiation of scalar functions of vectors, p. 459.—Art. 337, And of 
vector functions of scalars. Examples, p. 461.] 


One of the most important vw/es is, to differentiate the factors of a quaternion product, 
in siti ; thus (by p. 446), 


C209 = 0d og eag ek (I) 


The formula (p. 439), Lo = 7 agg: (J) 


for the differential of the reciprocal of a quaternion (or vector), is also very often useful ; 
and so are the equations (p- 456), 


aTgq 
pall Sg ae sais Aga Tg (K) 
Tq q Ug q 


and (p. 454), dat = Zatstae; (L) 
q being any quaternion, and a any constant vector-unit, while ¢ is a variable scalar. It 


is important to remember (comp. III. i. 11), that we have mot in quaternions the usual 
equation, 


unless g and dg be complanar; and therefore that we have not generally, 


d 
dlp ==, 


if p be a variable veetor; although we have, in this Calculus, the scarcely less simple 
equation, which is useful in questions respecting orbital motion, 


pee cil | (M) 
ap 


if a be a constant vector, and it the plane of a and p be given (or constant). 


Pages 
438-451 


451-464 


TABLE OF CONTENTS. 


Section 5.—On Successive Differentials and Developments, of Functions 
of Quaternions, . ; : 


[Art. 338, Examples. Second differentials, p. 465.—Art. 339, Simplification 
when dg = 0, or dg = const., p. 466.—Art. 340, Special case of Taylor’s theorem, 
p. 467.—Art. 341, On the limiting ratio of two functions which vanish together. 
Geometrical example, p. 469.—Art. 342, Taylor’s series extended to quaternions, 
p.473.—Art.343, Examples of quaternion development, p.476.—Art. 344, Successive 
differentials and differences, p.479.—Art. 345, Successive differentials of functions of 
several quaternions. Scalar and Vector integrals, p.479.] 


In this Section principles are established (pp. 469-473), respecting quaternion functions 
which vanish together ; and a form of development (pp. 473-475) is assigned, analogous* 
to Taylor’s Series, and like it capable of being concisely expressed by the symbolical 
equation, 1+ A = e4 (p. 480). As an example of partial and successive differentiation, 
the expression (pp. 480-481), 

p = rktjskj-sk-t, 
which may represent any vector, is operated on; and an application is made, by means of 
definite integration (pp. 482, 483), to deduce the known area and volume of a sphere, or 
of portions thereof ; together with the theorem, that the vector swm of the directed elements 
of a spheric segment is zero: each element of surface being represented by an inward 
normal, proportional to the elementary area, and corresponding in hydrostatics to the 
pressure of a fluid on that element. 


Srctron 6.—On the Differentiation of Implicit Functions of Quaternions ; 
and on the General Inversion of a Linear Function, of a Vector or 
a Quaternion ; with some connected Investigations, ‘ 


[Art. 346-347, The solution of a linear quaternion equation, or the Inversion of 
a linear quaternion function, p. 484. Is reducible to the inversion of a linear vector 
function, p. 485.—Art. 348, Transformations of the formula of solution, p. 489.— 
Art. 349, Quaternion constants or invariants of ¢. Self-conjugate parts, p. 491.— 
Art. 350, Deduction of a symbolic cubic equation satisfied by ¢ and its conjugate 9’, 
p. 494.—Art. 351, Case of a binomial function. Fixed lines and planes, p. 497.— 
Art. 352, Case of equal roots. Depressed equation, p. 499.—Art. 353, Case of 
unequal roots, real and imaginary, p. 508.—Art. 354, Case in which no root is zero. 
Real and rectangular system for self-conjugate functions, p. 516.—Art. 355, New 
proof of existence of the system, p. 523.—Art. 356, Theorem of successively derived 
lines, p. 525.—Art. 357, Rectangular and cyclic transformations, p. 527.—Art. 358, 
Focal transformations, p. 530.—Art. 359, Passage from cyclic to focal forms, p. 535. 
—Art. 360, Bifocal and mixed transformations, p. 545.—Art. 361, Reciprocity of 
forms, p. 547.—Art. 362, Scalar function, linear with respect to vectors, p. 550.— 
Art. 363, Linear and vector functions derived by differentiation, p. 551.—Art. 364, 


Solution of linear quaternion equation, p. 555.—Art. 365, Symbolic and biquadratic 
equation, p. 560. ] 


In this Section it is shown, among other things, that a Linear and Vector Symbol, o, 

of Operation on a Vector, p, satisfies (p. 494) a Symbolic and Cubie Equation, of the form, 
0 = m—-m'o+m'o? —- >; (N) 

whence mp} = m'—m"o+ od? = Vv, (N’) 


= another symbol of linear operation, which it is shown how to deduce otherwise 
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* At a later stage (Art. 375), a new Enunciation of Taylor's Theorem is given, with a 
new proof, but still in a form adapted to quaternions. 
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from ¢, as well as the three scalar constants, m, m’, m'’. The connected algebraical 


cubic (pp. 517, 518), 
M=mt+metm'e?+eé = 0, (0) 


is found to have important applications; and it is proved* (pp. 519, 520) that if 
Sagp = Sppa, independently of A and p, in which case the function @ is said to be 
self-conjugate, then this last cubic has three real roots, ¢1, ¢2, ¢3; while, in the same case, 


the vector equation, 
Vpop = 0, (P) 


is satisfied by a system of Three Real and Rectangular Directions: namely (compare 
pp. 527, 528, and the Section III. iii. 7), those of the axes of a (biconcyclic) system of 
surfaces of the second order, represented by the scalar equation, 


Sppp = Cp? + C’, in which Cand C” are constants. (Q) 


Cases are discussed; and general forms (called cyclic, rectangular, focal, bifocal, &c., 
from their chief geometrical uses) are assigned, for the vector and scalar functions pp and 
Sppp: one useful pair of such (cyclic) forms being, with real and constant values of g, A, m, 


pp = yp + VApu, Sppp = gp® + Sapup. (R) 


And finally it is shown (pp. 560, 561) that if fg be a linear and quaternion function of a 
quaternion, q, then the Symbol of Operation, f, satisfies a certain Symbolic and Biguadratic 
Equation, analogous to the cubic equation in , and capable of similar applications. 


* A simplified proof, of some of the chief results for this important case of self- 
conjugation, is given at a later stage, in the few first sub-articles to Art. 415. 


TABLE OF CONTENTS. 


XXXiil 
TasLEe oF Paces For THE Ficures In Votume I. 

Figure. Page. Figure. Page. Figure. Page. Figure. Page. 
1 3 22 23 40 132 56 —_ 
2 — 23 25 41 — 57 287 
3 4 24 30 41 dis. ae 58 293 
4 — 25 33 42 133 59 302 
5 — 26 — 42 dis. 141 60 304 
6 —_ 20 37 43 144 61 305 
i 6 28 44 44 151 62 dll 
8 —- 29 48 45 — 63 348 
9 7 30 78 45 bis, 152 63 dis. _ 

10 8 31 89 46 153 64 349 
11 — 82 Rae i 47 157 65 — 
1 9 33 111 47 bis. 158 66 351 
13 Ay; 33 bis. 22 48 169 67 358 
14 12 34 113 49 174 68 360 
15 13 35 Lho 50 192 69 361 
16 14 35 bis. 144 51 220 70 371 
ive 16 36 115 52 227 fe 373 
18 17 36 dis. 128 53 234 72 378 
19 19 37 119 54 257 73 391 
20 — 38 el: 5d 281 74 436 
21 20 39 131 55 bis. — 75 471 


TABLE OF A SELECTED CoursE. 


This Course is recommended to those desirous of 0! taining a good working knowledge of Quaternions. 
The passages which are not distinguished vy a dagger are suitable for a first perusal. 


Pages. Arts. Remarks. Pages. Arts: Remarks. 
1-19 1-32 242-949 | 991-993 
+22-23 | 33-34 250-257 | 225-231 
44-45 62-63 293-294 | 258-259 | to end of sub-art. (5). 
T81-82 96 to end of sub-art. (1). 321-847 | 275-295 
$84-86 97 to end of sub-art. (2). 396-409 | 308-312 | omitting s.-arts. to 312. 
$94-95 99 to end of sub-art. (4). 417-420 | 314-315 
+96-103 100 +430-464 | 317-337 
107-219 | 101-212 484-499 | 346-351 
220-224 | 213-214 | to end of sub-art. (3). | 508-527 | 353-356 
225-231 | 215-216 | to end of sub-art. (4). | +547-554 | 361-363 


Hamicton’s ELEMENTS OF QUATERNIONS. 


fo 

as o 

ao 
co 


ae 

= 

. Ee 
ne ee a 


BOOK 1. 


ON VECTORS, CONSIDERED WITHOUT REFERENCE TO ANGLES 
OR TO ROTATIONS. 


HAMILTON’s ELEMENTS OF QUATERNIONS, 


CEA PEE 


FUNDAMENTAL PRINCIPLES RESPECTING VECTORS. 


SECTION 1. 


On the Conception of a Vector; and on Equality of Vectors. 


- Art. 1.—A right line an, considered as having not only length, but also 
direction, is said to be a Vecror. Its initial point A is said to be its origin ; 
and its final point B is said to be its ferm. A vector AB is conceived to be (or 
to construct) the difference of its two extreme points; or, more fully, to be the 
result of the subtraction of its own origin from its own term; and, in con- 
formity with this conception, it is also denoted by the symbol B —a: a notation 
which will be found to be extensively useful, on account of the analogies which 


it serves to express between geometrical and algebraical ‘ 
ector. 


operations. When the extreme points a and B are “ BA : 
distinct, the vector AB or B — A is said to be an actual i 
(or an effective) vector ; but when (as a limit) those two ‘ Revector. : 
points are conceived to coincide, the vector AA or A— A, tee 


which then results, is said to be nu/7. Opposite vectors, such as AB and BA, 
or B — A and A — B, are sometimes called vector and revector. Successive 
vectors, such aS AB and BC, or B— A and c — B, are occasionally said to be 
vector and provector: the line ac, or c — A, which 
is drawn from the origin a of the first to the 
term c of the second, being then said to be the 
transvector. At a later stage, we shall have to 
consider vector-ares and vector-angles; but at 4 ~ 
present, our only vectors are (as above) right lines. mee 

2. Two vectors are said to be EquaL to each other, or the equation 
AB=CD, or B—A=D-—C, is said to hold good, when (and only when) the origin 

B 2 
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and term of the one can be brought to coincide respectively with the corre- 
sponding points of the other, by transports (or by translations) without rotation. 
It follows that al/ nuil vectors are equal, and may therefore be denoted by a 
common symbol, such as that used for zero ; 


; Cc ed D 
so that we may write, 
A-A=B-B=&e.=0; 

but that two actual vectors, AB and cD, are 

not (in the present full sense) equal to each A B 

other, unless they have not merely equal i 

lengths, but also similar directions. If then = . z ee Ne aa 
ig. 3. 


they do not happen to be parts of one 
common line, they must be opposite sides of a parallelogram, aspc; the two 
lines AD, Bc becoming thus the two diagonals of such a figure, and conse- 
quently Jdisecting each other, in some point E. F 
Conversely, if the two equations, 


D-E=E-A, and c-—E=E-B, 


are satisfied, so that the two lines ap and Bc are 


commedial, or have a common middle point ¥, then 4 . B 
Fig. 4. 


even if they be parts of one right line, the equa- 
tion D-c=B-A/is satisfied. Two radii, aB, ac, of any one circle (or sphere), 
can never be equal vectors ; because their directions differ. 


3. An equation between vectors, considered as an equidifference of points, 
admits of inversion and alternation ; or in symbols, if 


D-C=B-A, 


then C-D=A-B, and D-B=C-A. 
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Two vectors, cb and EF, which are equal to the same third vector, AB, are 
also equal to each other ; and these three equal vectors are, in general, the 
three parallel edges of a prism. 


Arts. 2-5. | FUNDAMENTAL PRINCIPLES—VECTORS. 5 


SECTION 2. 
On Differences and Sums of Vectors taken two by two. 


4, In order to be able to write, as in algebra, 
(cc - a’) -(B-A)=c-B, if C-a’=c-a, 


we next define, that when a first vector aB is subtracted from a second vector 
ac which is co-initial with it, or from a third vector a’c’ which is eqgua/ to that 
second vector, the remainder is that fourth vector Bc, which is drawn from the 
term B of the first to the term c of the second vector: so that if a vector be 
subtracted from a transvector (Art. 1), the remainder is the provector corre- 
sponding. It is evident that this geometrical subtraction of vectors answers to 
a decomposition of vections (or of motions); and that, by such a decomposition 
of a null vection into two opposite vections, we have the formula, 


0 -(B- A) =(A-—A) - (B—A)=A-B; 


so that, if an actual vector AB be subtracted from a nud/ vector aa, the remain- 
der is the revector BA. If then we agree to abridge, generally, an expression 
of the form 0 — a to the shorter form, —- a, we may write briefly, — aB = BA; 
a and — a being thus symbols of opposite vectors, while a and — (— a) are, for 
the same reason, symbols of one common vector : so that we may write, as in 
algebra, the identity, 

| — (-—a) =a. 


5. Aiming still at agreement with algebra, and adopting on that account 
the formula of relation between the two signs, + and -, 


(6-a)+a=), 


in which we shall say as usual that 6 —a is added to a, and that their sum is 6, 
while relatively to it they may be jointly called summands, we shall have the 
two following consequences :— 

I. If a vector, AB or B— A, be added to its own origin a, the sum is its 
term B (Art. 1); and 

II. If a provector Bc be added to a vector AB, the sum is the ¢transvector ac; 
or in symbols, 


I. .(B-a)+a=B; and II..(c—3)+(B-a)=c-a. 


In fact, the first equation is an immediate consequence of the general formula 


6 ELEMENTS OF QUATERNIONS. E486 2; 3. 


which, as above, connects the signs + and —, when combined with the concep- 
tion (Art. 1) of a vector as a difference of two points; and the second is a result 
of the same formula, combined with the definition of the geometrical subtraction 
of one such vector from another, which was assigned in Art. 4, and according 
to which we have (as in algebra) for any three points a, B, c, the identity, 


(c- a) -(B-A)=C-B. 


It is clear that this geometrical addition of successive vectors corresponds (comp. 
Art. 4) to a composition of successive vections, or motions ; F a 
and that the swm of two opposite vectors (or of vector 

and revector) is a null line; so that \ 


BA + AB=0, or (A- 8B) + (B- A) = 0. bea 


It follows also that the swms of equal pairs of successive A 
vectors are equal; or more fully that Fig. 7. 


if B’-— aA’=B-—A, and Cc —B =c-—B, then c- a’=c- A; 


the two triangles, aBc and a’B’c’, being in general the two opposite faces of a 
prism (comp. Art. 3). 
6. Again, in order to have, as in algebra, 


(Cc - p’) + (B- A) =c-—A, if c- B’=Cc-B, 


we shall define that if there be two successive vectors, AB, BC, and if a 


third vector B’c’ be equa/ to the second, but not succes- c . 
sive to the first, the swm obtained by adding the a 
third to the first is that fourth vector, ac, which is | 
drawn from the origin A of the first to the term c of / 
the second. It follows that the sum of any two co- a 7 
initial sides, AB, AC, of any parallelogram ABDC, is the Fig. 8. 


intermediate and co-initial diagona/ aD ; or, in symbols, 
(c-—a)+(B-A)=D-A, if D-CcC=B-A; 


because we have then (by 3) c- A=D- B. 

7. The sum of any two given vectors has thus a va/we which is independent 
of their order ; or, in symbols,a+B=(3+a. If equal vectors be added to 
equal vectors, the swms are equal vectors, even if the swmmands be not given 
as successive (comp. 5); and if a null vector be added to an actual vector, the 
sum is that actual vector; or, in symbols, 0+a=a. If then we agree to 
abridge generally (comp. 4) the expression 0 + a to + a, and if a still denote a 


Arts, 5-9. | FUNDAMENTAL PRINCIPLES—VECTORS. 7 


vector, then + a, and + (+a), &¢., are other symbols for the same vector; and 
we have, as in algebra, the identities, 


-(-a)=+a, +(-a)=-(+a)=-a, (+a)+(-a)=0, &e. 


SECTION 3. 
On Sums of three or more Vectors. 


8. The sum of three given vectors, a, 3, y, is next defined to be that 
fourth vector, 
S=y+(B+a), orbriefly, dé=y+P+a, 
which is obtained by adding the third to the sum of the first and second ; 
and in like manner the sum of any number of vectors is formed by adding 
the Jast to the sum of all’that precede it: also, for any four vectors, a, (3, y, 8, 
the sum 6 + (y+ (3 +a) is denoted simply by 6+ y + 3 +a, without parentheses, 
and so on for any number of summands. 

9. The sum of any number of successive vectors, AB, BC, CD, is thus the 
line aD, which is drawn from the origin a of the 
first, to the term p of the last; and because, when 
there are three such vectors, we can draw (as in 
fig. 9) the two diagonals ac, BD of the (plane or 
gauche) quadrilateral ancp, and may then at plea- 
sure regard AD, either as the sum of AB, BD, or as 
the sum of ac, cp, we are allowed to establish the following general formula 
of association, for the case of any three summand lines, a, B, y: 


Fig: 9; 


(y+ B)+a=y+(Bta)-y+P +a; 
by combining which with the formula of commutation (Art. 7), namely, with 


the equation, 
Us Mee B = B ri Gs 


which had been previously established for the case of any two such sum- 
mands, it is easy to conclude that the Addition of Vectors is always both an 
Associative and a Commutative Operation. In other words, the sum of any 
number of given vectors has a value which is independent of their order, and of 
the mode of grouping them; so that if the Jengths and directions of the sum- 
mands be preserved, the length and direction of the sum will a/so remain 
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unchanged: except that this last direction may be regarded as indeterminate, 
when the /ength of the sum-line happens to vanish, as in the case which we are 
about to consider. 

10. When any » summand-lines, AB, Bc, CA, or AB, BC, CD, DA, &ce., 
arranged in any one order, are the n successive sides of a triangle asc, or of 
a quadrilateral aBcD, or of any other closed polygon, their sum is a null line, Aa; 
and conversely, when the sum of any given system of » vectors is thus equal 
to sero, they may be made (in any order, by transports without rotation) the 
n successive sides of a closed polygon (plane or 
gauche). Hence, if there be given any such poly- 
gon (P), suppose a pentagon ABCDE, it is possible to 
construct another closed polygon (P’), such as a’B'C'D FE, 
with an arbitrary initial point a’, but with the same £ > ; 
number of sides, a’B,.. EA’, which new sides shall Fig. 10. 
be equal (as vectors) to the o/d sides an, .. EA, taken in any arbitrary order. 
For example, if we draw four successive vectors, as follows, 


A’B=CD, BC’=AB, CD =EA, DFE = BC, 


and then complete the new pentagon by drawing the line ¥’a’, this closing side 
of the second figure (P’) will be equal to the remaining side px of the first 
figure (P). 

11. Since a closed figure asc . . is stid/ a closed one, when all its points are 
projected on any assumed plane, by any system of ¢ 
parallel ordinates (although the area of the pro- 
jected figure a’p’c’... may happen to vanish), it 
follows that if the swm of any number of given 
vectors a, (3, y,.. be sero, and if we project them all ia is & 

AY c/’ 


on any one plane by parallel lines drawn from their 

extremities, the swum of the projected vectors a’, 3’, y’,. . Vee 
will likewise be null; so that these Jatter vectors, 

like the former, can be so placed as to become the Fig. 11. 
successive sides of a closed polygon, even if they be not already such. (In 


fig. 11, a”B’c” is considered as such a polygon, namely, as a triangle with 
evanescent area; and we have the equation, 


“itt 


“2 + Bc + C's” = 0, 


as well as a’B’ + BY’ + CA’ = 0, and aB + BC + 0A = 0.) 
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SECTION 4. 
On Coefficients of Vectors. 


12. The simple or single vector, a, is also denoted by la, or by 1. a, or by 
(+ 1) a; and in like manner, the double vector, a + a, is denoted by 2a, or 
2.a, or (+ 2)a, &c.; the rule being, that for any algebraical integer, m, 
regarded as a coefficient by which the vector a is multiplied, we have always, 

la+ ma =(1+m)a;3 

the symbol 1 + m being here interpreted as in algebra. Thus, 0a = 0, the 
zero on the one side denoting a null coefficient, and the zero on the other side 
denoting a nwil vector ; because by the rule, 


la+ 0a = (1+0)a=Ila=a, and... 0a=a-a=0. 


Again, because (1)a+ (-1)a = (1-1)a=0a= 0, we have (-l)a=0-a 
= —a=- (la); in like manner, since (1) a + (- 2) a = (1 - 2)a = (-1) a=~-a, 
we infer that (--2)a =-a-—a= — (2a); and generally (- m)a = - (ma), 
whatever whole number m may be: so that we may, without danger of 
confusion, omit the parentheses in these last symbols, and write simply, — la, 
— 2a, — ma. 

13. It follows that whatever two whole numbers (positive or negative, or 


Fig. 12. 
null) may be represented by m and n, and whatever two vectors may be denoted 
by a and (3, we have always, as in algebra, the formula, 
na +ma=(n+m)a, n (ma) = (nm) a = na, 


and (compare fig. 12), 
m (+a) =mB+ma; 


so that the multiplication of vectors by coefficients is a doubly distributive operation, 
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at least if the mu/tipliers be whole numbers ; a restriction which, however, will 
soon be removed. 

14. If ma = (3, the coefficient m being still whole, the vector 3 is said to be 
a multiple of a; and conversely (at least if the integer m be different from 
zero), the vector a is said to be a sub-multiple of B. A multiple of a sub- 
multiple of a vector is said to be a fraction of that vector; thus, if ie ma, and 


y = na, then y is a fraction of 3, which is denoted as oe y=— — 83 also (3 
is said to be multiplied by the fractional coefficient — En, and vy is enid to be the 


product of this multiplication. It follows that if a aa y be any two fractions, 
(positive or negative or null, whole numbers being included), and if a and B 
be any two vectors, then 


yatva=(yt2)a, y(va)=(ye)a= yea, 2(B a) =o + ca; 


results which include those of Art. 18, and may be extended to the case 
where w and y are incommensurable coefficients, considered. as Limits of fractional 
ones. 

15. For any actual vector a, and for any coefficient 2, of any of the 
foregoing kinds, the product wa, interpreted as above, represents always a 
vector (3, which has the same direction as the multiplicand-line a, if # > 0, but 
has the opposite direction if x < 0, becoming nwi/ if « = 0. Conversely, if 
a and [3 be any two actual vectors, with directions either similar or opposite, in 
each of which two cases we shall say that they are parallel vectors, and shall 
write B || a (because both are then parallel, in the usual sense of the word, to 
one common line), we can always find, or conceive as found, a coefficient x = 0, 
which shall satisfy the equation 3 = va; or, as we shall also write it, 8 = az; 
and the positive or negative number w, so found, will bear to +1 the same 
ratio, as that which the length of the line B bears to the length of a. 

16. Hence it is natural to say that this coefficient x is the quotient which 
results, from the division of the vector (3, by the parallel vector a; and to write, 


accordingly, B 
w=B+ta, or w=PBsa, or v= =; 
a 


so that we shall have, identically, as in algebra, at least if the divisor-line a be 
an actual vector, and if the dividend-line 8 be parallel thereto, the equations, 


(B:0).a=Pa=8, and va ia=—= 23 


which will afterwards be extended, by definition, to the case of non-parallel 


Arts. 13-17. | FUNDAMENTAL PRINCIPLES—VECTORS. 11 


vectors. We may write also, under the same conditions, a = eo and may say 
© 


that the vector a is the quotient of the division of the other vector 3 by the 
number «; so that we shall have these other identities, 


6 


~.e=(ar=)B, and <= a. 


17. The positive or negative quotient, « = 2 which is thus obtained by the 


division of one of two parallel vectors by another, including zero as a limit, may 
also be called a ScaLar; because it can always be found, and in a certain 
sense constructed, by the comparison of positions upon one common scale (or axis) ; 
or can be put under the form, 


where the three points, A, B, Cc, are collinear (as in the figure annexed). Such 
scalars are, therefore, simply the Reats (or real 
quantities) of Algebra; but, in combination with * 
the not less real Vecrors above considered, they 
form one of the main elements of the System, or Calculus, to which the present 
work relates. In fact it will be shown, at a later stage, that there is 
an important sense in which we can conceive a scalar to be added to a 
vector; and that the swm so obtained, or the combination “ Scalar plus Vector” 
is a QUATERNION. 


B ¢ 


Fig. 13. 


C2 
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CHAPTER II. 


APPLICATIONS TO POINTS AND LINES IN A GIVEN PLANE. 


SECTION 1. 
On Linear Equations connecting two Co-initial Vectors. 


18. WHEN several vectors, oA, OB, .. are all drawn from one common 
point o, that point is said to be the Origin of the System; and each particular 
vector, such as 0A, is said to be the vector of its own term, A. In the present 
and future sections we shall always suppose, if the contrary be not expressed, 
that all the vectors a, 3, . . which we may have occasion to consider, are thus 
drawn from one common origin. But if it be desired to change that origin o, 
without changing the term-points a,..we shall only have to subtract, from 
each of their o/d vectors a,.. one common vector w, namely, the old vector oo’ 
of the new origin 0’; since the remainders, a-w, B-w,.. will be the new 
vectors a’, (3, . . of the old points a, B,... For example, we shall have 


’=0'A =A-0'=(A-—0) - (0'- 0) = 0A - 00° = aw. 


19. If two vectors a, (3, or oA, oB, be thus drawn from a given origin o, 
and if their directions be either similar or 
opposite, so that the three points, 0, A, B, are 
situated on one right line (as in the figure 


A B 
Fig. 14. 


annexed), then (by 16,17) their quotient — is some positive or negative scalar, 
a 


such as #; and conversely, the equation {3 = za, interpreted with this reference 
to an origin, expresses the condition of collinearity, of the points o, a, B; the 
particular values « = 0, x = 1, corresponding to the particular positions, o and a, 
of the variable point B, whereof the indefinite right line oa is the locus. 

20. The linear equation, connecting the two vectors a and #3, acquires a 
more symmetric form, when we write it thus: 


ada + 63 =0; 
where a and 0 are ¢wo scalars, of which however only the ratio is important. 
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The condition of coincidence, of the two points A and B, answering above to 


. oad a . 
x=1,is now Se 1; or, more symmetrically, 


a+b=0. 

Accordingly, when a =~ 0, the linear equation becomes 
b(3-ea)=0, orB-—a=0, 

since we do not suppose that both the coefficients vanish ; and the equation 
B =a, or oB = oA, requires that the point B should coincide with the point a: a 
case which may also be conveniently expressed by the formula, 

B=A; 
coincident points being thus treated (in notation at least) as equal. In general, 
the linear equation gives, 

a@.0A+h.op=0, and therefore a: b=B80: Oa. 


SECTION 2. 
On Linear Equations between three Co-initial Vectors. 


21. If two (actual and co-initial) vectors, a, (3, be not connected by any 
equation of the form aa + 03 = 0, with any 
two scalar coefficients a and 6 whatever, their 
directions can neither be similar nor opposite 
to each other; they therefore determine a 
plane Ao, in which the (now actual) vector, 
represented by the sum aa + Df, is situated. 

For if, for the sake of symmetry, we denote ie oe 
this sum by the symbol — cy, where ¢ is some 


third scalar, and y =oc is some third vector, 
so that the three co-initial vectors, a, (3, y, are connected by the dinear equation, 


Fig. 15. 


da+ b3+ey=0; 


em 4 | 5 — 68. 


and if we make 


then the two auxiliary points, a’ and p’, will be situated (by 19) on the two 
indefinite right lines, oa, os, respectively: and we shall have the equation, 


OC = OA’ + OB, 


so that the figure a’ox’c is (by 6) a parallelogram, and consequently plane. 
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22. Conversely, if c be any point in the plane AoB, we can draw from it the 
ordinates, ca’ and cB’, to the lines 0a and os, and can determine the ratios of 
the three scalars, a, 0, c, so as to satisfy the two equations, 


after which we shall have the recent expressions for 0A’, oB’, with the relation 
oc = 04’+ oB’ as before; and shall thus be brought back to the linear equation 
aa + 63+ cy =9, which equation may therefore be said to express the condition 
of complanarity of the four points, o, A, B, c. And if we write it under the 
form, 
| ra + yf3 + sy = 0, 

and consider the vectors a and 3 as given, but y as a variable vector, while 
x, y,% are variable scalars, the locus of the variable point c will then be the 
given plane, OAB. 

23. It may happen that the point c is situated on the right line aB, which 
is here considered as a given one. In that case (comp. Art. 17, fig. 13), the 


quotient — must be equal to some scalar, suppose ¢; so that we shall have an 


equation of the form, 


cea or y=at+t(B-a), or (1-t)at+tB-y=0; 
by comparing which last form with the linear 
equation of Art. 21, we see that the condition 
» of collinearity of the three points A, B, c, in the 
given plane oas, is expressed by the formula, “:**°~ ~ 


at+b+c=0. 


This condition may also be thus written, 


=—+-—, or—+ a ee : 
r nae OA OB ’ Fig. 16. 


and under this last form it expresses a geometrical relation, which is otherwise 


known to exist. 
24. When we have thus the ¢wo equations, 


dat+bBt+ecy=0, and a+b+c=0, 


so that the three co-initial vectors a, , y terminate on one right line, 
and may on that account be said to be termino-collinear, if we eliminate, 
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successively and separately, each of the three scalars a, b, c, we are conducted 
to these three other equations, expressing certain ratios of segments : 


b(B-a)t+e(y-a)=0,: e(y-P)+a(a-f) =9, 
a(a-y)+b(B-y) =0; 


0=5b0.AB+C.AC=C.BC+Q@.BA=a.CAt+0O. CB. 


or 


Hence follows this proportion, between coefficients and segments, 
& 02.6 = Re: Ck. 2B, 


We might also have observed that the proposed equations give, 


_ bB + cy pe raae _ dat bB. 
Bene eee Mee ea LS ee 
whence 
! b b 
Se ee -, &e. 


Ao =a abe he 
25. If we still treat a and 3 as given, but regard y and c as variable, the 


equation _ tat yp 
— ety 


will express that the variable point c is situated somewhere on the indefinite 
right line aB, or that it has this /ine for its locus: while it divides the finite line 
AB into segments, of which the variable quotient is, 


cB « 
Let o’ be another point on the same line, and let its vector be, 


14 / 
, taty¥Bp. 
w+ yy 3 


then, in like manner, we shall have this other ratio of segments, 


, A 


ac yf 
cB 
If, then, we agree to employ, generally, for any group of four collinear points, 
the notation, 

AB CD AB AD 

(ABCD) = —.— =—:—; 

BC DA BC DC 

so that this symbol, 
(ABCD), 


may be said to denote the anharmonic function, or anharmonic quotient, or 
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simply the anharmonic of the group, A, B, Cc, D: we shall have, in the present 
case, the equation, 
Peele ROT AU, or gat 
(ACBC ) = — :—— 
CB CB ay 
26. When the anharmonic quotient becomes equal to negative unity the group 
becomes (as is well known) harmonic. If then we have the two equations, 
_ wa + Jae ,_ ta- 9B 


ety? a-y’ 


the two points c and c’ are harmonically conjugate to each other, with respect 
to the two given points, A and B; and when they cary together, in consequence 


of the variation of the value of ‘, they form (in a well-known sense), on the 


indefinite right line aB, divisions in involution ; the double points (or foct) of this 
involution, namely, the points of which each is i¢s own conjugate, being the 


points a and B themselves. Asa verification, x ar aS @’ 
if we denote by mu the vector of the middle Fig. 17. 

point m of the given interval an, so that 6 -y=pu-a, or w= 4% (a+ (3), we 
easily find that 


Ce ae y- "MB MC? 
so that the rectangle under the distances mc, Mc’, of the two variable but conju- 
gate points, c, c, from the centre m of the involution, is equal to the constant 
square of half the interval between the two double points, a, B. More 


generally, if we write 


_ wa + jon Lal , _ fea + my 


ary’ a “Le + my | 
/ 


> 


where the anharmonic quotient u = - is any constant scalar, then in another 


known and modern* phraseology, the points c and o will form, on the inde- 
finite line aB, two homographie divisions, of which a and B are still the double 
points. More generally still, if we establish the two equations 


ra + yf3 lea’ + my[3 
= —, and y= p 


e+y ie le + my 


? 


z being still constant, but . variable, while a’ = 0a’, 3’ = oB’, and y’ = 00, 


the ¢wo given lines, aB and a’s’, are then homographically divided, by the two 
variable points c and c’, not now supposed to move along one common line. 


* See the Géométrie Supérieure of M. Chasles, p. 107. (Paris, 1852.) 
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27. When the linear equation aa + b3 + cy = 0 subsists, without the rela- 
tion a+b+ce=0 between its coefficients, then the three co-initial vectors 
a, 3, y are still complanar, but they no longer terminate on one right line ; 
their term-points, A, B, c being now the corners of a triangle. 

In this more general case, we may propose to find the vectors a’, 3’, y’ of 
the three points, c 


A = OA * BC, B = OB*CA, C =-00"° AB} 


that is to say, of the points in which the lines 
drawn from the origin o to the three corners 
of the triangle intersect the three respectively 4. 
opposite sides. The three collineations oaa’, &e., Fig. 18. 
give (by 19) three expressions of the forms, 


a’ = wa, S' = yf, y’ = 8y, 


where #, y, s are three scalars, which it is required to determine by means of the 
three other collineations, a’Bc, &e., with the help of relations derived from the 
principle of Art 23. Substituting therefore for a its value aa’, in the given 
linear equation, and equating to zero the sum of the coefficients of the new 
linear equation which results, namely, 


aaa’ + bB+cy=0; 


and eliminating similarly 8, y, each in its turn, from the original equation ; 
we find the values, | 


v4 


ie. rari, atb’ 


or 


ee b3 + cy ae Sichae , dat 66 


In fact we see, by one of these expressions for a’, that a’ is on the line 0a; 
and by the other expression for the same vector a’, that the same point a’ is 
on the line nc. As another verification, we may observe that the last expres- 
sions for a’, 3’, y’, coincide with those which were found in Art. 24, for a, B, y 


themselves, on the particular supposition that the three points a, B, c were 
collinear. 
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28. We may next propose to determine the ratios of the segments of the 
sides of the triangle anc, made by the points 4’, B’, c’. For this purpose, we 
may write the last equations for a’, 3’, y’ under the form, 


0 = 6 (a - PB) —e(y-a’)=0(8'-y) -a(a—- B’) =a(y’ -a)-b(B-y’); 
and we see that they then give the required ratios, as follows: 


Ue . , , 


BACT eC GB? a viet /, 
ao 0 1 ae Cn a 
whence we obtain at once the known equation of six segments, 


BCR oA. 


dogs Ware: aaeene 
as the condition of concurrence of the three right lines aa’, BB’, cc’, in a common 
point, such as 0. It is easy also to infer, from the same ratios of segments, 


the following proportion of coefficients and areas, 
a:6:¢ = OBC! OCA ; OAB, 

_In which we must, in general, attend to algebraic signs; a triangle being 
conceived to pass (through zero) from positive to negative, or vice versd, as com- 
pared with any given triangle in its own plane, when (in the course of any 
continuous change) its verter crosses its base. It may be observed that with 
this convention (which is, in fact, a necessary one, for the establishment of 
general formule) we have, for any thice points, the equation 


ABC + BAC = 0, 
exactly as we had (in Art. 5) for any ¢wo points, the equation 
AB + BA= 0. 
More fully, we have, on this plan, the formule, 
ABC = — BAC = BCA = — CBA = CAB = — ACB} 


and any two complanar triangles, aBc, A’B'C’, bear to each other a positive or a 

negative ratio, according as the two rotations, which may be conceived to be 

denoted by the same symbo/s asc, A’B’C’, are similarly or oppositely directed. 
29. If a’ and Bp’ bisect respectively the sides Bc and ca, then 


a=b=C, 


and c’ bisects aB; whence the known theorem follows, that the three bisectors 
of the sides of a triangle concur, in a point which is often called the centre of 
gravity, but which we prefer to call the mean point of the triangle, and which 
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is here the origin o. At the same time, the first expresions in Art. 27 for 
a’, 3’, y’ become, 
, a , B , ye 
9 y? 9 3 
whence this other known theorem results, that the three bisectors trisect each 
other. | 
30. The linear equation between a, (3, y reduces itself, in the case last 
considered, to the form, 


a+P+y=0, or 0A+0B+0c=0; 


the three vectors a, 3, y, or OA, 0B, oc, are therefore, in this case, adapted 
(by Art. 10) to become the successive sides of a € 

triangle, by transports without rotation; and 

accordingly, if we complete (as in fig. 19) the 

parallelogram aosp, the triangle oan will have 

the property in question. It follows (by 11) 


that if we project the four points 0, A, B, Cc, by ‘a B 
any system of parallel ordinates, into four other 

points, 0, A,,B,C, on any assumed plane, the i 
sum of the three projected vectors, a, 3,, Y,. OF Fig. 19. 


0A, &e., will be nul/; so that we shall have the new linear equation, 
a, + B, ta5°; 
OA +0B +0C=0; g v 
diag Viaed he Tae ? 


and in fact it is evident (see fig. 20) that the 


projected mean point 0, will be the mean point 
of the projected triangle, A,, B,C. We shall 
x 


have also the equation, ” Fig. 20. eo 
(a,— a) + (8,- B) + (y,- y) = 9; 

whiere a,-a=0A,— 0A = (0A + AA) — (00,+ 0,A) = AA,— 00 

hence 00,= $(AA,+ BB, +c), 


or the ordinate of the mean point of a triangle is the mean of the ordinates of the 
three corners. 
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SECTION 3. 
On Plane Geometrical Nets. 


31. Resuming the more general case of Art. 27, in which the coefficients 
a, b, c are supposed to be unequal, we may next inquire, in what points a”, B”, 
ce’ do the lines B’c’, c’a’, a’B’ meet respectively the sides Bc, ca, AB, of the 
triangle; or may seek to assign the vectors a’, 3”, y” of the points of inter- 
section (comp. 27), 
Ao Bo one, B’=(CA’’CA, C’ = AB’ * AB. 
The first expressions in Art. 27 for 9’, y’, give the equations, 


” 


Owes cemwwennnn i. 


B 
Fig. 21. 


(c+ a) B+ DB =0, (a+ b)y+cy =0; 


bB-cy (at+b)y'- (c+ a) Pp’, 
b-c (a+b)-(c+a) ’ 


whence 


but (by 25) one member is the vector of a point on Bc, and the other of a 
point on B’c’; each therefore is a value for the vector a” of a”, and similarly 


for B” and y”. We may therefore write, 


ae sea p’ = eee y= cacrgea 
b-e¢ c—a a—b 


and by comparing these expressions with the second set of values of a’, 3’, y’ 
in Art. 27, we see (by 26) that the points a”, B”, c” are, respectively, the 
harmonic conjugates (as they are indeed known to be) of the points a’, B’, Cc’, 
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with respect to the three pairs of points, B, Cc; c, A; A, B; so that, in the 
notation of Art. 25, we have the equations, 

(Ba’cA”) = (cB’AB’) = (ac’BC”) = —- 1. 
And because the expressions for a”, 3”, y” conduct to the following linear 
equation between those three vectors, 

(6-c)a”+(c-a) BR’ + (a- b)y"=9, 
with the relation | 

(6-c) + (e-a)+ (a-b) =0 
between its coefficients, we arrive (by 23) at this other known theorem, that 
the three points a”, 8”, ’ are collinear, as indicated by one of the dotted lines in 
the recent fig. 21. 
32. The line a’p’c’ may represent any rectilinear transversal, cutting the 

sides of a triangle anc; and because we have 


ee 


7 


id 

mo OBC G AC lp oy 

while rae and vale before, we arrive at this other equation of six 
a 


seyments, for any triangle cut by a right line (comp. 28), 


which again agrees with known results. 

33. Eliminating 8 and y between either set of expressions (27) for (’ 
and y’, with the help of the given linear equation, we arrive at this other 
equation, connecting the three vectors a, 3’, y’ : 


0=-aa+ (c+ a) P+ (a+ dy’. 
Treating this on the same plan as the given equation between a, (3, y, we find 
that if (as in fig. 21) we make, 
A’ = 0A‘ BO, B” = OB‘ CA, Cc” = 0C' AB, 
the vectors of these three new points of intersection may be expressed in either 


of the two following ways, whereof the first is shorter, but the second is, for 
some purposes (comp. 34, 36), more convenient : 


bp c 
it ee ”? = Dick die (id | — - = wad Men, ° 
TT OR ee p Si. © 4a < Oee ae? 
or | 
Il a = het OB + ey B”= 208 + ey + aa m _ 2vy + aa + bB 
oe 444 0 Meu e ae wie ak ee OP, eh eos 
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And the three equations, of which the following is one, 
(b-c) a”— (2b +¢+ a) B+ (2c+a+b)y"=0, 


with the relations between their coefficients which are evident on inspection, 


hd pial ff LT ITE SET 


show (by 23) that we have the three additional collineations, a”B’’c’”, B’c’”’ a’, 
oa’, as indicated by three of the dotted lines in the figure. Also, because 
we have the two expressions, 
» (a+b) y+ (e+a) »_ (a+ b)y’—(e+ a)’ 
Sa elenaet i lade) oe Pale 


we see (by 26) that the two points a”, a” are harmonically conjugate with 
respect to B’ and c’; and similarly for the two other pairs of points, 8”, B”, 
and co”, co”, compared with c’, a’, and with a’, B’: so that, in a notation already 
employed (25, 31), we may write, 


(SE ape NA A Ys Ah fod Cd 


(pa Ca’) = (cB a’B) = (ac BC’) = — 1. 


34. If we begin, as above, with any four complanar points, 0, A, B, Cc, of 
which no three are collinear, we can (as in fig. 18), by what may be called a 
First Construction, derive from them six lines, connecting them two by two, 
and intersecting each other in three new points, a’, B’, oc’; and then by a 
Second Construction (represented in fig. 21), we may connect these by three 
new lines, which will give, by their intersections with the former lines, six 
new points, a”,..c’’. Wemight proceed to connect these with each other, 
and with the given points, by sixteen new lines, or lines of a Third Construc- 
tion, namely, the four dotted lines of fig. 21, and twelve other lines, whereof 
three should be drawn from each of the four given points: and these would 
be found to determine eighty-four new points of intersection, of which some 
may be seen, although they are not marked, in the figure. 

But however far these processes of linear construction may be continued, so 
as to form what has been called* a plane geometrical net, the vectors of the 
points thus determined have all one common property: namely, that each can 
be represented by an expression of the form, 


_ waa + yb + sey | 
ga + yb + Be 


where the coefficients x, y, 2 are some whole numbers. In fact we see (by 27, 
31, 33) that such expressions can be assigned for the nine derived vectors, 


* By Prof. A. F. Monrus, in page 274 of his Barycentric Calculus (der barycentrische Calcul, 
Leipzig, 1827). 
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a’,... yy”, which alone have been hitherto considered; and it is not difficult 
to perceive, from the nature of the calculations employed, that a similar result 
must hold good, for every vector subsequently deduced. But this and other 
connected results will become more completely evident, and their geometrical 
signification will be better understood, after a somewhat closer consideration 
of anharmonic quotients, and the introduction of a certain system of anharmonic 
co-ordinates, for points and lines in one plane, to which we shall next proceed : 
reserving, for a subsequent Chapter, any applications of the same theory to 
space. 


SECTION 4. 


On Anharmonie Co-ordinates and Equations of Points and 
Lines in one Plane. 


35. If we compare the last equations of Art. 33 with the corresponding 
equations of Art. 31, we see that the harmonic group Ba’ca”, on the side Bc of 
the triangle anc in fig. 21, has been simply reflected into another such group, 
BA’’c’a”, on the line B’c’, by a harmonic pencil of four rays, all passing through 
the point 0; and similarly for the other groups. More generally, let oa, os, 
0c, oD, or briefly o . aBcp, be any pencil, with the point o for vertew ; and let 
the new ray op be cut, as in fig. 22, by the three sides of the triangle anc, in 


the three points A,, Bi, C,; let also 


OA; = Qa, = yp sit 
yb + 8c 
so that (by 25) we shall have the anharmonic quotients, 
(BA’CA}) = z, (CA’BA}) = si 


and let us seek to express the two other vectors of intersection, 9, and y,, with 
a view to determining the anharmonic ratios of 
the groups on the two other sides. The given 
equation (27), 

da + 63 + cy =0, 
shows us at once that these two vectors are, 


(y — 8) cy + yaa | 
(y-—s)e+ ya 
(s — y) 6B + saa 
(s—y)b+ 2a ’ 


OB, ao By: — 


OC; = Nn = 
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whence we derive (by 25) these two other anharmonics, 


yY-s , Z- 
(CB’AB,) = are (BC AC) = y. 


so that we have the relations, 


(cB’AB,) + (CA’BA,) = (BC’AC,) + (BA’CA;) = 1. 


But in general, for any four collinear points a, B, c, D, it is not difficult to 


prove that 


AB AC 
BC CB 


whence by the definition (25) of the signification of the symbol (ancn), the 
following identity is derived, 

(ABCD) + (ACBD) = I. 
Comparing this, then, with the recently found relations, we have, for fig. 22, 
the following anharmonic equations: ? 


(CAB’B,) = (CA’BA,) = -3 


(BACC,) = (BA’CA:) = =} 


wiC CIR 


and we see that (as was to be expected from known principles) the anharmonic 
of the group does not change, when we pass from one side of the triangle, 
considered as a transversal of the pencil, to another such side, or transversal. 
We may therefore speak (as usual) of such an anharmonic of a group, as being 
at the same time the Anharmonic of a Pencil ; and, with attention to the order 
of the rays, and to the definition (25), may denote the two last anharmonics 
by the two following reciprocal expressions : 


& 
(0. CABD) = 7 (0. BACD) ==; 
with other resulting values, when the order of the rays is changed ; it being 
understood that 


1 LA, TS, | 


(0.CABD) = (C'A'BD), 


if the rays oc, 0A, 0B, oD be cut, in the points c’, a‘, BY, D‘, by any one right 
line. 
36. The expression (34), 
waa + yb + 2CY 
Co gat yob+2%e ’ 


may represent the vector of any point P in the given plane, by a suitable choice 
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of the coefficients x, y, 2, or simply of their ratios. For since (by 22) the three 
complanar vectors PA, PB, Pc must be connected by some linear equation, of 


the form 
a.PA+ Ob. PB+c.Pc=0, 


GNa ea) 0 (Op) Oy po, 


da+ B+ ey 
ds ee 


or 


which gives 


2 


we have only to write 


and the proposed expression for p will be obtained. Hence it is easy to infer, 
on principles already explained, that if we write (compare the annexed 
fig. 23), 

P, = PA* BC, Pe PBA, P; = PC‘ AB, 
we shall have, with the same coefficients wyz, the following expressions for 
the vectors OP, OP2, OP:, OF pi, P2, Ps, Of these three 
points of intersection, Pi, P2, Ps: 


yb + sey zcy + xaa 
ee oe p2 = ——— 
yb + se se + wa 
_ vaa+ybB 
— a+ yb’ 


which give at once the following anharmonics of 
pencils, or of groups, y 
(A. BOCP) = (BA’CP,) == ; 


(B.COAP) = (CB’AP,) = 


(C. AOBP) = (AC BP;) = 7; 


whereof we see that the product is unity. <Any two of these three pencils suffice to 
determine the position of the point p, when the triangle anc, and the origin o are 
given ; and therefore it appears that the ¢hree coefficients a, y, 2, or any scalars 
proportional to them, of which the quotients thas represent the anharmonics of 


those pencils, may be conveniently called the ANHARMONIC Co-oRDINATES of 
that point, P, with respect to the given triangle and origin: while the point P 
itself may be denoted by the Symbol, 


P = (x, ¥, 8). 
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With this notation, the thirteen points of fig. 21 come to be thus symbolized : 
Wee OO) eh (Ok, Olen Cm OnLy 2 O altel eke 
Ree OS Ad een en), cb), he eis, ) 
CEOS 1) ne Ol, Ol), 20% (1, 10): 
Rae (e, ler eB aay ee oC meek soe 
37. If p, and p, be any two points in the given plane, 
Pi = (#1; Yry %1), Po = (#25 Yo 22), 
and if ¢ and w be any two scalar coefficients, then the following third point, 
P = (tx, + Uae, ty: + UYr, 18, + UB), 


is collinear with the two former points, or (in other words) is situated on the 
right line P\P,. For, if we make 


w= (2, + Uae, y = ty, + Ur, B= 12; + U2, 
and 
v4aAa + ee “Aa + O56 rda + eo: 7 0. 
1 = 2 ee —— = os 
p oe eee p te Gs us 1 ed 


these vectors of the three points P,P,P are connected by the /inear equation, 
t(ma+..)pitu(aa+..)p,—-(wat+..)p=0; 

in which (comp. 23), the swum of the coefficients is zero. Conversely, the point 

p cannot be collinear with P,, P2, unless its co-ordinates admit of being thus 

expressed in terms of theirs. It follows that if a variable point P be obliged 

to move along a given right line P:P2, or if it have such a /ine (in the given plane) 

for its docus, its co-ordinates xyz must satisfy a homogeneous equation of the first 


degree, with constant coefficients ; which, in the known notation of determinants, 
may be thus written, 


aR Feet 
0 =i 1, Yi15 ®1 ; 
X25 Yr» &e 


or, more fully, 
0 = & (Y18_ — B1Y2) + Y (812 — Wk_) + 8 (Lie — Yikr) 5 
or briefly 
0 = + my + nz, 

where /, m, n are thiee constant scalars, whereof the quotients determine the 
position of the right dine A, which is thus the /ocus of the point Pp. It is natural to 
call the eguation, which thus connects the co-ordinates of the point p, the Anhar- 
monte Equation of the Line A; and we shiall find it convenient also to speak of 
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the coefficients 1, m, n, in that equation, as being the Anharmonic Co-ordinates 
of that Line : which line may also be denoted by the Symbol, 


A = [i, m, n}. 


38. For example, the three sides Bc, ca, AB of the given triangle have 
thus for their equations, 
w= 0, y = 0, s=0, 
and for their symbols, 7 
ls 0, Ol GOS 10h s 10, 01g 
The three additional lines 0a, o8, oc, fig. 18, have, in like manner, for their 
equations and symbols, 
y—-3s=)0, z—-x“= 0, x-y=0, 
(Osds ck], id, 0.1, (1, -1, 0]. 


(Sal dA Cane Bid dL Mae CO AA 


The lines B’c’a”, o'a’B’, a’B’C’, of fig. 21, are 
y+3—x=0, eta—-y=0, et+y—s=0, 


[eee oe ee Bie oe ap (ie 


Ub PaAAA LEA FE ASSET, 


the lines a”B’’c'”, B’o'’A’”, Ca’ B’’, of the same figure, are in like manner 
represented by the equations and symbols, 


or 


yt+s—dr=0, zsta—sdsy=0, et+y—dzs=0, 
[- 3, 1, 1], (foo; [1,1,-3]; 


PF vet ST 


and the line a”B’c” is 

eae Bee Seat Vee 0) oa es eo 
Finally, we may remark that on the same plan, the equation and the symbol 
of what is often called the dine at infinity, or of the locus of all the infinitely 
distant points in the given plane, are respectively, 


ax+by+cez=0, and [a, b,c]; 


because the linear function, ax + by + cz, of the co-ordinates w, y, 2 of a point Pp 
in the plane, is the denominator of the expression (384, 36) for the vector p of 
that point: so that the point P is at an infinite distance from the origin 0, 
when, and only when, this linear function vanishes. 

39. These anharmonic co-ordinates of a line, although above interpreted (37) 
with reference to the equation of that line, considered as connecting the co- 
ordinates of a variable point thereof, are capable of receiving an independent 
geometrical interpretation. For the three points L, M, N, in which the line A, 
or [/, m, n], or de + my + nz = 0, intersects the three sides Bc, ca, aB of the 

E 2 
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given triangle asc, or the three given lines « = 0, y= 0, s = 0 (88), may 
evidently (on the plan of 36) be thus denoted: 


L = (0, n, — m); M = (— 2”, 0, 2); N = (m, — /, 0). 
But we had also (by 36), _ 
a” = (0,1, - 1); B’ = (- 1, 0,1); eo’ = (1, - 1, 0); 


whence it is easy to infer, on the principles of recent articles, that 
n ” U (Ad m Mf 
m7 (BA CL) } Sues AM) ; 7 = (se BN) ; 


with the resulting relation, 
(BA’ CL) . (CB’AM) . (AC’BN) = 1. 


40. Conversely, this last equation is easily proved, with the help of the 
known and general relation between segments (32), applied to any two trans- 
versals, A”B’c” and LMN, of any triangle asc. In fact, we have thus the two 
equations, 


on dividing the former of which by the latter, the last formula of the last 
article results. We might therefore in this way have been led, without any 
consideration of a variable point P, to introduce three auxiliary scalars, t, m, n, 


defined as having their quotients =; 2 - equal respectively, as in 39, to the 
three anharmonics of groups, 
(BA’’CL), (cB’AM), (Ac’BN) ; 


and then it would have been evident that these three scalars, /, m, n (or any 
others proportional thereto), are sufficient to determine the position of the right 
ine A, Or LMN, considered as a transversal of the given triangle asc: so that 
they might naturally have been called, on this account, as above, the anhar- 
monic co-ordinates of that line. But although the anharmonic co-ordinates of 
a point and of a line may thus be independently defined, yet the geometrical 
utility of such definitions will be found to depend mainly on their combination: 
or on the formula dv + my +nz=0 of 87, which may at pleasure be considered 
as expressing, either that the variable point (a, y, %) is situated somewhere upon 
the given right line (1, m,n]; or else that the variable line |/, m, n] passes, in 
some direction, through the given point (a, y, 2). 
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41. If A, and A, be any ¢wo right lines in the given plane, 
Ai = [h, m, m], Ax = [tay May M2], 
then any third right line A in the same plane, which passes through the inter- 


section A, * As, or (in other words) which concurs with them (at a finite or 
infinite distance), may be represented (comp. 37) by a symbol of the form, 


A =([th, + ule, tim, + Um, tr + Ung | 


where ¢ and w are scalar coefficients. Or, what comes to the same thing, if 
i,m, n be the anharmonic co-ordinates of the line A, then (comp. again 37), 
the equation l, m, n 
0 = 2 (mn, — mm.) + &. =} 1, m, m | , 
lo May Ne 
must be satisfied ; because, if (X, Y, Z) be the supposed point common to the 
three lines, the three equations 


IX+mYr+nZ=0, 1X+mV+uZ=0, 1£X+mY+nZ = 0, 


must co-exist. Conversely, this co-existence will be possible, and the three lines 
will have a common point (which may be infinitely distant), if the recent 
condition of concurrence be satisfied. For example, because [a, 0, c] has been 
seen (in 38) to be the symbol of the line at infinity (at least if we still retain 
the same significations of the scalars a, b, c as in Articles 27, &c.), it follows 


that 
A=[4m,n], and A’= [i+ ua, m+ub, n + uc], 


are symbols of two parallel lines ; because they concur at infinity. In general, 
all problems respecting intersections of right lines, collineations of points, &e., 
in the given plane, when treated by this anharmonic method, conduct to easy 
eliminations between linear equations (of the scalar kind), on which we need 
not here delay: the mechanism of such calculations being for the most part the 
same as in the known method of tri/inear co-ordinates: although (as we have 
seen) the geometrical interpretations are altogether different. 


SECTION 5. 
@n Plane Geometrical Nets, resumed. 


42. If we now resume, for a moment, the consideration of those plane 
geometrical nets, which were mentioned in Art. 84; and agree to call those 
points and lines, in the given plane, rational points and rational lines, respec- 
tively, which have their anharmonic co-ordinates equal (or proportional) to whole 
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numbers ; because then the anharmonic quotients, which were discussed in the 
last Section, are rational; but to say that a point or line is ¢rrational, or that 
it is «rationally related to the given system of four initial points 0, A, B, C, 
when its anharmonic co-ordinates are not thus a// equal (or proportional) to 
integers; it is clear that whatever four points we may assume as initial, and 
however far the construction of the net may be carried, the net-points and net- 
lines which result will al/ be rationa/, in the sense just now defined. In fact, 
we begin with such; and the subsequent eliminations (41) can never after- 
wards conduct to any, that are of the contrary kind: the right line which 
connects two rational points being always a rational line; and the point of 
intersection of two rational lines being necessarily a rational point. The 
assertion made in Art. 34 is therefore fully justified. 

43. Conversely, every rational point of the given plane, with respect to the 
four assumed initial points oaBc, ts a point of the net which those four points 
determine. To prove this, it is evidently sufficient to show that every rational 
point A; = (0, y, 2), on any one side Bc of the given triangle anc, can be so 
constructed. Making, as in fig. 22, 


Bi =-0A; CK, ANG Op — OA," AR; 
we have (by 395, 36) the expressions, 
B=(Y,0,y-%), = (%,8-y, 9); 
from which it is easy to infer (by 36, 37), that 
cB,‘ Bc = (0, y, 3 - y), BC, ° BC = (0, y — 8, 8); 


and thus we can reduce the linear construction of the rational point (0, y, 2), 
in which the two whole numbers y and s may be supposed to be prime to each 
other, to depend on that of the point (0, 1, 1), which has Pe 
already been constructed as a’. It follows that although no 
wrational point Q of the plane can be a net-point, yet every 
such point can be indefinitely approached to, by continuing the 
linear construction; so that it can be included within a quadri- Ps 
lateral interstice P,P.P3Py, or even within a triangular interstice cbs 
P\P2P;, Which interstice of the net can be made as small as we may desire. 
Analogous remarks apply to irrational lines in the plane, which can never coin- 
cide with net-lines, but may always be indefinitely approximated to by such. 
44, If p, p,, Pp, be any three collinear points of the net, so that the formule 
of 37 apply, and if P’ be any fourth net-point (2’, 7’, 2’) upon the same line, 
then writing aa + yb + Bc = YN, dat + Y2d + B20 = Vr, 


: On 
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we shall have two expressions of the forms, 


, lA 
Bi tViP1 =F UV2P2 oa TV:p1 une? V2P2 
to, + U0, ° tv, + UV, 


in which the coefficients ¢wt’w’ are rational, because the co-ordinates ryz, &c., 
are such, whatever the constants abe may be. We have therefore (by 25) the 
following rational expression for the anharmonic of this net-group : 

ny _ ut (ya, — wy) (ye — wy) 

(PPP?) = Br ~ (aye — yen) (in 9) ° 

and similarly for every other group of the same kind. Hence every group of 
four collinear net-points, and consequently also every pencil of four concurrent 
net-lines, has a rational value for its anharmonic function; which value depends 
only on the processes of linear construction employed, in arriving at that group 
or pencil, and is quite independent of the configuration or arrangement of the 
four initial points: because the three initial constants, a, b, c, disappear from the 
expression which results. It was thus that, in fig. 21, the nine pencils, which 
had the nine derived points a’..o’” for their vertices, were all harmonic 
pencils, in whatever manner the four points 0, a, B, c might be arranged. In 
general, it may be said that plane geometrical nets are all homographic 
figures ;* and conversely, in any two such plane figures, corresponding points 
may be considered as either coinciding, or at least (by 43) as indefinitely 
approaching to coincidence, with similarly constructed points of two plane nets: 
that is, with points of which (in their respective systems) the anharmonic co- 


ordinates (36) are equal integers. 

45. Without entering here on any general theory of transformation of 
anharmonic co-ordinates, we may already see that if we select any four net- 
points 01, Ay, Bi, (;, Of which no three are collinear, every other point Pp of the 
same net is rationally related (42) to these; because (by 44) the three new 


° ° Y\ . 
anharmonics of pencils, (A, . Bi0i1¢,P) = —, &e., are rational: and therefore 
| g 


(comp. 86) the new co-ordinates x, ~1, Hees: the point Pp, as well its old co-or- 
dinates xyz, are equal or proportional to whole numbers. It follows (by 43) 
that every point p of the net can be linearly constructed, if any four such points 
be given (no three being collinear, as above); or, in other words, that the 
whole net can be reconstructed,t if any one of its quadrilaterals (such as the 


* Compare the Géométrie Supérieure of M. Chasles, p. 362. 

t+ This theorem (45) of the possible reconstruction of a plane net, from any one of its guadrilaterals, 
and the theorem (43) respecting the possibility of indefinitely approaching by net-lines to the points 
above called irrational (42), without ever reaching such points by any processes of linear construction 
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interstice in fig. 24) be known. As an example, we may suppose that the 
four points oa’B’c’ in fig. 21 are given, and that it is required to recover from 
them the three points anc, which had previously been among the data of the 
construction. For this purpose, it is only necessary to determine first the 
three auxiliary points a’”’, B’”’, o’”, as the intersections 0a’ B’c’, &.; and next 
the three other auxiliary points 4”, B’, c’, as B’o’ * B’c’”, &e.: after which the 


formule, a = B’B” * c'c”’, &e., will enable us to return, as required, to the 
points A, B, Cc, as intersections of known right lines. 


SECTION 6. 


On Anharmonic Equations, and Vector Expressions, for Curves 
in a given Plane. 


46. When, in the expressions 34 or 36 for a variable vector p = op, the 
three variable sca/ars (or anharmonic co-ordinates) x, y, s are connected by any 
given algebraic equation, such as | 

To (#, y, 8) = 9, 
supposed to be rational and integral, and homogeneous of the p” degree, then 
the locus of the term Pp (Art. 1) of that vector is a plane curve of the p order; 
because (comp. 37) it is cut in p points (distinct or coincident, and real or 
imaginary), by any given right line, lx + my + nz = 0, in the given plane. 

For example, if we write 

Paa + wbis + vey 
0” Pa + wb + Pe 


> 


where ¢, u, » are three new variable scalars, of which we shall suppose that 
the sum is zero, then, by eliminating these between the four equations, 


a=, y=u, s=v, t+ut+o=0, 
we are conducted to the following equation of the second degree, 
0O=f,= 0+ y+ 8 — 2ys - 2ex - 2xy; 
so that here p = 2, and the locus of P is a conic section. In fact, it is the conic 


which touches the sides of the given triangle anc, at the points above called a’, 
Bc’; for if we seek its intersections with the side sc, by making z = 0 (88), 


of the kind here considered, have been taken, as regards their substance (although investigated by a 
totally different analysis), from that highly original treatise of Monrvs, which was referred to in a 
former note (p. 22). Compare the remarks in the following Chapter, upon nets in space. 
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we obtain a quadratic with equal roots, namely, (y — s)?= 0; which shows that 
there is contact with this side at the point (0, 1, 1), or a’ (86): and similarly 
for the two other sides. 

47. If the point o, in which the three right lines aa’, BB’, cc’ concur, be 
(as in fig. 18, &c.) interior to the triangle axe, the sides of that triangle are 
then all cut internally, by the points a’, B’, c’ of contact with the conic; so that 
in this case (by 28) the ratios of the constants a, b, ¢ are all positive, and the 
denominator of the recent expression (46) for p can- 
not vanish, for any real values of the variable — 
scalars ¢, u,v; and consequently no such values can 
render infinite that vector p. The conic is therefore 
generally in this case, as in fig. 25, an inscribed 
ellipse ; which becomes however the inscribed circle, 
when 

a:b) :ci=s-a:s—b:8-@¢; 

a, b,c denoting here the lengths of the sides of the © - 
triangle, and s being their semi-sum. is Beis 

48. But if the point of concourse o be evterior to the triangle of tangents 
ABC, so that ¢wo of its sides are cut externally, then two of the three ratios of 
segments (28) are negative; and therefore one of the three constants a, b,¢ may 
be treated as < 0, but each of the two others as > 0. Thus if we suppose that 


b>0, o> U, a=, a+b>Q0, at+e>Q, 


4’ will be a point on the side Be ?ése/f, but the points B’, c’, o will be on the 
lines Ac, AB, AA’ prolonged, as in fig. 26; and 
then the conic a’B’c’ will be an ellipse (including 
the case of a circle), or a parabola, or an hyper- 
bola, according as the vvots of the quadratic, 


(a+c)?+ 2ctu+ (b+c)w=0, ze 


obtained by equating the denominator (46) of 

the vector p to zero, are either, Ist, imaginary ; Fig. 26. 

or IInd, real and equal; or IIIrd, real and unequal: that is, according as 
we have 


rol 


be+ca+ab>0, or =0, or <0; 
or (because the product abc is here negative), according as 


@?+.6%4 ¢< 0, or = 0,. or > @. 
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For example, if the conic be what is often called the ewscribed circle, the 
known ratios of segments give the proportion, 
a*: 6: c1=-s:s-—e0:s—b; 
and 
-s+s-—c+s-b<0. 
49. More generally, if c, be (as in fig. 26) a point upon the side a8, or 
on that side prolonged, such that cc, is parallel to the chord x’c’, then 


CC AC CB 2 ABS) ds C1 cand, \ AB ok hg bcd 


writing then the condition (48) of ellipticity (or circularity) under the form, 


= 2 a we see that the conic is an ellipse, parabola, or hyperbola, accord- 


ing as cc < or = or > AB; the arrangement being s¢i//, in other respects, that 
which is represented in fig. 26. Or, to express the same thing more symme- 
trically, if we complete the parallelogram caxsp, then according as the point 
D falls, Ist, beyond the chord xc’, with respect to the point a; or IInd, on that 
chord ; or I1Ird, within the triangle ax’c’, the general arrangement of the same 
figure being retained, the curve is elliptic, or parabolic, or hyperbolic. In that 
other arrangement or configuration, which answers to the system of inequa- 
lities, b>0, e>0, a+ b+0e<0, the point a’ is still upon the side Be ¢tse/f, but 
0 is on the line a’a prolonged through a; and then the inequality, 


a(b+c)+be<-(U¥+be+c) <0, 


shows that the conic is necessari/y an hyperbola; whereof it is easily seen that 
one branch is touched by the side Bc at a’, while the other branch is touched 
in B’ and Cc’, by the sides ca and BA prolonged through a. ‘The curve is also 
hyperbolic, if either a+ 0 or a+c be negative, while 4 and ¢ are positive as 
before. 

50. When the quadratic (48) has its roots real and unequal, so that the 
conic is an hyperbola, then the directions of the asymptotes may be found, by 
substituting those roots, or the values of ¢, w, v which correspond to them (or 
any scalars proportional thereto), in the numerator of the expression (46) for 
p; and similarly we can find the direction of the avis of the parabola, for the 
case when the roots are real but equal: for we shall thus obtain the directions, 
or direction, in which a right line op must be drawn from 0, so as to meeé the 
conic at infinity. And the same conditions as before, for distinguishing the 
species of the conic, may be otherwise obtained by combining the anharmonic 
equation, f=0 (46), of that conic, with the corresponding equation ax + by 
+¢es=0 (38) of the dine at infinity; so as to inquire (on known principles of 
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modern geometry) whether that dine meets that curve in two imaginary points, 
or touches it, or cuts it, in points which (although infinitely distant) are here to 
be considered as real. 

51. In general, if f(z, y, 3) = 0 be the anharmonic equation (46) of any 
plane curve, considered as the locus of a variable point Pp; and if the differen- 
tial* of this equation be thus denoted, 


0=df (a, y, 2) = Xdv+ VYdy + Zdz; 


then because, by the supposed homogeneity (46) of the function /, we have the 
relation 

Xa+ VYy+ Zs =), 
we shall have also this other but analogous relation, 

Xd + Yr’ + Ze’ =0, 
if a -asy-y:3 —-s=dv: dy: dz; 
that is (by the principles of Art. 37), if P’ = (#, 7’, e’) be any point upon the 
tangent to the curve, drawn at the point P = (@, y, 2), and regarded as the limit 
of a secant. The symbol (37) of this tangent at pe may therefore be thus 
written, 

[X, ¥, 7], or [Dif, dys, vf]; 
where Dz, Dy, D; are known characteristics of partial derivation. 
52. For example, when 7 has the form assigned in 46, as answering to the 

conic lately considered, we have p, f= 2 (w — y — s), &c.; whence the tangent 
at any point (#, y, s) of this curve may be denoted by the symbol, 


[e-y-8 yr-&8-#, s8-w-y]; 
in which, as usual, the co-ordinates of the line may be replaced by any others 
proportional to them. ‘Thus at the point a’, or (by 36) at (0, 1, 1), which is 
evidently (by the form of /) a point upon the curve, the tangent is the line 
[- 2, 0, 0], or [1, 0, 0]; that is (by 38), the side Bc of the given triangle, as 
was otherwise found before (46). And in general it is easy to see that the 
recent symbol denotes the right line, which is (in a well known sense) the 
polar of the point (a, y, 2), with respect to the same given conic; or that the 
line [X’, Y’, Z’] is the polar of the point (#’, 7’, x’): because the equation 
Xv + Vy + Zev =0, 


* In the theory of guaternions, as distinguished from (although including) that of vectors, it will 
be found necessary to introduce a new definition of differentials, on account of the non-commutative 


property of guaternion-multiplication : but, for the present, the usual significations of the signs d and 
D are sufficient. 


F 2 
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which for a conic may be written as X’x+ Y’y + Z’z = 0, expresses (by 51) the 
condition requisite, in order that a point (wx, y, z) of the curve* should belong 
to a tangent which passes through the point (wv, 7’, s’). Conversely, the point 
(w, y, 8) is Gn the same well-known sense) the pole of the line |X, Y,Z]}; so 
that the centre of the conic, which is (by known principles) the pole of the line 
at infinity (38), is the point which satisfies the conditions a1X = b1Y =c'Z; 
it is therefore, for the present conic, the point kK =(b+c¢, c+a, a+ 6), of 
which the vector ok is easily reduced, by the help of the linear equation, 
da + 3 + cy = 0 (27), to the form, 

aa + BB + cy. 

2 (be + ca+ab)’ 

with the verification that the denominator vanishes, by 48, when the conic is a 
parabola. In the more general case, when this denominator is different from 
zero, it can be shown that every chord of the curve, which is drawn through 
the ectremity K of the vector x, is bisected at that point kK: which point would 
therefore in this way be seen again to be the centre. 

53. Instead of the inscribed conic (46), which has been the subject of 
recent articles, we may, as another example, consider that ewseribed (or cir- 
cumscribed) conic, which passes through the three corners a, B, c of the given 
triangle, and touches there the lines aa”, BB”, cc” of fig. 21. The anhar- 
monic equation of this new conic is easily seen to be, | 


kK=- 


y2+er+ay=0; 


the vector of a variable point P of the curve may therefore be expressed as 
follows, 
faa + ubB + vey 
Cat+wib+ve 


9 


with the condition ¢+«+v-=0, as before. The vector of its centre k’ is 
found to be 

ae 2 (aa + UB + cy) ; 

G+ B+ = 2he — 2ca — 2ab’ 


and it is an ellipse, a parabola, or an hyperbola, according as the denominator 
of this last expression is negative, or null, or positive. And because these 
two recent vectors, x, x’, bear a scalar ratio to each other, it follows (by 19) 
that the three points 0, K, K’ are collinear; or in other words, that the “ine of 


* If the curve f = 0 were of a degree higher than the second, then the two equations above written 
would represent what are called the jist polar, and the Jast or the line-polar, of the point (2, 9’, # )s 
with respect to the given curve. 
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centres K, K’, of the two conics here considered, passes through the point of con- 
course 0 of the three lines aa’, BB’, cc’. More generally, if 1 be the pole of any 
given right line A = [ 0, m, n]} (37), with respect to the nscribed conic (46), and 
if 1’ be the pole of the same line A with respect to the exscribed conic of the 
present article, it can be shown that the vectors oL, o1’, or A, X’, of these two 
poles are of the forms, 
A =k (laa + mbB + ney), N = Kk (laa + mb + ney), 

where & and x’ are scalars ; the three points 0, L, L’ are therefore ranged on 
one right line. 

54. As an example of a vector-expression for a curve of an order higher 
than the second, the following may be taken : 

aa + wb + vey 


OP =p= . 
p ba+wb+eve ’ 


with ¢+«+v=0, as before. Making # =?, y= u', s = 0%, we find here by 
elimination of ¢, w, v the anharmonic equation, 
(vty +2)? — 27xyz = 0; 

the locus of the point P is therefore, in this example, a curve of the third order, 
or briefly a cubic curve. The mechanism (41) of calculations with anharmonic 
co-ordinates is so much the same as that of the known trilinear method, that it 
may suffice to remark briefly here that the sides of the given triangle aBc are 
the three (real) tangents of inflexion ; a” AY’ 

the points of inflexion being those 
which are marked as a”, B”, c” in 
fig. 21; and the origin of vectors 


) pine a conjugate point.* If B= y 
a=6=c, in which case (by 29) oe Se C 
this origin o becomes (as in fig. 
19) the mean point of the triangle, 
the chord of inflexion a” c” is then the dine at infinity, and the curve takes the 
form represented in fig. 27; having three infinite branches, inscribed within 
the angles vertically opposite to those of the given triangle asc, of which the 
sides are the three asymptotes. 

05. It would be improper to enter here into any details of discussion of 
such cubic curves, for which the reader will naturally turn to other works.t 


Fig. 27. 


* Answering to the values ¢=1, wu = 0, v = 6%, where @ is one of the imaginary cube-roots of 
unity ; which values of ¢, u, v give x= y =2, and p= 0. 

t Especially the excellent Treatise on Higher Plane Curves, by the Rev. George Salmon, F.T.C.D., 
&c. Dublin, 1852. 


38 ELEMENTS OF QUATERNIONS. [I. u. § 6. 


But it may be remarked, in passing, that because the general cubic may be 
represented, on the present plan, by combining the general expression of 
Art, 34 or 36 for the vector p, with the scalar equation 


sS= 27kayz, where s=x+y+283 


k denoting an arbitrary constant, which becomes equal to unity, when the 
origin is (as in 54) a conjugate point; it follows that if Pp = (v,y,z) and 
P= (x, y’, 8) be any two points of the curve, and if we make s = wv’ + y/ + 3’, we 
shall have the relation, 
ayas® = a’y’s's, or = : ye ae 
sa’ sy" 88 
in which it is not difficult to prove that 


as’ 4 PE ee 40S: Pas fe AI 
yee . PBP'B’) ; ea SPOrC 4; *, (CPAP As 
the notation (385) of anharmonics of pencils being retained. We obtain there- 
fore thus the following Theorem :— If the sides of any given plane* triangle 


"2 Mt Cc’ 


ABC be cut (as in fig. 21) by any given rectilinear transversal, a°B’C’, and tf any 
two points Pp and P’ in its plane be such as to satisfy the anharmonic relation 


sed aed A LE 


(AU eBP Sh; POPC) (6 PAPA) a= ky 


then these two points P, PR’ are on one common cubic curve, which has the three 
collinear points, A”, B’, C” for its three real points of inflexion, and has the sides 
BC, CA, AB Of the triangle for its three tangents at those points”’; a result which 
seems to offer a new geometrical generation for curves of the third order. 

56. Whatever the order of a plane curve may be, or whatever may be the 
degree p of the function f in 46, we saw in 51 that the tangent to the curve at 
any point P = (x, y, 8) is the right line 


A=[4m,n], Uo t=Dpf, men, n=DsSf$ 
expressions which, by the supposed homogeneity of f, give the relation 


lx + my + nz = 0, and therefore enable us to establish the system of the two 
following differential equations, 


idx + mdy + ndz = 0, adi + ydm + sdn = 0. 


If then, by elimination of the ratios of 2, y, z, we arrive at a new homogeneous 
equation of the form, 


0=F (Dif, Dyf, D:S) 


* This Theorem may be extended, with scarcely any modification, from plane to spherical curves, 
of the third order. 
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as one that is true for all values of x, y, s which render the function f= 0 
(although it may require to be cleared of factors, introduced by this elimina- 
tion), we shall have the equation 

F (1, m,n) = 0, 


as a condition that must be satisfied by the tangent A to the curve, in all the 
positions which can be assumed by that right line. And, by comparing the two 
differential equations. 

dr (/, m, n) = 0, adl + ydm + edn = 0, 
we see that we may write the proportion, 

@:Y:8=DiF i DmF: DaF, and the symbol Pp = (DF, DmF, DnF), if (2, y, 8) 
be, as above, the point of contact P of the variable line [ 1, m,n, | in any one of its 
positions, with the curve which is its envelope. Hence we can pass (or return) 
trom the tangential equation ¥ = 0, of a curve considered as the envelope of a right 
line A, to the local equation f = 0, of the same curve considered (as in 46) as the 
locus of a point P: since, if we obtain, by elimination of the ratios of /, m, n, 
an equation of the form 

0:=f (DF, DeF, Da¥), 

(cleared, if it be necessary, of foreign factors) as a consequence of the 
homogeneous equation F=0, we have only to substitute for these partial deriva- 
tives, DiF, &e., the anharmonic co-ordinates x, y, 2, to which they are propor- 
tional. And when the functions fand F are not only homogeneous (as we 
shall always suppose them to be), but also rational and integral (which it is some- 
times convenient not to assume them as being), then, while the degree of the 
function f, or of the /ocal equation, marks (as before) the order of the curve, 
the degree of the other homogeneous function ¥, or of the tangential equation 
F = 0, is easily seen to denote, in this anharmonic method (as, from the analogy 
of other and older methods, it might have been expected to do), the class of 
the curve to which that equation belongs: or the number of tangents (distinct 
or coincident, and real and imaginary), which can be drawn fo that curve, 
Jrom an arbitrary point in its plane. 

57. As an example (comp. 52), if we eliminate 2, y, = between the 
equations, 

l=@"%@-y-%8 m=y-8-2, =zg-a-y, le+myt+nzg=0, 
where /, m, n are the co-ordinates of the tangent to the inscribed conic of 
Art. 46, we are conducted to the following tangential equation of that conic, 
or curve of the second class, 
F(/, m,n) =mn+nl+in=0; 
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with the verification that the sides [1, 0, 0], &c. (38), of the triangle azc are 
among the lines which satisfy this equation. Conversely, if this tangential 
equation were given we might (by 56) derive from it expressions for the 
co-ordinates of contact x, y, 2, a8 follows: 


C= DF=em+tn, y=n+), z=alim; 


with the verification that the side [1, 0, 0] touches the conic, considered now 
as an envelope, in the point (0,1, 1), or a’, as before: and then, by eliminating 
1, m, n, we should be brought back to the docal equation, f = 0, of 46. In like 
manner, from the local equation f= ys + zw + ay =0 of the exscribed conic (58), 
we can derive by differentiation the tangential co-ordinates,* 
l=D,f=y+8, m=s+ 2, N=2+Y, 

and so obtain by elimination the tangential equation, namely, 

F (J, m, n) = 2 +m? +n? - 2mn — 2nl — 2lm = 0; 


from which we could in turn deduce the local equation. And (comp. 40), the 
very simple formula 

le +my+nz=0, 
which we have so often had occasion to employ, as connecting two sets of 
anharmonic co-ordinates, may not only be considered (as in 37) as the local 
equation of a given right line A, along which a point P moves, but also as the 
tangential equation of a given point, round which a right line turns : according 
as we suppose the set /, m, n, or the set x, y, z, to be given. Thus, while the 
right dine a”B’c”, or [1, 1, 1], of fig. 21, was represented in 38 by the equa- 
tionw+y+2=0,the point o of the same figure, or the point (1, 1, 1), may 
be represented by the analogous equation, 

l+mt+n=0; 


because the co-ordinates 1, m, n of every line, which passes through this point o, 
must satisfy this equation of the first degree, as may be seen exemplified, in 
the same Art. 38, by the lines 04, oB, oc. 

58. To give an instance or two of the use of forms, which, although 
homogeneous, are yet not rational and integral (56) we may write the local 
equation of the inscribed conic (46) as follows : 


m+yi+st=0; 


* This name of ‘‘ tangential co-ordinates’’ appears to have been first introduced by Dr. Booth in a 
Tract published in 1840, to which the author of the present Elements cannot now more particularly 
refer: but the system of Dr. Booth was entirely differentfrom his own. See the reference in Salmon’s 
Higher Plane Curves, note to page 16. 
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and then (suppressing the common numerical factor $), the partial derivatives 
are | 
l= ak, m= y*, n= ok : 
so that a form of the tangential equation for this conic is, 
P+m+nt=0; 
which evidently, when cleared of fractions, agrees with the first form of the 
last Article : with the verification (48), that a + 67 +c =0 when the curve is a 


parabola; that is, when it is touched (50) by the dine at infinity (38). For the 
exscribed conic (53), we may write the /ocal equation thus, 


at get rg = es 
whence it is allowed to write also, 


] ioe et m= ar, n= er, 
and 
a+mi+n2=0; 


a form of the tangential equation which, when cleared of radicals, agrees again 
with 57. And it is evident that we could return, with equal ease, from these 
tangential to these local equations. 


59. For the cubic curve with a conjugate point (54), the local equation may 
be thus written,* 
ri+yt+zh=0; 


we may therefore assume for its tangential co-ordinates the expressions, 
fat. m=, Wag ts 
and a form of its tangential equation is thus found to be, 
| rs + m+ n= 0. 


Conversely, if this tangential form were given, we might return to the local 
equation, by making 
gaits, y= m2, Z= Ws, 


which would give zi + y!+s!=0,as before. The tangential equation just now 
found becomes, when it is cleared of radicals, 


O= fF 4+ m7 4+ nn? - Ww - Wnt! - 2m; 
or, when it is also cleared of fractions, 


O=F = mn? + nl? + Pm? — QnPm — Wm'n — 2mn?7; 


* Compare Salmon’s Higher Plane Curves, page 172 [Art. 216, new ed.]. 
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of which the dbiguadratic form shows (by 56) that this cubic is a curve of the 
fourth class, as indeed it is known to be. The inflerional character (54) of the 
points a”, B”’, c” upon this curve is here recognised by the circumstance, 
that when we make m — n = 0, in order to find the four tangents from 
A’ = (0,°1, — 1) (36), the resulting biquadratic, 0 = m‘ — 41m, has three equal 
roots ; so that the line [1, 0, 0], or the side Bc, counts as three, and is there- 
fore a tangent of inflevion : the fourth tangent from a” being the line [1, 4, 4], 
which touches the cubic at the point (- 8, 1, 1). 
60. In general, the two equations (56), 
nv, f — lp, f = 0, nDyf - md, f = 0, 
may be considered as expressing that the homogeneous equation, 
F (na, ny, — le — my) = 0, 

which is obtained by eliminating s with the help of the relation uv + my+nz=0, 
from f(a, y, 2) = 0, and which we may denote by ¢ («, y) = 0, has two 
equal roots x: y, if 7, m, n be still the co-ordinates of a tangent to the curve /; 
an equality which obviously corresponds to the coincidence of two intersections 
of that line with that curve. Conversely, if we seek by the usual methods 
the condition of equality of two roots z: y of the homogeneous equation of the 


p™ degree, 
O= p (2, y) =f (na, ny, — bat - my), 
by eliminating the ratio w: y between the two derived homogeneous equations, 
0 = pz, 0 = Dyg, we shall in general be conducted to a result of the dimension 
2(p — 1) in J, m, n, and of the form, 
0 = nP?) F (1, m,n); 

and so, by the rejection of the foreign factor n??), introduced. by this elimina- 
tion,* we shall obtain the tangential equation ¥ = 0, which will be in general of 
the degree p(p - 1); such being generally the known class (56) of the curve of 
which the order (46) is denoted by p: with (of course) a similar mode of 
passing, reciprocally, from a tangential to a local equation. 

61. As an example, when the function / has the cubic form assigned in 54, 
we are thus led to investigate the condition for the existence of two equal 


roots in the cubic equation, 
0 = 9 (a, y) = {(n-D at (m2) y}> + 2inay (Je + my), 


* Compare the method employed in Salmon’s Higher Plane Curves, page 98 [Art. 91, new ed.] to 
find the equation of the reciprocal of a given curve, with respect to the imaginary conic, #7 + y?+27=0. 
In general, if the function Fr be deduced from f as above, then F (xyz) = 0, and f(zyz) = 0 are equa- 


tions of two reciprocal curves, 


Arts. 59-61. | LOCAL AND TANGENTIAL EQUATIONS. 43 


by eliminating «: y between two derived and quadratic equations; and the 
result presents itself, in the first instance, as of the twelfth dimension in the 
tangential co-ordinates /, m,n; but it is found to be divisible by n°, and when 
this division is effected, it is reduced to the sixth degree, thus appearing to 
imply that the curve is of the sixth class, as in fact the general cubic is well 
known to be. A further reduction is however possible in the present case, on 
account of the conjugate point o (54), which introduces (comp. 57) the 
quadratic factor, 
(Z+m+n)?=0; 

and when this factor also is set aside, the tangential equation is found to be 
reduced to the biquadratic form* already assigned in 59; the algebraic division, 
last performed, corresponding to the known geometric depression of a cubic curve 
with a double point, from the sixth to the fourth class. But it is time to close 
this Section on Plane Curves; and to proceed, as in the next Chapter we 
propose to do, to the consideration and comparison of vectors of points in space. 


* If we multiply that form r = 0 (59) by 2, and then change mz to — dx -- my, we obtain a 
biquadratic equation in 7: m, namely, 


0=yY(/, m) = (2 — m)* (le + my)? + 2lm (1 + m) (la + my) 2 + Pini? ; 


and if we then eliminate 7: m between the two derived cubics, 0 = pr), 0 = Dm, we are conducted to 
the following equation of the twelfth degree, 0 = xyz3 f(x, y, z), where f has the same cubic form as 
in 54. We are therefore thus brought back (comp. 59) from the tangential to the local equation of 
the cubic curve (54); complicated, however, as we see, with the factor 23y3z3, which corresponds to 
the system of the three real tangents of inflexion to that curve, each tangent being taken three times. 
The reason why we have not here been obliged to reject a/so the foreign factor, z!?, as by the general 
theory (60) we might have expected to be, is that we multiplied the biquadratic function F only by 2?, 
and not by 24. 
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CHAPTER III. 


APPLICATIONS OF VECTORS TO SPACE. 


ee ee 


SECTION 1. 
On Linear Equations between Wectors not Complanar. 


62. When three given and actual vectors 04, 0B, 00, or a, [3, y, are not 
contained in any common plane, and when the three scalars a, 6, ¢ do not all 
vanish, then (by 21, 22) the expression aa + 63 + cy cannot become equal to 
zero ; it must therefore represent some actual vector (1), which we may, for the 
sake of symmetry, denote by the symbol —- dd: where the new (actual) vector 8, 
or OD, is not contained in any one of the three given and distinct planes, Boc, 
COA, AOB, unless some one, at least, of the three given coefficients a, 3, c, 
vanishes ; and where the new scalar, d, is either greater or less than zero. We 
shall thus have a linear equation between four vectors, 


da + 63 + cy + dd=0; 


which will give 
— da _ bp oa cy ‘ : : 
Ot ia or OD = 0A’ + OB + 0c: 
d d ee ’ 
— aie b3 — cy 
WhHeTOlOk OB OC. Of + oe 


are the vectors of the three points a’, B’, C, 
into which the point D is projected, on the 
three given lines OA, OB, 0c, by planes drawn 
parallel to the three given planes, Boc, &c. ; 
so that they are the three co-initial edges of 
a parallelepiped, whereof the sum, op or 6, is 
the inéernal and co-initial diagonal (comp 6). 
Or we may project D on the three planes, by 
lines DA”, DB”, Do” parallel to the three 
given lines, and then shall have 


63 + cy 
—d 


0A” = OB + OC’ = , &e., and 6 = op = 0a’+ 0A” = OB + OB’ = OC’ + OC” 
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And it is evident that this construction will apply to any fifth point p of space, 
if the four points oaBc be still supposed to be given, and not complanar : but 
that some at least of the three ratios of the four scalars a, b, c, d (which last 
letter is not here used as a mark of differentiation) will vary with the position 
of the point p, or with the value of its vector 6. For example, we shall have 
a= 0, if D be situated in the plane Boc; and similarly for the two other given 
planes through o. 

63. We may inquire (comp. 23), what relation between these scalar coeffi- 
cients must exist, in order that the point p may be situated in the fourth given 
plane aBc; or what is the condition of complanarity of the four points, A, B, C, D. 
Since the three vectors DA, DB, DC are now supposed to be complanar, they must 
(by 22) be connected by a linear equation, of the form 


a{fa-6)+6(B-8) +e(y-8) =0; 
comparing which with the recent and more general form (62), we see that 
the required condition is, . 
at+b+e+d=0. 
This equation may be written (comp. again 23) as 


pit el murne (oe OA’ | OB od 
fin Ei ab a oe D & ee mies, Se 
d d d : Ok. OB OC 


and, under this last form, it expresses a known geometrical property of a plane 
ABCD, referred to three co-ordinate axes OA, OB, oc, which are drawn from any 
common origin 0, and terminate upon the plane. We have also, in this case 
of complanarity (comp. 28), the following proportion of coefficients and areas : 


I; 


a:6:c¢:—ad=DBC: DCA: DAB: ABC; 

or, more symmetrically, with attention to signs of areas, 
a:b6:e:d= BCD: — CDA: DAB: — ABC; 

where fig. 18 may serve for illustration, if we conceive o in that figure to be 


replaced by p. 
64. When we have thus at once the ¢wo equations, 


dat+bB+cy+dd=0, and a+b+c+d=0, 


so that the four co-initial vectors, a, (3, y, 8 terminate (as above) on one common 
plane, and may therefore be said (comp. 24) to be termino-complanar, it is 
evident that the two right lines, pA and Bc, which connect two pairs of the 
Jour complanar points, must intersect each other in some point a’ of the plane, 
at a finite or infinite distance. And there is no difficulty in perceiving, on 
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the plan of 31, that the vectors of the three points, a’, B’, o of intersection, 
which thus result, are the following : 


a Bt ey _ tat a8, 
— b+¢6 at+d’ 


for a’= BC’ DA, 


for B = CA‘ DB, p-2-s = i 


for C=AaB‘DC, y= ae — 


expressions which are independent of the position of the arbitrary origin 0, and 
which accordingly coincide with the corresponding expressions in 27, when 
we place that origin in the point p, or make 6= 0. Indeed, these last results 
hold good (comp. 31), even when the four vectors, a, 3, y, 8, or the five points 
0, A, B, C, D, are al/ complanar. For, although there then exist two linear 
equations between those four vectors, which may in general be written thus, 


dat+UBt+ey+dd=0, aat+d’B+e’y+d"5 =0, 
without the relations, a’ + &e. = 0, a” + &e. = 0, between the coefficients, yet if 
we form from these another linear equation, of the form, 
(a” + td) at (b+ th) B+ (e+ te’) y + (d” + td’) 8 =0, 
and determine ¢ by the condition, 
a+ 4+ 0% + a” 


fie 
Hig tele, ge a 


we shall only have to make a = a” + ta’, &., and the two equations written at 

the commencement of the present article will then both be satisfied; and will 

conduct to the expressions assigned above, for the three vectors of intersection: 

which vectors may thus be found, without its being necessary to employ those 

processes of scalar elimination, which were treated of in the foregoing Chapter. 
As an Example, let the two given equations be (comp. 27, 33), 


da + b3 + cy = 0, (2a+b+e)a’-aa=0; 
and let it be required to determine the vectors of the intersections of the 


three pairs of lines Bc, aa”; ca, BA”; and aB, ca”. Forming the combi- 


nation, 
(2Qa+b+c)a”’—aa+ t(aa + bp + cy) =U, 


and determining ¢ by the condition, 
(Qa+b+c)-at+t(at+b+e)=9, 
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which gives ¢ = — 1, we have for the three sought vectors the expressions, 


bB+ey ecy+2aa  2aa+ bP. 
bt+e’ c+ 2a’ 2a+b ’ 


whereof the first =a’, by 27. Accordingly, in fig. 21, the line aa” intersects 
sc in the point a’; and although the two other points of intersection here 
considered, which belong to what has been called (in 34) a Third Construction, 
are not marked in that figure, yet their anharmonic symbols (386), namely, 
(2, 0, 1) and (2,1, 0), might have been otherwise found by combining the 
equations y = 0 and w= 2 for the two lines ca, Ba”; and by combining s = 0, 
a = 2y for the remaining pair of lines. 

65. In the more general case, when the four given points A, B, C, D, are not 
in any common plane, let = be any fifth given point of space, not situated on 
any one of the four faces of the given pyramid ancp, nor on any such face 
prolonged ; and let its vector oz =«. Then the four co-initial vectors, EA, EB, 
EC, ED, whereof (by supposition) no three are complanar, and which do not 
terminate upon one plane, must be (by 62) connected by some equation of 
the form 

a@.8A+5.EB+c.EC+d.ED=0; 
where the four scalars, a, b, c,d, and their sum, which we shall denote by - e, 
are all different from sero. Hence, because EA=a-«, &c., we may establish 
the following Jinear equation between five co-initial vectors, a, 3, y, 6, ¢, whereof 


no four are termino-complanar (64), 
aa + BG + cy +43 +e = 0; 
with the relation, a+b+c+d+e=0, between the five scalars a, 6, ¢, d, e, 
whereof no one now separately vanishes. Hence also, 
e=(aa+bBt+ey + dd): (a+b+e+4), &e. 
66. Under these conditions, if we write 
Di=DE‘ABC, and OoD,=, 


that is, if we denote by 6, the vector of the point p, in which the right line pk 
intersects the plane anc, we shall have 


9 42+ OB + ey _ dd + ee 
ee eb to ee 


In fact, these two expressions are equivalent, or represent one common vector, 
in virtue of the given equations; but the first shows (by 63) that this vector 
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6, terminates on the plane anc, and the second shows (by 25) that it termi- 
nates on the dine pr; its extremity p, must therefore be, as required, the 
intersection of this line with that plane. We have therefore the two 
equations, | 
I... a(a-&)+6(B-0,)+e(y-8,) =0; 
1a dite d(d-8,)+e(e-0,)=0; 
whence (by 28 and 24) follow the two proportions, 
Ll: ah: 6 = DBC: DCA * DAB: 


Te = ee 


the arrangement of the points, in the annexed fig. 29, answering to the case 
where all the four coefficients a, b, c, d are positive (or 
have one common sign), and when therefore the remain- 
ing coefficient e is negative (or has the opposite sign). 

67. For the three complanar triangles, in the first 
proportion, we may substitute any three pyramidal © 
volumes, which rest upon those triangles as their bases, 
and which have one common vertex, such as D or E; and Fig. 29. 


because the collineation DED, gives DD,BC — EN,BC = DEBC, &., we may write 
this other proportion, 
Oot. Og C= DEBORA DECA-+ DEAR: 


Again, the same collineation gives 
ED; : DD, = EABC : DABC; 
we have therefore, by II’., the proportion, 
II”. ..d: -¢ = BABC ! DABC. 
But DEBC + DECA + DEAB + EABC = DABC, 
and ial Pode 


we may therefore establish the following ful/er formula of proportion, between 
coefficients and volumes : 


III. ..a:b:¢:d:-—e=DEBC : DECA : DEAB ! EABC : DABC; 


the ratios of all these five pyramids to each other being considered as positive, 


for the particular arrangement of the points which is represented in the recent 
figure. 


68. The formula III. may however be regarded as perfectly general, if we 
agree to say that a pyramidal volume changes sign, or rather that it changes its 
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algebraical character, as positive or negative, in comparison with a given pyramid, 
and with a given arrangement of points, in passing through zero (comp. 28) ; 
namely when, in the course of any continuous change, any one of its vertices 
crosses the corresponding base. With this convention* we shall have, generally, 
DABC = — ADBC = ABDC = — ABCD, DEBC = BCDE, DECA = CDEA; 
the proportion III. may therefore be expressed in the following more 
symmetric, but equally general form : 
IIl’...a:b:¢:d:¢ = BODE : CDEA : DEAB: EABC: ABCD 

the sum of these five pyramids being always equal to zero, when signs (as above) 


are attended to. 
69. We saw (in 24) that the two equations, 


da t+ 63+ cy =0, a+b+c=0, 
gave the proportion of segments, 
Gi Ds¢ = BCS CACC AR, : 
whatever might be the position of the or7gino. In like manner we saw (in 63) 
that the two other equations, 
da+ bB+cy+dds=0, a+b+c+d=0, 
gave the proportion of areas, 
a:b6:¢:d = BCD: —CDA.: DAB: — ABC} 
where again the origin is arbitrary. And we have just deduced (in 68) a 
corresponding proportion of vo/wmes from the two analogous equations (65), 
da+ b3+cy+dd+e=0, at+b+e+d+e=0, 
with an equally arbitrary origin. If then we conceive these segments, areas, 


and volumes to be replaced by the scalars to which they are thus proportional, 
we may establish the three general formule : 


I. 0a. BC+0B.CA+0C.AB=0; 
II. 04. BCD — OB. CDA + 0C. DAB— OD. ABC = 0; 


III. 0A. BCDE + OB. CDEA + OC. DEAB + OD. EABC + OE. ABCD =0; 


where in I., A, B, c are any three collinear points ; 
vie oe A, B, C, D are any four complanar points ; 
and in ITI., A, B, C, D, E are any five points of space ; 


* Among the consequences of this convention respecting signs of volwmes, which has already been 
adopted by some modern geometers, and which indeed is necessary (comp. 28) for the establishment of 
general formula, one is that any two pyramids, ancD, A’B'c’D’, bear to each other a positive or a nega- 
tive ratio, according as the two rotations, pcp and 8’c’D’, supposed to be seen respectively from the 
points a and a’, have similar or opposite directions, as right-handed or left-handed. 
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while 0 is, in each of the three formule, an entirely arbitrary point. It must, 
however, be remembered, that the additions and subtractions are supposed to be 
performed according to the rules of vectors, as stated in the First Chapter of the 
present Book; the segments, or areas, or volumes, which the equations 
indicate, being treated as coefficients of those vectors. We might still further 
abridge the notations, while retaining the meaning of these formule, by omitting 
the symbol of the arbitrary origin o ; and by thus writing,* 


Ak A.BC+B.CA+C.AB= 0, 


for any three collinear points ; with corresponding formule IT’. and III’., for 
any four complanar points, and for any five points of space. 


SECTION 2. 
On Quinary Symbols for Points and Planes in Space. 


70. The equations of Art. 65 being still supposed to hold good, the vector 
p of any point Pp of space may, in indefinitely many ways, be expressed (comp. 


36) under the form: 


_ waa + ybB + scy + wdd + ves. 


Eos. orp = see 
wa+yb+se+wd+ ve ’ 


in which the ratios of the differences of the five coefficients, xyzwv, determine the 
position of the point. In fact, because the four points aBcp are not in any 
common plane, there necessarily exists (comp. 65) a determined Uinear relation 
between the four vectors drawn to them from the point P, which may be 


written thus, 
| va.PA+ Yb. PB+2%c.Pc+wd. PpD=0, 


giving the expression, 


eee vaa + yb + vey + wdd 


ga+yb+<¢e+wd 


9 


in which the ratios of the four scalars x y’s’w’, depend upon, and conversely 
determine, the position of P; writing, then, 
a= te’ +2, y= ty +, z= tz’ + 0, w= tw’ +2, 


where ¢ and wv are two new and arbitrary scalars, and remembering that 
da+..+ec=0, anda+..+e=0 (65), we are conducted to the form for p, 


assigned above. 


* We should thus have some of the notations of the Barycentric Calculus, but employed here witb 
different interpretations. 
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71. When the vector p is thus expressed, the point p may be denoted by 
the Quinary Symbol (a, y,; 2, w, v); and we may write the equation, 
P= (x, y, 8, W, 0). 
But we see that the same point Pp may also be denoted by this other symbol, of 
the same kind, (a’, 7’, 3’, w’, v’), provided that the following proportion 
between differences of cofficients (70) holds good : 
aw -VisY -V 3:8 -UiW HY He-viy-Vis-—viw-. 


Under this condition, we shall therefore write the following formula of 
congruence, 

(2, y, 8, w', v') = (, Y, 2, W, 2%), 
to express that these two quinary symbols, although not identical in composition, 
have yet the same geometrical signification, or denote one common point. And 
we shall reserve the symbolic equation, 


(7, y',8,W,0) = (a, ¥, & w, 0), 
to express that the five coefficients, x’ ...v’, of the one symbol, are separately 
equal to the corresponding coefficients of the other, # =z,..v =v. 
72. Writing also, generally, 
(tx, ty, ts, tw, tv) = t (a, y, & w, 0), 
(af +#,..0 +o) =(v,..0)+ (@,.. 0), &., 
and abridging the particular symbol* (1, 1, 1, 1, 1) to (UV), while (Q), (Q’), .. 


may briefly denote the quinary symbols iD )s (Boyce )y ae WO mer thls 
establish the congruence (71), 


(@) = (@), 1f (Q) = ¢(@) +u (U); 
in which ¢ and w are arbitrary coefficients. For example, 
(O50 0 00 enol a0) > cands (05.0;0,. Tod eo Lets be Oni0)cs 


each symbol of the first pair denoting (65) the given point E; and each 
symbol of the second pair denoting (66) the derived point p,. When the 
coefficients are so simple as in these last expressions, we may occasionally omit 
the commas, and thus write, still more briefly, 


(00001) = (11110); (00011) = (11100). 


* This quinary symbol (U) denotes no determined point, since it corresponds (by 70, 71) to the 


indeterminate vector p = 0° but it admits of useful combinations with other quinary symbols, as above. 


H 2 
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73. If three vectors, p, p’, p’’, expressed each under the first form (70), be 
termino-collinear (24) and if we denote their denominators, za+..,a@a+.., 
w’a+.., by m, m’, m’, they must then (23) be connected by a linear equa- 
tion with a null sum of coefficients, which may be written thus : 


tmp + Um'p’ + t’m’p” =0; tm+tm +t’m” = 0. 
We have, therefore, the two equations of condition, 


t(taa+..+ vee) +l (waat..+vee)t+t” (e’aat+..+ vee) =0; 
t(va+..+ve) tt’ (Wa+..+0e) +t" (e’at+..+0%e) =0; 


where ¢, ¢’, ¢’” are three new scalars, while the five vectors a. . e, and the five 
scalars a... e, are subject only to the two equations (65): but these equations 
of condition are satisfied by supposing that 


ae ds 
x 


tea+ ta + te” =..=tvt le + to” =-4, 


where wu is some new scalar, and they cannot be satisfied otherwise. Hence 
the condition of collinearity of the three points P, P’, P’’, in which the three vectors 
Pp, p, p terminate, and of which the quinary symbols are (Q), (Q’), (Q”), 
may briefly be expressed by the equation, 


t(Q) +7 (Q’) + 0’ (Q") =-u(U); 


so that if any four scalars, t, t,t’, u, can be found, which satisfy this last symbolic 
equation, then, but not in any other case, those three points PP’P” are ranged on 
one right line. For example, the three points p, £, D,, which are denoted (72) 
by the quinary symbols, (00010), (00001), (11100), are collinear ; because the 
sum of these three symbols is(U). And if we have the equation, 
(Q”) =7(Q) +0 (Q)+u(U), 

where ¢, U, u are any three scalars, then (Q”) is a symbol for a point P”, on the 
right line pp’. For example, the symbol (0, 0, 0, ¢, ¢’) may denote any point 
on the line DE. 

74. By reasonings precisely similar it may be proved, that if (Q) (Q’) 


ESTAS 


(Q”) (Q”) be quinary symbols for any four points PP’P’P” in any common 
plane, so that the four vectors pp’p”p” are termino-complanar (64), then an 
equation, of the form 

t (Q) + (Q) + 0” (Q") + 2" (Q™) =—u (U), 
must hold good; and conversely, that if the fourth symbol can be expressed 
as follows, 


(Q”) =¢ (Q) +0 (Q) + #°(Q") +4 (U), 
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with any scalar values of ¢, , ¢”, uw, then the fourth point v” is situated in the 
plane vv’P” of the other three. For example, the four points, 


(10000), (01000), (00100), (11100), 


or A, B, C, D, (66), are complanar ; and the symbol (¢, ¢’, ¢’”, 0, 0) may repre- 
sent any point in the plane Asc. 

75. When a point P is thus complanar with three given points, Po, Pi, Poy We 
have therefore expressions of the following forms, for the five coefficients x, . .v 
of its quinary symbol, in terms of the fifteen given coeflicients of thei symbols, 
and of four new and arbitrary scalars: 


w= yy + tha, + Cola + Use 0 = boo + F01 + tev, + UL. 
And hence, by e/imination of these four scalars, ¢) . . w, we are conducted to a 
linear equation of the form 
l(a-v)+m(y-v)t+n(s-v) +r (w-v) =), 
which may be called the Quinary Equation of the Plane P,P,P2, or of the sup- 
posed /ocus of the point Pp: because it expresses a common property of all the 
points of that locus; and because the three ratios of the four new coefficients J, 


m, n, r, determine the position of the plane in space. It is, however, more sym- 
metrical, to write the quinary equation of a plane I as follows, 


le+my+nz+rwt+ sv =0, 
where the fifth coefficient, s, is connected with the others by the relation, 
l+m+nt+r+s=0; 


and then we may say that [/, m, , 7, s} is (comp. 37) the Quinary Symbol of 
the Plane Il, and may write the equation, 
II = [4, m, n, 1, 8]. 

For example, the coefficients of the symbol for a point P in the plane anc may 
be thus expressed (comp. 74): 

xe=tt+u, y=th+Uu, s=+U, W= Uy V=U; 
between which the only relation, independent of the four arbitrary scalars ty. . u, is 
w-—v=0; this therefore is the equation of the plane anc, and the symbol of that 
plane is [0, 0, 0, 1,- 1]; which may (comp. 72) be sometimes written more 
briefly, without commas, as [00011]. It is evident that, in any such symbol, 
the coefficients may all be multiplied by any common factor. 
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76. The symbol of the plane p,p,p, having been thus determined, we may 
next propose to find a symbol for the point, p, in which that plane is intersected 
by a given dine P;P,: or to determine the coefficients x . . v, or at least the ratios 
of their differences (70), in the quinary symbol of that point, 


(2, Y, %, W, 0) = P = PoPyPy * PiPy 

Combining, for this purpose, the expressions, 
w=tya,ttyt+w,.. v= tes + tant, 

(which are included in the symbolical equation (73), 

(Q) = ts (Qs) + te (Qs) + wu’ (U), 
and express the collinearity PP;P,), with the equations (75), 

le+..+s=0, $+..+820, 
(which express the complanarity PP P:P:), we are conducted to the formula, 
ts (lz +... + 803) + ty (ly t+.. +8) = 0; 


which determines the ratio ts; : t4, and contains the solution of the problem. 
For example, if p be a point on the line pr, then (comp. 73), 


eeoy=sg=u, w=h+u, v=h+u; 


but if it be also a point in the plane axc, then w —- v = 0 (75), and therefore 
t; -%, = 0; hence 


(Q) = t, (00011) + w’ (11111), or (Q) = (00011); 


which last symbol had accordingly been found (72) to represent the intersection 
(66), D, = ABC * DE. 

77. When the five coefficients, xyzwv, of any given quinary symbol (Q) for 
a point Pp, or those of any congruent symbol (71), are any whole numbers (posi- 
tive or negative, or zero), we shall say (comp. 42) that the point P is rationally 
related to the five given points, A.. 3 or briefly, that it is a Rational Point of 
the System, which those five points determine. And in like manner, when the 
five coefficients, Jmnrs, of the quinary symbol (75) of a plane II are either 
equal or proportional to integers, we shall say that the plane is a Rational Plane 
of the same System; or that it is rationally related to the same five points. 
On the contrary, when the quinary symbol of a point, or of a plane, has not 
thus already whole coefficients, and cannot be transformed (comp. 72) so as to 
have them, we shall say that the point or plane is ¢rrationally related to the 
given points; or briefly, that it is irrational. A right line which connects two 
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rational points, or is the intersection of two rational planes, may be called, on 
the same plan, a Rational Line; and lines which cannot in either of these 
two ways be constructed, may be said by contrast to be Irrational Lines. It 
is evident from the nature of the eliminations employed (comp. again 42), that 
a plane, which is determined as containing three rational points, is necessarily a 
rational plane ; and in like manner, that a point, which is determined as the 
common intersection of three rational planes, is always a rational point : as is 
also every point which is obtained by the intersection of a rational line with a 
rational plane; or of two rational lines with each other (when they happen to be 
complanar). 

78. Finally, when two points, or two planes, differ only by the arrangement 
(or order) of the coefficients in their quinary symbols, those points or planes 
may be said to have one common type ; or briefly to be syntypical. For ex- 
ample, the five given points, A, .., are thus syntypical, as being represented 
by the quinary symbols (10000), . . (00001); and the ten planes, obtained by 
taking all the ternary combinations of those five points, have in like manner 
one common type. Thus, the quinary symbol of the plane anc has been seen 
(75) to be [00011]; and the analogous symbol [11000] represents the plane 
cbE, &c. Other examples will present themselves, in a shortly subsequent 
Section, on the subject of Nets in Space. But it seems proper to say here a 
few words, respecting those Anharmonic Co-ordinates, Equations, Symbols, and 
Types, for Space, which are obtained from the theory and expressions of the 
present Section, by reducing (as we are allowed to do) the number of the 
coefficients, in each symbol or equation, from five to four. 


SECTION 3. 
On Anharmonic Co-ordinates in Space. 


79. When we adopt the second form (70) for p, or suppose (as we may) 
that the fifth coefficient in the first form vanishes, we get this other general 
expression (comp. 34, 36), for the vector of a point in space: 


waa + yb + scy + wdd | 
wa+yb+set+ud ’ 
and may then write the symbolic equation (comp. 36, 71), 
Sao (a, Ys 8; w), 


and call this last the Quaternary Symbol of the Point p: although we shall 
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soon see cause for calling it also the Anharmonie Symbol of that point. Mean- 
while we may remark, that the on/y congruent symbols (71), of this last form, 
are those which differ merely by the introduction of a common factor: the 
three ratios of the four coefficients, x . . w, being all required, in order to deter- 
mine the position of the point ; whereof those four coefficients may accordingly 
be said (comp. 86) to be the Anharmonic Co-ordinates in Space. 
_ 80. When we thus suppose that » = 0, in the quinary symbol of the point 

P, we may suppress the fifth term sv, in the quinary equation of a plane 11, 
le+..+sv=0 (75); and therefore may suppress also (as here unnecessary) 
the fifth coefficient, s,in the guinary symbol of that plane, which is thus reduced 
to the quaternary form, 

TI =[7, m,n, 7]. 


This last may also be said (37, 79), to be the Anharmonie Symbol of the Plane, 
of which the Anharmonic Equation is 


le+my+ne+rw=0; 


the four coefficients, imnr, which we shall call also (comp. again 37) the An- 
harmonic Co-ordinates of that Plane Tl, being not connected among themselves 
by any general relation (such as/+..+8= 0): since their three ratios (comp. 
79) are all in general necessary, in order to determine the position of the plane 
in space. 

81. If we suppose that the fourth coefficient, w, also vanishes, in the recent 
symbol of a point, that point P is in the plune abc; and may then be sufficiently 
represented (as in 36) by the Zernary Symbol (a, y, 2). And if we attend 
only to the points in which an arbitrary plane II intersects the given plane axc, 
we may suppress its fourth coefficient, r, as being for such points unnecessary. 
In this manner, then, we are reconducted to the equation, le + my + nz = 0, 
and to the symbol, A=[/, m,n], for a right line (37) in the plane anc, considered 
here as the ¢race, on that plane, of an arbitrary plane II in space. If this plane 
II be given by its guinary symbol (75), we thus obtain the ternary symbol for 
its trace A, by simply suppressing the two last coefficients, r and s. 

82. In the more general case, when the point P is not confined to the plane 
Asc, if we denote (comp. 72) its quaternary symbol by (Q), the lately estab- 
lished formule of collineation and complanarity (73, 74) will still hold good: 
provided that we now suppress the symbol {U), or suppose its coefficient to be 
sero. Thus, the formula, 


(Q) in t’ (Q’) + t” (Q”) + er”), 
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expresses that the point p is in the plane v’P’P’”; and if the coefficient ¢” 
vanish, the equation which then remains, namely, 


(Q) = 7 (Q@) + 2° (Q"), 


signifies that p is thus complanar with the two given points P’, Pp”, and with an 
arbitrary third point ; or, in other words, that it is on the right line P’P” whence 
(comp. 76) problems of intersections of lines with planes can easily be resolved. 
In like manner, if we denote briefly by [] the quaternary symbol [7, m, n, r'] 
for a plane II, the formula 


[Rl] =¢ (BR) + eR") +e" (R”] 


expresses that the plane II passes through the intersection of the three planes 
1’, 1”, 11”; and if we suppose ¢” = 0, so that 


[RA] = [R)] +e" [R"), 


the formula thus found denotes that the plane II passes through the point of 
intersection of the ¢wo planes, [1’, II”, with any third plane; or (comp. 41), 
that this plane I] contains the line of intersection of QT’, 11’; in which case the 
three planes, I, Il’, 11’, may be said to be collinear. Hence it appears that 
either of the two expressions, 


5 ff oe fi! (Q’) sf t”’ (Q”), ‘ke ay - [ R’] a Aes Binge 


may be used as a Syméol of a Right Line in Space: according as we consider 
that Zine A either, Ist, as connecting two given points, or IInd, as being the 
intersection of two given planes. The remarks (77) on rational and irrational 
points, planes, and lines require no modification here; and those on types (78) 
adapt themselves as easily to quaternary as to quinary symbols. 

83. From the foregoing general formule of collineation and complanarity, 
it follows that the point P’,in which the line ax intersects the plane cpP 
through cp and any proposed point pP = (xyzw) of space, may be denoted thus: 


P’ = AB‘ cDP = (ay00); 


for example, £ = (1111), and c’ = as‘ cpE = (1100). In general, if ancpEF 
be any six points of space, the four collinear planes (82), ABC, ABD, ABE, ABF, 
are said to form a pencil through as; and if this be cut by any rectilinear 
transversal, in four points, c', D', B', F', then (comp. 35) the anharmonic function 
of this group of points (25) is called also the Anharmonic of the Pencil of 
Planes: which may be thus denoted, 

(AB. CDEF) = (CD'E'F), 
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Hence (comp. again 25, 35), by what has just been shown respecting c’ and P’, 
we may establish the important formula: 
/. , wv 
(cD. AEBP) = (AC’BP’) = i 
so that this ratio of coefficients, in the symbol (ays) for a variable point P (79), 
represents the anharmonic of a pencil of planes, of which the variable plane cop 
is one ; the three other planes of this pencil being given. In like manner, 


(AD . BECP) = S, and (BD.CEAP) = =; 
so that (comp. 36) the product of these three last anharmonics is unity. On 
the same plan we have also, 


(BC. AEDP) = =, (CA. BEDP) = _ (AB. CEDP) = =; 


so that the three ratios, of the three first coefficients vyz to the fourth coefficient 
w, suffice to determine the three planes, BoP, CAP, ABP, whereof the point P is the 
common intersection, by means of the anharmonics of three pencils of plunes, to 
which the three planes respectively belong. And thus we see a motive (besides 
that of analogy to expressions already used for points in a given plane), for 
calling the four coefficients, ayzw, in the quaternary symbol (79) for a point in 
space, the Anharmonice Co-ordinates of that Point. 

84. In general, if there be any four collinear points, P,, .. Ps, 80 that 
(comp. 82) their symbols are connected by two linear equations, such as the 
following, 


(Q:) = 4 (Qo) + u (Qe), (Qs) = #7 (Qo) + w’ (Qs), 


then the anharmonic of their group may be expressed (comp. 25, 44) as follows : 


lA 


ut 
(PoP, P2P3) = a 


as appears by considering the pencil (cD . PoPiP2Ps), and the transversal AB (83). 
And in like manner, if we have (comp. again 82) the two other symbolic 
equations, connecting four collinear planes Ty. . Us, 

[Rij=t[Rl+u(R], [Rs] =e [Ro] +o (Pe), 
the anharmonic of their pencil (83) is expressed by the precisely similar 
formula, 


, 


ut 
(1,11, 111s) ty’ ’ 


as may be proved by supposing the pencil to be cut by the same transversal 
line AB, 
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85. It follows that if f (vyzw) and f, (xyz) be any two homogeneous and 
linear functions of 2, y, z, w; and if we determine four collinear planes 
TI, . . Il; (82), by the four equations, 


f= 9, A=, fi =9, A=Fyf, 
where & is any scalar; we shall have the following value of the anharmonic 
function, of the pencil of planes thus determined : 


ES 
(TI, 11, 11,11.) 7 


Hence we derive this Theorem, which is important in the application of the 
present system of co-ordinates to space :— 

“ The Quotient of any two given homogeneous and linear Functions, of the 
anharmonic Co-ordinates (79) of a variable Point P in space, may be expressed as 
the Anharmonic (TI11,T1.13) ef a Pencil of Planes ; whereof three are given, 
while the fourth passes through the variable point Pv, and through a given right 
line A which is common to the three former planes.” 

86. And in like manner may be proved this other but analogous 
Theorem :— 

“ The Quotient of any two given homogeneous and linear Functions, of the 
anharmonic Co-ordinates (80) of a variable Plane Tl, may be expressed as the 
Anharmonic (P,P\P2P;) of a Group of Points; whereof three are given and 
collinear ; and the fourth is the intersection, A* I, of their common and given 
right line A, with the variable plane M1.” 

More fully, if the two given functions of /mur be F and ¥,, and if we 
determine three points P.PiP: by the equations (comp. 57) F= 0, F, =F, Fi =9, 
and denote by p; the intersection of their common line A with II, we shall 
have the quotient, 


F 
= (PoPiP,Ps). 


For example, if we suppose that 


A; = (L001), B, = (0101), C= (00lt): 

a’,= (1001), B= (0101),  c,= (0011), 
so that Ag = DA* BCE, &., and (DA;,AA’2) = — 1, &e, 
we find that the three ratios of /, m, n to 7, in the symbol II = | /mmnr], may be 
expressed (comp. 39) under the form of anharmonies of groups, as follows : 


y n 
maa) (DA’2AQ) ; = = (DB’2BR) ; ms (DO’2CS) ; 


where Q, R, Ss denote the intersections of the plane Il with the three given 
12 
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right lines, pa, pp, pc. And thus we have a motive (comp. 88) besides that 
of analogy to lines in a given plane (87), for calling (as above) the four coeffi- 
cients 1, m,n, 7, in the quaternary symbol (80) for a plane II, the Anharmonic 
Co-ordinates of that Plane in Space. 

87. It may be added, that if we denote by 1, m, Nn the points in which the 
same plane II is cut by the three given lines nc, cA, AB, and retain the 
notations a”, B’, c” for those other points on the same three lines which were 
so marked before (in 31, &c.), so that we may now write (comp. 36) 


a”’= (0110), B’=(1010), 0” = (1100), 
we shall have (comp. 39, 83) these three other anharmonics of groups, with 
their product equal to unity : 


b 
- = (CA” BL) ; == (AB’CM) ; a (BO’ AN) ; 


and the six given points, a”, B”’, c”’, As, B's, C’2, are all in one given plane [x], of 
which the equation and symbol are: 
e+y+zs+w=0; fede th. 

The siz groups of points, of which the anharmonic functions thus represent 
the siz ratios of the four anharmonic co-ordinates, /mnr, of a variable plane I, 
are therefore situated on the six edges of the given pyramid, acy ; two points in 
each group being corners of that pyramid, and the two others being the inter- 
sections of the edge with the two planes, {w] and II. Finally, the plane [x] is 
(in a known modern sense) the plane of homology,* and the point E is the centre 
of homology, of the given pyramid ancp, and of an inscribed pyramid A\B\O\Di, 
where A; = EA‘ BoD, &c.; so that p, retains its recent signification (66, 76), 
and we may write the anharmonic symbols, 


A; = (0111), Bei s0i1), Gc— (1101); Deere): 
And if we denote by a’,B’\c,p’, the harmonic conjugates to these last 
points, with respect to the lines EA, EB, EC, ED, so that 
(EA,|AA1)) =..= (ED\DD:) = - 1, 
we have the corresponding symbols, 
an= (2111), B= (2211), © e.— (Le, pee 2). 
Many other relations of position exist, between these various points, lines, 


and planes, of which some will come naturally to be noticed, in that theory 
of nets in space to which in the following Section we shall proceed. 


* See Poncelet’s Zraité des Propriétés Projectives (Paris, 1822). 
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SECTION 4. 
@n Geometrical Nets in Space. 


88. When we have (as in 65) five given points A..£, whereof no four 
are coplanar, we can connect any two of them by a right dine, and the three 
others by a plane, and determine the point in which these last intersect one 
another: deriving thus a system of ten lines Ay, ten planes Th, and ten points P,, 
from the given system of five points Po, by what may be called (comp. 34) a 
First Construction. We may next propose to determine all the new and 
distinct lines, Az, and planes, T1., which connect the ten derived points P, with 
the five given points Pp, and with each other; and may then inquire what 
new and distinct points Pp, arise (at this stage) as intersections of lines with 
planes, or of lines in one plane with each other: all such new lines, planes, and 
points being said (comp. again 34) to belong to a Second Construction, And 
then we might proceed to a Third Construction of the same kind, and so on 
for ever: building up thus what has been called* a Geometrical Net in Space. 
To express this geometrical process by guinary symbols (71, 75, 82) of points, 
planes, and lines, and by quinary types (78), so far at least as to the end of the 
second construction, will be found to be an useful exercise in the application of 
principles lately established: and therefore ultimately in that Mrruop oF 
Vectors, which is the subject of the present Book. And the guinary form 
will here be more convenient than the quaternary, because it will exhibit more 
clearly the geometrical dependence of the derived points and planes on the five 
given points, and will thereby enable us, through a principle of symmetry, to 
reduce the number of distinct types. 

89. Of the five given points, Pp, the quinary type has been seen (78) to 
be (10000); while of the ten derived points p,, of first construction, the 
corresponding type may be taken as (00011); in fact, considered as symbols, 
these two represent the points a and p, The nine other points P, are 
A’B’C’A,B,C,A28.C,; and we have now (comp. 83, 87, 86) the symbols, 


A’ = BC* ADE = (01100), Ai = EA‘ BoD = (10001), 
A, = DA‘ BCE = (10010) ; 


also, in any symbol or equation of the present form, it is permitted to change 
A, B,C to B,C, A, provided that we at the same time write the third, first, 


* By Mobius, in p. 291 of his already cited Barycentric Caleulus. 
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and second co-efficients, in the places of the first, second, and third: thus, 
B’ =CA* BDE=(10100), &. The symbol (vy000) represents an arbitrary point 
on the line aB; and the symbol [00zs], with n+7+s=0, represents an 
arbitrary plane through that line: each therefore may be regarded (comp. 82) 
as a symbol also of the dine aB itself, and at the same time as a type of the ten 
lines A,; while the symbol [00011], of the plane anc (75), may be taken (78) 
as a type of the ¢en planes Il,. Finally, the five pyramids, 


BCDE, CADE, ABDE, ABCE, ABCD, 


and the ten triangles, such as aBc, whereof each is a common face of two such 
pyramids, may be called pyramids R,, and ériangles T,, of the First Con- 
struction. 

90. Proceeding to a Second Construction (88), we soon find that the dines 
A, may be arranged in two distinct groups ; one group consisting of fifteen lines 
A», such as the line* aa’p,, whereof each connects two points P,, and passes 
also through one point Po, being the intersection of two planes TI, through that 
point, as here of asc, ADE; while the other group consists of thirty lines Azyoy 
such as B’c’, each connecting two points P,, but not passing through any point 
Po, and being one of the thirty edges of five new pyramids R,, namely, 

CB AgAy A’C' BoB, ne aera ABoC2Dj, A1B,C,D : 

which pyramids 2, may be said (comp. 87) to be inscribed homologues of the 
five former pyramids R,, the centres of homology for these five pairs of pyramids 
being the five given points A..E; and the planes of homology being five planes 
[a]..[#], whereof the last has been already mentioned (87), but which belong 
properly to a third construction (88). The planes II,, of second construction, 
form in like manner two groups; one consisting of fifteen planes Tl., such 
as the plane of the five points, AB,B.C,C,, whereof each passes through one point 
Pp, and through four points P,, and contains two lines Az, a8 here the lines 
ABiC2, ACB, besides containing four lines A.,, as here B,Bz, &c. ; while the other 
group is composed of tienty planes Tl, such as AiBic,, namely, the twenty 
faces of the five recent pyramids 2, whereof each contains three points P,, and 
three lines Ao, but does not pass through any point P. It is now required 
to express these geometrical conceptionst of the forty-five lines A.; the thirty-five 
planes Tl,; and the five planes of homology of pyramids, [a]... [£], by 


% AB C2, AB2C1, DA’A}, EA‘Ag, are other lines of this group. 

+ Mébius (in his Barycentric Calculus, p. 284, &c.) has very clearly pointed out the existence and 
chief properties of the foregoing lines and planes ; but besides that his analysis is altogether different 
from ours, he does not appear to have aimed at enwmerating, or even at classifying, all the points of 
what has been above called (88) the second construction, as we propose shortly to do. 
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quinary symbols and types, before proceeding to determine the points P, of 
second construction. 

91. An arbitrary point on the right line aa’p, (90) may be represented by 
the symbol (¢u00); and an arbitrary plane through that line by this other 
symbol, | Ommrr'], where m and r are written (to save commas) instead of - m 
and - 7; hence these two symbols may also (comp. 82) denote the Zine aa’D, 
itself, and may be used as types (78) to represent the group of lines As. 
The particular symbol [01111], of the last form, represents that particular 
plane through the last-mentioned line, which contains also the line az,c, of 
the same group; and may serve as a type for the group of planes II.,,. The 
line B’c’, and the group A2,2, may be represented by (s/w00) and [¢ttus], if we 
agree* to write s=t+4u, and $= ~s; while the plane p’c’a,, and the group 
II.,, may be denoted by [11112]. Finally, the plane [x] has for its symbol 
[11114]; and the four other planes [a], &c., of homology of pyramids (90), 
have this last for their common type. 

92. The points P., of second construction (88), are more numerous than the 
lines A, and planes Il, of that construction: yet with the help of types, as 
above, it is not difficult to classify and to enumerate them. It will be suffi- 
cient here to write down these types, which are found to be eight, and to offer 
some remarks respecting them; in doing which we shall avail ourselves of the 
eight following typical points, whereof the two first have already occurred, and 
which are all situated in the plane of anc: 


a” = (01100); a” = (21100); a =(21100); a¥ = (02100); 
a= (02100); a™ = (12100); av™*= (32100); A = (23100); 


the second and third of these having (10011) and (30011) for congruent symbols 
(71). Itis easy to see that these eight types represent, respectively, ten, thirty, 
thirty, twenty, twenty, sixty, sixty, and sixty distinct points, belonging to 
eight groups, which we shall mark as P2,,,..P2,3; so that the total number of 
the points P, is 290. If then we consent (88) to close the present inquiry, at 
the end of what we have above defined to be the Second Construction, the total 
number of the net points, Pi, Pz, which are thus derived by lines and planes from 
the five given points Po, is found to be exactly three hundred: while the Joint 
number of the net-lines, Ai, Az, and of the net-planes, T1,, Tz, has been seen to 
be one hundred, so far. 


* With this convention, the line an, and the group Ai, may be denoted by the plane-symbol 
[00¢us], their point-symbol being (tu000). 
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(1.) To the type P2,, belong the ten points, 
AS Ore A’oB C9, A’BGC D's, 
with the quinary symbols, 
a” = (01100),.. a’2=(10010),.. a’,=(10001),.. ov’, = (00011), 
which are the harmonic conjugates of the ten points P,, namely, of 
A’B’C, AG AiB,C,D1, 

with respect to the ten lines Ai, on which those points are situated; so that 
we have ten harmonic equations, (BA’ca’’) =— 1, &., as already seen (31, 86, 
87). Each point P2,, 1s the common intersection of a line A, with three lines 
Ao»; thus we may establish the four following formule of concurrence (equi- 
valent, by 89, to fen such formule) : 

A’ = BO" BC * BC; ’ Bat $ AG <P Ay BO, C Bae 

AV= BA“ DjAg°BC,".C Bis D’; = DE* A,Ag° BiBo * C;Ce. 
Each point P2,; is also situated in three planes 11,; in three other planes, of the 
group II,,,; and in siz planes II.,.; for example, a” is a point common to the 
twelve planes, 

ABC, BCD, BCE; AB,C2C, Bz, DB’B,C’C,, EB’ B.C Cp § 
BCA, ByCi Ais OMe BCA, BiC\D1, BC2D,. 

Each line, Aj, or Az,., contains one point P2,,; but no line A,,, contains any. 
Each plane, TI, or I2,., contains three such points; and each plane Iz, 
contains ¢wo, which are the intersections of opposite sides of a quadrilateral Q, in 
that plane, whereof the diagonals intersect in a point P,: for example, the 
diagonals B,C, B,C, of the quadrilateral B,B,c,c,, which is (by 90) in one of the 
planes IT.,:, intersect* each other in the point 4; while the opposite sides cB, 
B,C, Intersect in A’; and the two other opposite sides, B,B., C,c, have the point 
pv’; for their intersection. The ten pocnts P.,, are also ranged, three by three, 
on ten lines of third construction As, namely, on the aves of homology, 


TIS. ef IA pet Sad Sf 


MRC se ABO goose ATA GD yas B Oe 


of ten pairs of triangles T,, T., which are situated in the ten planes I, and of 
which the centres of homology are the ten points P,: for example, the dotted 
line a”B’c”, in fig. 21, is the axis of homology of the two triangles, aBc, a’B’C’, 
whereof the latter is cnscribed in the former, with the point o in that figure 
(replaced by p, in fig. 29), to represent their centre of homology. The same 
ten points P.,, are also ranged six by siz, and the ten last /ines A; are ranged 


* Compare the first Note to page 62. 
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four by four, in five planes T1;, namely in the planes of homology of fire pairs of 
pyramids, R,, R., already mentioned (90) : for example, the plane [£ | contains 
(87) the six points a”B’c’a’,B’,c’,, and the four right lines, 
Pigg Gs 29 B’ <5. Ar a CA’ oB' a, 7 i ad 
which latter are the intersections of the four faces, 
DCB, DAG, DBA, ABC, 
of the pyramid axcp, with the corresponding faces, 
DC, Bi, Di AiC), Di Bi Ai, Ai B,C), 


of its inscribed homologue A,B,\C,D,; and are contained, besides, in the four other 
planes, 
ABC; BC’ A’, GAB, Anat, ¢ 

the three triangles, ABC, A:BiCi, AB2C2,, for instance, being all homologous, 
although in different planes, and having the line a’’B”’c” for their common axis 
of homology. We may also say, that this line a”B’c” is the common trace 
(81) of two planes TI2,., namely of A,B,C, and A2B,C,, on the plane anc; and in 
like manner, that the point a” is the common frace, on that plane Il,, of two 
lines Aoy2, namely of B,C; and B.C,: being also the common trace of the two lines 
B,C’, and B’,c’,, which belong to the third construction. 

(2.) On the whole, these ten points, of second construction, a” ..., may be 
considered to be already well known to geometers, in connexion with the 
theory of transversal* lines and planes in space: but it is important here to 
observe, with what simplicity and clearness their geometrical relations are 
expressed (88), by the quinary symbols and quinary types employed. For 
example, the collinearity (82) of the four planes, ABC, A:BiC;, A2B2C2,, and [FE], 
becomes evident from mere inspection of their four symbols, 


FOOOta ee ENA aoe ea |, 
which represent (75) the four quinary equations, 
w-v=0, w«+y+s3-2w-v=0, e+y+2-w-2v=0, w+ytstw-4v=0; 


with this additional consequence, that the ternary symbol (81) of the common 
trace, of the three latter on the former, is [111]: so that this trace is (by 38) 
the line a’B’c” of fig. 21, as above. And if we briefly denote the quinary 
symbols of the four planes, taken in the same form and order as above, by 


* The collinear, complanar, and harmonic relations between the ten points, which we have above 
marked as P2,;, and which have been considered by Mébius also, in connexion with his theory of 
nets in space, appear to have been first noticed by Carnot, in a Memoir upon ¢ransversals. 
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[2] [2] [R.] LR;], we see that they are connected by the two relations, 
[Ri]=-[Rl+ (RJ; [BR] =2[R.] + [R]; 


whence if we denote the planes themselves by I],, I., II’. Ts we have 
(comp. 84) the following value for the anharmonic of their pencil, 


(11, T1111’, 115) Sean yi 


a result which can be very simply verified, for the case when axncn is a regular 
pyramid, and © (comp. 29) is its mean point: the plane II,, or [r], becoming 
in this case (comp. 38) the plane at infinity, while the three other planes, axc, 
A,B,C1, AgBoC2, are parallel; the second being intermediate between the other 
two, but twice as near to the third as to the first. 

(3.) We must be a little more concise in our remarks on the seven other 
types of points P,, which indeed, if not so well known,* are perhaps also, on 
the whole, not quite so interesting: although it seems that some circumstances 
of their arrangement in space may deserve to be noted here, especially as 
affording an additional exercise (88), in the present system of symbols and 
types. The type P2,. represents, then, a group of thirty points, of which a’”, 
in fig. 21, is an example; each being the intersection of a line A.,, with a 
line As, as a’” is the point in which aa’ intersects B’c’: but each belonging to 
no other line, among those which have been hitherto considered. But without 
aiming to describe here a// the lines, planes, and points, of what we have 
called the ¢iird construction, we may already see that they must be expected 
to be numerous: and that the planes IT;, and the lines A;, of that construction, 
as well as the pyramids #,, and the triangles 7, of the second construction, 
above noticed, can only be regarded as specimens, which in a closer study of 
the subject, it becomes necessary to mark more fully, on the present plan, as 
IIs, + Zo. Accordingly it is found that not only is each point P.,. one of 
the corners of a triangle T;,, of third construction (as a’” is of a’”’B’’c’” in 
fig. 21), the sides of which new triangle are lines A;,., passing each through 
one point P.,,; and through two points P2,, (like the dotted line a”n’’c’” of 
fig. 21); but also each such point P,,. is the intersection of two new lines of 


* Tt does not appear that any of these other types, or groups, of points P2, have hitherto been 
noticed, in connexion with the net in space, except the one which we have ranked as the fifth, Po,5, 
and which represents ¢wo points on each line Aj, as the type P2,1 has been seen to represent one point 
on each of those ten lines of first construction: but that fifth group, which may be exemplified by the 
intersections of the line pr with the two planes A1B,C; and AgBgC2, has been indicated by Mébius (in 
page 290 of his already cited work), although with a different notation, and as the result of a different 


analysis. 
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third construction, A;,;, whereof each connects a point Pp with a point P,,.. 
For example, the point a’” is the common trace (on the plane axnc) of the two 
new lines, DA’;, EA’,: because, if we adopt for this point a’” the second of its 
two congruent symbols, we have (comp. 73, 82) the expressions, 


a” = (10011) = (p) — (a’,) = (B) — (42). 


We may therefore establish the formula of concurrence (comp. the first sub- 
article) : 
AOR RA BC DA yo MAne® 
which represents a system of thirty such formule. 
(4.) It has been remarked that the point a” may be represented, not only 


by the quinary symbol (21100), but also by the congruent symbol, (10011) ; 
if then we write, 


Ao= (11100), 3B =(11100), =(11100), 


these three new points A,BoC, in the plane of asc, must be considered to be 
syntypical, in the quinary sense (78), with the three points a”’3’’c’”’, or to 
belong to the same group Ps, although they have (comp. 88) a different 
ternary type. It is easy to see that, while the triangle a’’,’’c’” is (comp. 
again fig. 21) an inscribed homologue T;,, of the triangle a’s’c’, which is itse/f 
(comp. sub-article 1) an inscribed homologue 7;,; of a triangle 71, namely of 
ABC, with a’B’’c” for their common axis of homology, the new triangle AoBoC is 
on the contrary an ewscribed homologue 13,2, with the same avis As15- OL the 
same given triangle 7,. But from the syntypical relation existing as above for 
space between the points a’ and Aj, we may expect to find that these two 
points P:,. admit of being similarly constructed, when the five points Py are 
treated as entering symmetrically (or similarly), as geometrical elements, into 
the constructions. The point A) must therefore be situated, not only on a 
line A2,,, namely, on Aa’, but also on a line A;,., which is easily found to be 
AiAg, and on two lines As;,s, each connecting a point P) with a point P.,; 
which latter lines are soon seen to be BB” and cc’. We may therefore 
establish the formula of concurrence (comp. the last sub-article) : 


4} 


‘ky Sk ee DR eos 


and may consider the three points Ao, Bo, Cy as the traces of the three lines A,A2, 

B\Bz, C,C: while the three new lines AA”, BB”, cc”, which coincide in position 

with the sides of the exscribed triangle A,BoG, are the traces A;,; of three 

planes II,,,, such as AB,C,B,C,, which pass through the three given points A,B,C, 
K 2 


68 ELEMENTS OF QUATERNIONS. [I. m1. § 4. 


but do not contain the lines A;,, whereon the six points p,,. in their plane I, 
are situated. very other plane Il, contains, in like manner, siz points P, of 
the present group; every plane II.,, contains eight of them; and every plane 
II... contains three; each dine A2,, passing through two such points, but each 
line A2,. only through one. But besides being (as above) the intersection of 
two lines Az, each point of this group P2,. is common to two planes Th, four 
planes Il;,,, and two planes Il.,.; while each of these thirty points is also a 
common corner of two different triangles of third construction, of the lately 
mentioned kinds 73, and 73,2, situated respectively in the two planes of /ir'st 
construction which contain the point itself. It may be added that each of the 
two points P22, on a line A,,,, is the harmonic conjugate of one of the two points 
P,, with respect to the point P, and to the other point Pp, on that line; thus 
we have here the two harmonic equations, 


(AA’DA’”’) = (ADA’Ay) = — I, 


by which the positions of the two points a’” and A, might be determined. 

(d.) A third group, P23, of second construction, consists (like the preceding 
group) of thirty points, ranged two by two on the fifteen lines A,,,, and siz by 
siz on the ten planes [],, but so that each is common to fwo such planes; each 
is also situated in two planes T]z,1, in two planes []2,., and on one line Asay, 
in which (by sub-art. 1) these two last planes intersect each other, and two of 
the five planes I];,:; each plane IJ.,, contains four such points, and each plane 
12,2 contains three of them; but no point of this group is on any line Aj, 
or Ao». The six points P23, which are in the plane apc, are represented (like 
the corresponding points of the last group) by ¢wo ternary types, namely by 
(211) and (311); and may be exemplified by the two following points, of 
which these last are the ternary symbols: 


CLASP AEE 


AT’ = AA’* A’ BC” = AA’ * A,B,C, ° AgBoC $ 
Ae SAO Ak A” BC BBs, 


‘The three points of the first sub-group a’. . are collinear ; but the three points 
Av’ .. of the second sub-group are the corners of a new triangle, Ts,s, which 
is homologous to the triangle anc, and to all the other triangles in its plane 
which have been hitherto considered, as well as to the two triangles 4,B,¢, and 
A,B,C; the line of the three former points being their common aais of homology ; 
and the sides of the new triangle, A,""B,'"c'", being the ¢races of the three planes 
(comp..90) of homology of pyramids, [a], [B], [c]; as (comp. sub-art. 2) the 
line a'’Bc¥ or A’’B”C” is the common trace of the two other planes of the same 
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group II;,, namely of [p]and [x]. We may also say that the point a," is the 
trace of the line a’;A’2; and because the J/ines B’c, c’By are the traces of the two 
planes T1x., in which that point is contained, we may write the formula of 
concurrence, 
F Vieany 0. eaae GV etna (0 ae mF 

(6.) It may be also remarked, that each of the two points P2,3;, on any_line 
A», is the harmonic conjugate of a point P22, with respect to the point Po, 
and to one of the two points P, on that line; being a/so the harmonic con- 
jugate of this last point, with respect to the same point P), and the other point 
P22: thus, on the line aa’D,, we have the four harmonic equations, which are 
not however all independent, since two of them can be deduced from the two 
others, with the help of the two analogous equations of the fourth sub-article: 


ait 


A‘AIY) = (AA‘ApA™) = (AA,Di Ar") = (ADA” ALY) = — I. 


"1 


(AA 


And the three pairs of derived points P,, Poy2) Pays, On any such line A2, will 
be found (comp. 26) to compose an tnvolution, with the given point Po on the 
line for one of its two double points (or foci): the other double point of this 
involution being a point p; of ¢hird construction; namely, the point in which 
the line A.,, meets that one of the five planes of homology Is, which corre- 
sponds (comp. 90) to the particular point Pp, as centre. ‘hus, in the present 
example, if we denote by a* the point in which the line aa’ meets the plane 
[a], of which (by 81, 91) the trace on asc is the line [411], and therefore is 
(as has been stated) the side B,'’c,’" of the lately mentioned triangle 7;,;, so 
that 
Ax = (12 2) oka Be ACH BOs’. 
we shall have the three harmonic equations, 


AAA 


(AA‘A*D,) = (AA A*®Ay) = (AATVAZAL") = — 1; 


which express that this new point a* is the common harmonic conjugate of the 
given point a, with respect to the three pairs of points, a’D,, A’ Ac, ANALY; and 
therefore that these three pairs form (as has been said) an involution, with a and 
A* for its two double points. 

(7.) It will be found that we have now exhausted all the types of points 
of second construction, which are situated upon lines A.,; there being 
only four such points on each such dine. But there are still to be considered 
two new groups of points p, on lines A,, and three others on lines Ag,.. 
Attending first to the former set of lines, we may observe that each of the two 
new types, Pry4, Pays, represents twenty points, situated two by two on the ten 
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lines of first construction, but not on any line A,; and therefore six by siz in 
the ¢en planes 11, each point however being common to three such planes: also 
each point Pz,, is common to ¢hree planes [2,2, and each point P.,; is situated 
in one such plane; while each of these last planes contains three points P.,., 
but only one point P.,;. If we attend only to points in the plane aBc, we 
can represent these two new groups by the two ternary types (021) and (021), 
which as symbols denote the two typical points, 


AY = BC‘ C'Aj A," D,AiBi ‘DjA2B,3 AY? = BC* C'B\B, = BC’ C'Bo} 


we have also the concurrence, 
ACS BOOM coe eB t 

It may be noted that a’ is the harmonic conjugate of c’, with respect to A, 
and B,'", which last point is on the same trace o’A,, of the plane c’A,a,; and 
that a‘‘ is harmonically conjugate to B,’, with respect to c’ and B,, on the 
trace of the plane c’B,B,, where 3B,” denotes (by an analogy which will soon 
become more evident) the intersection of that trace with the line ca: so that 
we have the two equations, 

(ABTA) Ate BOCA) — 4: 

(8.) Hach line A, contains thus two points P,, of each of the two last new 
groups, besides the point Pz, the point P,, and the two points P,, which had 
been previously considered: it contains therefore eight points in all, if we still 
abstain (88) from proceeding beyond the Second Construction. And it 1s easy 
to prove that these eight points can, in two distinct modes, be so arranged as to 
form (comp. sub-art 6) an involution, with two of them for the two double 
points thereof. Thus, if we attend only to points on the line sc, and repre- 
sent them by ternary symbols, we may write, 


B=(010), c=(001), a’= (011), ”= (011); 
aY= (021), a™= (021),  a.%=(012), a. = (012); 
and the resulting harmonic equations 
I. .. (Ba‘ca”) = (BAYCA™!) = (BA,"CA,") = — 1, 
Il. .. (aac) = (4'a%4"ai") = (44%4%4,%) = — I, 
will then suffice to show: Ist, that the two points Po, on any line A,, are the 
double points of an involution, in which the points Py, Po form one pair of 
conjugates, while the two other pairs are of the common form, Pas, P25; and 


IInd, that the two points Pp, and P2,,, on any such line Ay, are the double points of 
a second involution, obtained by pairing the two points of each of the three other 
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groups. Also each of the two points P, on a line A,, is the harmonic conjugate 
of one of the two points P2,; on that line, with respect to the other point of 
the same group, and to the point Pp, on the same line; thus, 


(BA’A\'A%) = (CA’A%A,Y) = — I. 


(9.) It remains to consider briefly three other groups of points P:, each 
group containing sixty points, which are situated, two by two, on the thirty 
lines A2,2., and six by six in the ten planes [I]; Confining our attention to 
those which are in the plane asc, and denoting them by their ternary 
symbols, we have thus, on the line B’c’, the three new typical points, of the 
three remaining groups, Pas) Pez, Pays? 


avt= (121); = av™= (821); a = (281); 


with which may be combined these three others, of the same three types, and 
on the same line xc’: 
Ai = (112); A = (812); a* = (218). 


Considered as intersections of a line A.,. with lines A; in the same plane II, 
or with planes II, (in which (atte character alone they belong to the second 
construction), the three points av", &c., may be thus denoted : 


AYII = p’o’* BB’ * cp’: Ae BC) A2A1Co $ 


AYU — p’c’* DB’ * AB 


LPP 


A BO PO iGsArs 
AS WC." A OB CR BANE By = Be UA Gc. 
with the harmonic equation, 
(GAC AS) =k, 

and with analogous expressions for the three other points, A,"", &c. The line 
Bc’ thus intersects one plane II.,, (or its trace BB” on the plane anc), in the 
point a"; it intersects two planes II.,. (or their common trace p,B”) in aAv™; 
and one other plane II.,. (or its trace a’c)) in A™: and similarly for the other 
points, 4°", &., of the same three groups. Each plane T»,, contains twelve 
points Pas eight points P2,,, and eight points P.,.; while every plane I.,. 
contains siz points Pa, twelve points P.,,, and nine points P2,s. Hach point Pay, 
is contained in one plane [1,; in three planes IT.,:; and in two planes I,,2. 
Each point P,,; is in one plane Il, in to planes T., and in four planes Tay. 
And each point P2,. is situated in one plane I1,, in ¢wo planes T.,,, and in 
three planes II.z,2. 

(10.) The points of the three last groups are situated on/y on lines As»; 
but, on each such line, ¢wo points of each of those three groups are situated ; 
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which, along with one point of each of the two former groups, P.,, and P2,2, 
and with the ¢wo points P,, whereby the line itself is determined, make up a 
system of ten points upon that line. For example, the line x’c’ contains, 
besides the siz points mentioned in the last sub-article, the fowr others: 


w= (101) ee S(O) a SOL ly Are Oly 
Of these ten points, the ¢wo last mentioned, namely the points P.,, and Poy 
upon the line A2,., are the double points (comp. sub-art. 8) of a new involution, 
in which the two points of each of the four other groups compose a conjugate 
pair, as is expressed by the harmonic equations, 


(a Bae) ha (Aw ANA TAG) ay (ACA A Aarne os fat ee A) tet EL Aw 
And the analogous equations, 
(Bion) ts GBA eA) eo (BASH Ay) Spel ‘EB 


show that the two points Pp, on any line A2,. are the double points of another 
involution (comp. again sub-art. 8), whereof the two points P21, P2,, on that 
line form one conjugate pair, while each of the two points P.,.is paired 
with one of the points P,,; as its conjugate. In fact, the eight-rayed pencil 
(A.C B’A’A” AMT AY ALY ALY) coincides in position with the pencil (a. Bca’a” 
AYAY#A,¥A,%!), and may be said to be a pencil in double involution ; the third and 
fourth, the fifth and sixth, and the seventh and eighth rays forming one invo- 
lution, whereof the first and second are the two double* rays ; while the first 
and second, the fifth and seventh, and the sixth and eighth rays compose 
another involution, whereof the double rays are the third and fourth of the 
pencil. 

(11.) If we proceeded to connect systematically the points Pp, among them- 
selves, and with the points P, and P,, we should find many remarkable lines and 
planes of third construction (88), besides those which have been incidentally 
noticed above; for example, we should have a group [3,2 of twenty new planes, 
exemplified by the two following, 


[e,] = [11103], — [p,] = [11180], 


TL PIEALS. 


which have the same common trace As;,;, namely the line a’B’c”, on the plane 
‘ABC, as the two planes A:B,C), A:B.C,, and the two planes [Dp], [=], of the groups 
II.,. and II3,:, which have been considered in former sub-articles; and each 
of these new planes II;,. would be found to contain one point P,, three points 


* Compare page 172 of the Géom. Supérieure of M. Chasles. 
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P2,1, S12 points P,., and three points P,.3;. It might be proved also that these 
twenty new planes are the twenty faces of five new pyramids R3, which are the 
exscribed homologues of the five old pyramids R, (89), with the five given points 
P, for the corresponding centres of homology. But it would lead us beyond 
the proposed limits, to pursue this discussion further : although a few additional 
remarks may be useful, as serving to establish the completeness of the enumera- 
tion above given, of the lines, planes, and points of second construction. 

93. In general, if there be any » given points, whereof no four are situated 
in any common plane, the number N of the derived points, which are immediately 
obtained from them, as intersections A‘ II of line with plane (each line being 
drawn through ¢wo of the given points, and each plane through three others), 
or the number of points of the form an: cpk, is easily seen to be, 


i ittiv=l) (t= 2) (8) (a 4) 
mecca ae 
so that V = 10, as before, when x» = 5. But if we were to apply this formula 
to the case n = 15, we should find, for that case, the value, 


N =f (15) = 15.14.18. 11 = 30030; 


and thus fifteen given and independent points of space would conduct, by what 
might (relatively to them) be called a First Construction (comp. 88), to a system 
of more than thirty thousand points. Yet it has been lately stated (92), that 
from the fifteen points above called Po, P,, there can be derived, in this way, 
only two hundred and ninety points P., as intersections of the form* A. II; 
and therefore fewer than three hundred. Thatthis reduction of the number of 
derived points, at the end of what has been called (88) the Second Construction 
for the net in space, arising from the dependence of the ten points P, on the five 
points P,, would be found to be so considerable, might not perhaps have been 
anticipated ; and although the foregoing examination proves that ai/ the eight 
types (92) do really represent points P,, it may appear possib/e, at this stage, that 
some other type of such points has been omitted. A study of the manner in which 
the types of points result, from those of the “ines and planes of which they are 
the intersections, would indeed decide this question ; and it was, in fact, in 
that way that the eight types, or groups, Ps), .. Pas, of points of second 
construction for space, were investigated, and found to be sufficient: yet it 


* T he definition (88) of the points Pz admits, indeed, intersections A. A of complanar lines, when 
they are not already points Po or P1; but all sawch intersections are also points of the form A . II; so 
that no generality is lost, by confining ourselves to this /ast form, as in the present discussion we 
propose to do. 


HAMILToN’s ELEMENTS OF QUATERNIONS, L 


74 ELEMENTS OF QUATERNIONS. [I. mr. § 4. 


may be useful (compare the last sub-art.) to verify, as below, the completeness 
of the foregoing enumeration. 

(1.) The fifteen points, Po, P:, admit of 105 binary, and of 455 ternary combi- 
nations ; but these are far from determining so many distinct Zines and planes. 
In fact, those 15 points are connected by 25 collineations, represented by the 
25 lines Aj, A213; which dines therefore count as 75, among the 105 binary 
combinations of points: and there remain only 30 combinations of this sort, 
which are constructed by the 30 other lines, Az,.. Again, there are 25 ternary 
combinations of points, which are represented (as above) by dines, and therefore 
do not determine any plane. Also, in each of the ten planes Il, there are 29 
(= 35 — 6) triangles T:, T,, because each of those planes contains 7 points P,, Pi, 
connected by 6 relations of collinearity. In like manner, each of the fifteen 
planes IT,,, contains 8 (= 10 — 2) other triangles T2, because it contains 5 points 
Po, Pi, connected by two collineations. There remain therefore only 20 
(= 455 — 25 — 290 - 120) ternary combinations of points to be accounted for ; 
and these are represented by the 20 planes II.,.. The completeness of the 
enumeration of the dines and planes of the second construction is therefore 
verified ; and it only remains to verify that the 305 points, Po, Pi, P2, above 
considered, represent all the intersections A .TI, of the 55 lines Ay, A., with the 
45 planes II, I.. 

(2.) Hach plane I, contains three lines of each of the three groups, Aj, 
Aoy1, Ao; each plane II,,, contains two lines A;,,, and four lines A.,.; and 
each plane II.,., contains three lines A2,.. Hence (or because each line A, is 
contained in three planes II,; each line A,,; in two planes II,, and in two 
planes II.,,; and each line A,,, in one plane II,, in two planes II,,,, and in 
two planes II,,.), it follows that, without going beyond the second construc- 
tion, there are 240 (= 30 + 30 + 30 + 80 + 60 + 60) cases of coincidence of line 
and plane; so that the number of cases of intersection is reduced, hereby, from 
55 .45 = 2475, to 2285 (= 2475 — 240). 

(3.) Each point Pp, represents twelve intersections of the form A,° I]; 
because it is common to four lines Ai, and to sia planes Il,, each plane contain- 
ing two of those four lines, but being intersected by the two others in that 
point Pp); as the plane axc, for example, is intersected in a by the two lines, 
apand ak. Again, each point Pp is common to three planes T1.,,, no one of 
which contains any of the four lines A, through that point; it represents 
therefore a system of twelve other intersections, of the form A,‘ Il... Again, 
each point Py is common to three lines Az, each of which is contained in two 
of the six planes II, but intersects the four others in that point P,; which 
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therefore counts as twelve intersections, of the form A;,,° I. Finally, each 
of the points p, represents three intersections, A.,, * II2,,; and it represents 
no other intersection, of the form A* II, within the limits of the present 
inquiry. Thus, each of the five given points is to be considered as represent- 
ing, or constructing, thirty-nine (= 12+ 12+ 12+ 3) intersections of line 
with plane; and there remain only 2040 (= 2235 - 195) other cases of such 
intersection A‘ II, to be accounted for (in the present verification) by the 300 
derived points, Py, Pr. 

(4.) For this purpose, the nine columns, headed as I. to IX. in the follow- 
ing Table, contain the numbers of such intersections which belong respectively 
to the nine forms, 


7S 8 ae ay II,,1, Ae 11.3;5 Age Whig Aint? Poy iG 8 
Azg° Fh, Ws Pony Ass" -T1.,; 


for each of the nine typical derived points, a’... a®, of the nine groups Py, Pos, 
+ Pg. Column X. contains, for each point, the swum of the nine numbers, 
thus tabulated in the preceding columns; and expresses therefore the entire 
number of intersections, which any one such point represents. Column XI. 
states the number of the points for each type; and column XII. contains the 
product of the two last numbers, or the number of intersections A . I which 
are represented (or constructed) by the group. Finally, the swm of the 
numbers in each of the ¢wo ast columns is written at its foot; and because 
the 300 derived points, of first and second constructions, are thus found to 
represent the 2040 intersections which were to be accounted for, the verification 
is seen to be complete: and no new type, of points P2, remains to be discovered. 


(5.) Taste or Intersections A‘ II. 

Typrr.| 1 Dio Tee Phy eay aye try Poor. 4a oy | xI XII | 
A 1 6 6 6 Poet Sle ced: 24 | 115 10 1150 
- 0 3 6 0 0 0 6 3 a2, 30 10 300 

| oe 0 0 0 0 2 ye 1 2 0 7 30 210 

| a 0 0 0 0 0 2 0 0 0 2 30 60 

| aa 0 0 3 0 0 0 0) 0 0 3 20 60 

Perak 0 0 i 0 0 0 0 0 0 1 20 20 

ae el Q 0 ) 0 0) 0 0 it 0 i 60 60 
yes 0 ) 0 1) 0 | 0 0 0 2 LH 60 120 
y 0 0 ) 0 0 | 0 0 0 1 1 60 60 

300 2040 
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(6.) It is to be remembered that we have not admitted, by our definition 
(88), any points which can only be determined by intersections of three planes 
TI,, [., as belonging to the second construction: nor have we counted, as /ines 
A, of that construction, any lines which can on/y be found as intersections of 
two such planes. For example, we do not regard the traces aa’, &., of certain 
planes Az, considered in recent sub-articles, as among the lines of second con- 
struction, although they would present themselves early in an enumeration of 
the lines A; of the third. And any point in the plane asc, which can only be 
determined (at the present stage) as the intersection of fwo such traces, is not 
regarded as a point p,. A student might find it however to be not useless, as 
an exercise, to investigate the expressions for such intersections; and for that 
reason it may be noted here, that the ternary types (comp. 81) of the forty-four 
traces of planes Tl, T., on the plane asc which are found to compose a system 
of only twenty-two distinct lines in that plane, whereof nine are lines Aj, A2, are 
the seven following (comp. 38) : 


100 |? LOU la oa, ne | Ol) Odd Pont te 


which, as ternary symbols, represent the seven lines, 


Lage 18 (ed dhe a Le 


’ é 
BC, AA, BO, Ge ao AAC DAs AO. 


(7.) Again, on the same principle, and with reference to the same defini- 
tion, that new point, say F, which may be denoted by either of the two con- 
gruent quinary symbols (71), 

F = (48210) = (01284), 


and which, as a quinary type (78), represents a new group of sixty points of 
space (and of no more, on account of this last congruence, whereas a quinary 
type, with a// its five coefficients wnequal, represents generally a group of 120 
distinct points), is not regarded by us as a point p,; although this new point 
F is easily seen to be the intersection of three planes of second construction, 
namely, of the three following, which all belong to the group IL: 


LOE REP) S5 UITOLE ae od tO 


or AA’D,CiBz, CC’D,BiA2, EB’B,C’C, It may, however, be remarked in passing, 
that each plane, T1.,, contains twelve points Pp; of this new group: every such 
point being common (as is evident from what has been shown) to three such 


planes. 
94. From the foregoing discussion it appears that the five given points Po, 


and the three hundred derived points P,, Pz, are arranged in space, upon the fifty- 
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five lines Ay, Az, and in the forty-five planes T1,, Tz, as follows. Hach dine A, 
contains eight of the 305 points, forming on it what may be called (see the 
sub-article (8.) to 92) a double involution, ach line A.,, contains seven points, 
whereof one, namely the given point, P,, has been seen (in the earlier sub-art. 
(6.)) to be a double point of another involution, to which the three derived pairs of 
points, P,, Pz, on the same line belong. And each line A2,. contains ten 
points, forming on it a new involution ; while eight of these ten points, with 
a different order of succession, compose still another involution* (92, (10.)). 
Again, each plane II, contains fifty-two points, namely three given points, four 
points of first, and 45 points of second construction. Hach plane II,,, con- 
tains forty-seven points, whereof one is a given point, four are points Pi, and 
42 are points P,: of which last, 38 are situated on the six lines A, in the plane, 


* These theorems respecting the relations of involution, of given and derived points on lines of 
Jirst and second constructions, for a net in space, are perhaps new; although some of the harmonic 
relations, above mentioned, have been noticed under other forms by Mébius: to whom, indeed, as has 
been stated, the conception of such a net is due. Thus, if we consider (compare the note to page 66) 


the two intersections, 
E1 = DE°* AjB)Ci, E2 = DE * A2B2C2, 


we easily find that they may be denoted by the quinary symbols, 
E, = (00012), Ez = (00021); 


they are, therefore, by Art. 92, the two points P2,5 on the line pE: and consequently, by the theorem 
stated at the end of sub-art. (8.), the harmonic conjugate of each, taken with respect to the other and to 
the point D;, must be one of the two points p, Hon that line. Accordingly, we soon derive, by comparison 
of the symbols of these jive points, DED|E1E2, the two following harmonic equations, which belong to 
the same type as the two last of that sub-art. (8.): 


(D1DE2E}) =— 1; (Di1EE|}E2) = — 1; 


but these two equations have been assigned (with notations slightly different) in the formerly cited 
page 290 of the Barycentric Calculus. (Comp. again the recent note to page 66.) The geometrical 
meaning of the last equation may be illustrated, by conceiving that ancp is a regular pyramid, and 
that © is its mean point ; for then (comp. 92, sub-art. (2.) ), D1 is the mean point of the dase ABC; DiD 
is the altitude of the pyramid; and the three segments D\E, \Ei, DiE2g are, respectively, the guarter, 
the third part, and the half of that altitude; they compose therefore (as the formula expresses) a 
harmonic progression ; or D; and #1 are conjugate points, with respect toe and ¥2. But in order to 
exemplify the double involution of the same sub-art. (8.), it would be necessary to consider three other 
points Pz, on the same line pe ; whereof one, above called p‘1, belongs to a known group P2,1 (92, (2.)) 
but the ¢wo others are of the group P2,4, and do not seem to have been previously noticed. As an 
example of an involution on a line of third construction, it may be remarked that on each line of the 
group A3,3, or on each of the sides of any one of the ten triangles 73,2, in addition to one given point 
Po, and one derived point P2,1, there are two points P2,2, and two points P2,¢; and that the two first 
points are the double points of an involution, to which the two last pairs belong: thus, on the side 
AoBCo Of the exscribed triangle AgBocy, or on the trace of the plane Bc,A2A1C2, we have the two 
harmonic equations, 
(BAoB’’Co) = (BA™™ BC, 7) = — 1. 

Again, on the trace A’co of the plane a’cic2 (which latter trace is a line not passing through any one 
of the given points), co and 8," are the double points of an involution, wherein a’ is conjugate to ci" 
and a* to BY. But it would be tedious to multiply such instances. 
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but four are intersections of that plane [l.,, with four other lines of second 
construction. Finally, each plane Il2,. passes through no given point, but 
contains forty-three derived points, whereof 40 are points of second construction. 
And because the planes of fist construction alone contain specimens of all the ten 
groups of points, Po,Piy Pasi, + + Pas, given or derived, and of a// the three groups 
of lines, Ay,A21, Ao, at the close of that second construction (since the types 
P2,4, Pays, Ay are not represented by any points or lines in any plane II,,,, nor 
are the types Po, Ai, As: represented in a plane II,,.), it has been thought 
convenient to prepare the annexed diagram (fig. 30), which may serve to 
illustrate, by some selected instances, the arrangement of the fifty-two points 
Po) Pi, P2 in a plane II,, namely, in the plane anc; as well as the arrangement 
of the nine fines A,, Az in that plane, and the ¢races A; of other planes upon it. 


View of the Arrangement of the Principal Points and Lines in a Plane of 
First Construction. 


pe cos anne eee eee 
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Fig. 30. 


In this figure, the triangle anc is supposed, for simplicity, to be the egur- 
lateral base of a regular pyramid ascp (comp. sub-art. (2.) to 92); and Dj, 
again replaced by o, is supposed to be its mean point (29). The first inscribed 
triangle, a’s’c’, therefore, bisects the three sides; and the avis of homology 
A’B’c” is the line at infinity (88): the number |, on the line c’s’ prolonged, 
being designed to suggest that the point a”, to which that dine tends, is of the 
type Pon, or belongs to the first group of points of second construction. A 
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second inscribed triangle, a”’8’’’c’’”’, for which fig. 21 may be consulted, is only 
indicated by the number 2 placed at the middle of the side z’c’, to suggest that 
this bisecting point a’” belongs to the second group of Pp... The same number 2, 
but with an accent, 2’, is placed near the corner A, of the exseribed triangle 
AyBoCo, to remind us that this corner a/so belongs (by a syntypical relation in 
space) to the group P22. ‘The point a’’, which is now infinitely distant, is 
indicated by the number 8, on the dotted line at the top; while the same 
number with an accent, lower down, marks the position of the point a,. 
Finally, the ten other numbers, unaccented or accented, 4, 4’, 5, 5’, 6, 6’, 7, 7’, 
8, 8’, denote the places of the ten points, a’, Ai’, Av, Ai, AM, AW, AVY, a VHT, 
ax, ax, And the principal harmonic relations, and relations of involution, 
above mentioned, may be verified by inspection of this Diagram. 

95. However far the series of construction of the net in space may be 
continued, we may now regard it as evident, at least on comparison with the 
analogous property (42) of the plane net, that every point, line, or plane, to 
which such constructions can conduct, must necessarily be rational (77) ; or 
that it must be rationally related to the system of the five given points : because 
the anharmonic co-ordinates (79, 80) of every net-point, and of every net-plane, 
are equal or proportional to whole numbers. Conversely (comp. 43) every point, 
line, or plane, in space, which is thus rationally related to the system of points 
ABCDE, is a point, line, or plane of the net, which those five points determine. 
Hence (comp. again 48), every ¢rational point, line, or plane (77), is indeed 
incapable of being rigorously constructed, by any processes of the kind above 
described: but it admits of being tndefinitely approximated to, by points, lines, 
or planes of the net. Avery anharmonic ratio, whether of a group of net-points, 
or of a pencil of net-lines, or of net-planes, has a rational value (comp. 44), 
which depends on/y on the processes of linear construction employed, in the 
generation of that group or pencil, and is entirely independent of the arrange- 
ment, or configuration, of the five given points in space. Also, all redations of 
collineation, and of complanarity, are preserved, in the passage from ove net to 
another, by a change of the given system of points: so that it may be briefly 
said (comp. again 44) that al/ geometrical nets in space are homographic figures. 
Finally, any five points* of such a net, of which no four are in one plane, are 


* These general properties (95) of the space-net are in substance taken from Mobius, although (as 
has been remarked before) the analysis here employed appears to be new: as do also most of the 
theorems above given, respecting the points of second construction (92), at least after we pass beyond 
the jirst group P2,, of ten such points, which (as already stated) have been known comparatively 
long. 
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sufficient (comp. 45) for the determination of the whole net, or for the linear 
construction of all its points, including the five given ones. 

(1.) As an Example, let the five points 4,B,c,D, and £ be now supposed to 
be given; and let it be required to derive the four points ancp, by linear con- 
structions, from these new data. In other words, we are now required to 
exscribe a pyramid ABcD to a given pyramid 4,B,C,D,, so that it may be homo- 
logous thereto, with the point © for their given centre of homology. An 
obvious process is (comp. 45) to csertbe another homologous pyramid, A3B;C3Ds, 
so as to have A; = EA,‘ B,C;D,, &c.; and then to determine the intersections of 
corresponding faces, such as A,B,C, and A;B;C;; for these four dines of intersection 
will be in the common plane [#] of homology of the three pyramids, and will be 
the traces on that plane of the four sought planes, anc, &c., drawn through the 
four given points Di, &e. If it were only required to construct one corner A 
of the exscribed pyramid, we might find the point above called a as the 
common intersection of three planes, as follows, 


ATY = A,B,C; ° AyD) E ° A3B3Cs3 5 
and then should have this other formula of intersection, 
A = EA,‘ D,A™,. 
Or the point a might be determined by the anharmonic equation, 
(EAA)As) = 3, 
which for a regular pyramid is easily verified. 

(2.) As regards the general passage from one net in space to another, let 
the symbols P, = (%..%),..Ps= (v5..Us) denote any five given points, whereof 
no four are complanar; and let a’b’c'd’e’ and w’ be six coefficients, of which 
the five ratios are such as to satisfy the symbolical equation (comp. 71,72), 


a’ (Pi) + & (Pz) +c (Ps) +d’ (By) +e (Ps) =-— uw’ (U): 
or the five ordinary equations which it includes, namely, 
Ut +..+Cts=..0H+..4+¢=—-w. 
Let p’ be any sixth point of space, of which the quinary symbol satisfies the 
equation, 
(P’) = aa’ (P,) + yb’ (Pz) + 2c’ (Ps) + wd’ (Py) + ve’ (Ps) + uw’ (UV); 

then it will be found that this last point Pp’ can be derived from the five 
points P,..P; by precisely the same constructions, as those by which the 


point P = (wyswv) is derived from the five points ancpz. As an example, if 
v=at+y+e2+w — 8», then the point (xyswv’) is derived from A,B,C), 
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by the same constructions as (xyzwv) from aBcpE; thus a itself may be 
constructed from a, . . £, as the point p = (30001) is from a..&; which would 
conduct anew to the anharmonic equation of the last sub-article. 

(3.) It may be briefly added here, that instead of anharmonic ratios, as 
connected with a net in space, or indeed generally in relation to spatial 
problems, we are permitted (comp. 68) to substitute products (or quotients) of 
quotients of volumes of pyramids; as a specimen of which substitution, it may 
be remarked, that the anharmonic relation, just referred to, admits of being 
replaced by the following equation, involving one such quotient of pyramids, 
but introducing no auxiliary point : 


EA : A,A = SEB,C,D; 2 A, B,C,D}. 


In general, if xyzw be (as in 79, 83) the anharmonic co-ordinates of a point P 
in space, we may write, 
© PBOD EBCD 


—_ = 


y PCDA  ECDA’ 


with other equations of the same type, on which we cannot here delay. 


SECTION 5. 


On Barycentres of Systems of Points; and on Simple and Complex 
Means of Vectors. 


96. In general, when the swm Sa of any number of co-initial vectors, 
a; = OAiy oe Aan = OAmy 
is divided (16) by their number, m, the resulting vector, 


i 1 
igh) curete a Aen ZOA, 


is said to be the Simple Mean of those m vectors; and the point mM, in which 
this mean vector terminates, and of which the position (comp. 18) is easily seen 
to be independent of the position of the common origin o, is said to be the Mean 
Point (comp. 29), of the system of the m points, Ay,..Am. It is evident that 
we have the equation, ; 
0 = (a, —pw) +--+ (am — mw) = Z(a-p) = SMA; 

or that the swm of the m vectors, drawn from the mean point M, to the points a 
of the system, is equal to sero. And hence (comp. 10, 11, 30), it follows Ist, 
that these m vectors are equal to the m successive sides of a closed polygon ; 
IInd, that if the system and its mean point be projected, by any parailel 
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ordinates, on any assumed plane (or line), the projection m’, of the mean point m, 
is the mean point of the projected system : and IIIrd, that the ordinate mm’, of 
the mean point, is the mean of all the other ordinates, A\A,, .. AmA’m. It follows, 
also, that if n be the mean point of another system, Bi, ..B,; andifs be the 
mean point of the total system, A, .. Bn, of the m+n=s points obtained by 
combining the two former, considered as partial systems; while v and o may 
denote the vectors, on and os, of these two last mean points: then we shall 
have the equations, 


my = Za, nv = =P, so = Za + TB = mp + nv, 
m(o—-p)=n(v-<a), m.MS=N.S8N; 

so that the general mean point, s, is situated on the right line mn, which connects 
the two partial mean points, M and N; and divides that line (internally), into 
two segments Ms and sN, which are inversely proportional to the two whole 
numbers, m and n. 

(1.) As an Example, let ascp be a gauche quadrilateral, and let © be its 
mean point ; or more fully, let 

OE = ¢ (OA + OB + 0C + OD), 

or =l}(a+P+y7+8); 
that is to say, let a = b =c = d, in the equations of Art. 65. ‘Then, with notations 
lately used, for certain derived points D,, &e., if we write the vector formule, 


t(a+Pt+y), 
OA; = a, = 3 (at+6),.. r=3(y +9); 
oA’ =a =4(B+y),-. y =3 (a+), 


we shall have seven different expressions for the mean vector, «; namely, the 
following : 


0A. =a,=4(B+7+),.. Oo: 


i 
mln 
— 

& 
oo 
co 
i=} 
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..4(8 + 38) 
-3 (y+ 1): 


And these conduct to the seven equations between segments, 


II 
I~ 
aa 
RQ, 
a 
& 
oe 
| 


AE = GEAy <. DE = 8ED;; 

AE =.BAa,% « CE = EQ} 
which prove (what is otherwise known) that the four right lines, here denoted 
by AAi,.. DD,, whereof each connects a corner of the pyramid ascp with the 


mean point of the opposite face, intersect and quadrisect each other, in one 
common point, H; and that the three common bisectors A’ As, BBs, C'C2, of pairs of 
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opposite edges, such as Bc and DA, intersect and disect each other, in the same 
mean point: so that the four middle points, co’, A’, Cz, Az, of the four successive 
sides AB, &e., of the gauche quadrilateral aBcp, are situated in one common 
plane, which bisects also the common bisector, B’B., of the two diagonals, ac 
and BD. 

(2.) In this example, the number s of the points a..D being four, the 
number of the derived /ines, which thus cross each other in their general mean 
point E is seen to be seven ; and the number of the derived planes through that 
point is nine: namely, in the notation lately used for the net in space, four 
lines A,, three lines A2,:, six planes IJ,, and three planes Il.,,. Of these nine 
planes, the six former may (in the present connexion) be called triple planes, 
because each contains thiee lines (as the plane ane, for instance, contains the 
lines AA, BB, C’C:), all passing through the mean point ; and the three latter 
may be said, by contrast, to be non-triple planes, because each contains only 
two lines through that point, determined on the foregoing principles. 

(3.) In general, let ¢ (s) denote the number of the lines, through the general 
mean pots s of a total system of s given points, which is thus, in all possible 
ways, decomposed into partial systems ; let f(s) denote the number of the triple 
planes, obtained by grouping the given points into three such partial systems ; 
let w (s) denote the number of non-triple planes, each determined by grouping 
those s points in two different ways into two partial systems; and let F (s) 
= f(s) + ~(s) represent the entire number of distinct planes through the 
point s: so that 

¢ (4) =7, I (4) = 6, ¥ (4) = 3, aa) 
Then it is easy to perceive that if we introduce a new point c, each old line MN 
furnishes tivo new lines, according as we group the new point with one or 
other of the two old partial systems, (Jf) and (1); and that there is, besides, 
one other new line, namely cs: we have, therefore, the equation in finite differences, 
p (s + 1) = 29 (s) +1; 
which, with the purticular value above assigned for @ (4), or even with the 
simpler and more obvious value, ¢ (2) = 1, conducts to the general expression, 
@ (s) = 27-1. 

(4.) Again, if (Mf) (VV) (P) be any three partial systems, which jointly 
make up the old or given total system (S); and if, by grouping a new point a 
with each of these in turn, we form three new partial systems, (M’) (N’) (P’); 
then each old triple plane such as MNP, will furnish three new triple plunes, 

MNP, MNP, MNP’; 
M 2 
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while each old line, KL, will give one new triple plane, cKI.: nor can any new 
triple plane be obtained in any other way. We have, therefore, this new 
equation in differences : 


f(s + 1) = 8f(s) + 9 (8). 
But we have seen that p(s + 1) = 29 (s) +1; 
if then we write, for a moment, 

f(s) + $ (8) = x (3), 
we have this other equation in finite differences, 
x (s + 1) =8y (s) + 1. 


Also, FAS) Hg at (By) ee, Vo) ae 
therefore, aya) = oe, 
and OS) = = etd 


(5.) Finally, it is clear that we have the relation, 
3f (8) + b (8) = 29 (8) - (Ps) - = @- 1) @- J); 


because the ¢rip/e planes, each treated as three, and the non-triple planes, each 
treated as one, must jointly represent all the binary combinations of the lines; 
drawn through the mean point s of the whole system. Hence, 


QW (s) = 277 +3, 9-3-1; 


and F (8) = 273 + 204 — 3h); 

so that F (s+ 1) -—4F (s) = 38%! - 2%, 

and ¥ (8 +1) - 40 (6) = 3); 

which last equation in finite differences admits of an independent geometrical 
interpretation. 


(6.) For instance, these general expressions give, 
(Otis 0) =a 030s OPO) po 


so that if we assume a guuche pentagon, or a system of five points in space, A. . ¥, 
and determine the mean point ¥ of this system, there will in general be a set 
of fifteen lines, of the kind above considered, all passing through this sixth 
point F: and these will be arranged generally in fifty-five distinct planes, 
whereol twenty-five will be what we have called triple, the thirty others being 
of the non-triple kind. 

97. More generally, if a; . . am be, as before, a system of m given and co- 
initial vectors, and if a, .. dm be any system of m given scalars (17), then that 
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new co-initial vector (3, or oB, which is deduced from these by the formula, 


Ga. + eect Gadel 20a Sa0A 
3 — eg ee =n Re or onc = ; 
A, +..+ Am =a =a 


or by the equation 
xa (a - 3) =0, or asa =0, 


may be said to be the Complex Mean of those m given vectors a, or OA, con- 
sidered as affected (or combined) with that system of given scalars, a, as 
coefficients, or as multipliers (12, 14). It may also be said that the derived 
noint B, of which (comp. 96) the position is independent of that of the origin o, 
is the Barycentre (or centre of gravity) of the given system of points A,..., 
considered as Joaded with the given weights a,...; and theorems of intersections 
of dines and planes arise, from the comparison of these complex means, or bary- 
centres, of partial and total systems, which are entirely analogous to those 
lately considered (96), for simple means of vectors and of points. 

(1.) As an example, in the case of Art. 24, the point cis the barycentre 
of the system of the ¢wo points, 4 and B, with the weights @ and b; while, 
under the conditions of 27, the origin 0 is the barycentre of the three points 
A, B, C, with the three weights a, b, ¢; and if we use the formula for p, 
assigned in 34 or 36, the same three given points a, B, c, when loaded with 
wa, yb, sc as weights, have the point P in their plane for their barycentre. 
Again, with the equations of 65, z is the barycentre of the system of the four 
given points, A, B, C, D, with the weights a, b,c, d; and if the expression of 
79 for the vector op be adopted, then wa, yb, sc, wd are equal (or proportional) 
to the weights with which the same four points a..D must be loaded, in 
order that the point p of space may be their barycentre. In all these cases, 
the weights are thus proportional (by 69) to certain segments, or areas, or volumes, 
of kinds which have been already considered; and what we have called the 
anharmonic co-ordinates of a variable point P, in a plane (36), or in space (79), 
may be said, on the same plan, to be quotients of quotients of weights. 

(2.) The circumstance that the position of a barycentre (97), like that of a 
simple mean point (96), is independent of the position of the assumed origin of 
vectors, might induce us (comp. 69) to suppress the symbol o of that arbitrary 
and foreign point ; and therefore to write* simply, under the lately supposed 


conditions, 


ae or 6B = Saa, if b = a. 


* We should thus have some of the principal motations of the Barycentric Calculus ; but used 
mainly with a reference to veciors. Compare the note to page 50. 
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It is easy to prove (comp. 96), by principles already established, that the 
ordinate of the barycentre of any given system of points is the complex mean (in 
the sense above defined, and with the same system of weights), of the ordinates 
of the points of that system, with reference to any given plane: and that the 
projection of the barycentre, on any such plane, is the barycentre of the projected 
system. 

(3.) Without any reference to ordinates, or to any foreign origin, the 
barycentric notation B = — may be interpreted, by means of our fundamental 


convention (Art. 1) respecting the geometrical signification of the symbol B- a, 
considered as denoting the vector from a to B: together with the rules for 
multiplying such vectors by scalars (14, 17), and for taking the swms (6, 7, 8, 9) 
of those (generally new) vectors, which are (15) the products of such multipli- 
cations. or we have only to write the formula as follows, 


xa (A — B) = 0, 


in order to perceive that it may be considered as signifying, that the system 
of the vectors from the barycentre B, to the system of the given points Ay, Aa). . 
when multiplied respectively by the scalars (or coefficients) of the given system 
a1, G2, . + becomes (generally) a new system of vectors witha null sum: in 
such a manner that these last vectors, a;.BA1, d;.BAz,..can be made (10) the 
successive sides of a closed polygon, by transports without rotation. 

(4.) Thus if we meet the formula, 


= $ (Ai + Aa), 
we may indeed interpret it as an abridged form of the equation, 
OB = $ (0A; + OAg) 5 


which implies that if o be any arbitrary point, and if 0’ be the point which 
completes (comp. 6) the parallelogram A,0A,0’, then B is the point which brsects 
the diagonal oo’, and therefore also the given line A,A2, which is here the other 
diagonal. But we may also regard the formula as a mere symbolical transfor- 
mation of the equation, 


(A, — B) + (A, — B) = 9; 
which ( by the earliest principles of the present Book) expresses that the two 
vectors, from B to the two given points A, and Ag, have a null sum; or that 
they are equal in length, but opposite in direction: which can only be, by B 
bisecting 4,42, as before. 
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(5.) Again, the formula, B; = 4 (4; + 42+ As), may be interpreted as an 
abridgment of the equation, 
OB, = 4 (OA; + OAg + OAs3)y 


which expresses that the point B érisects the diagonal oo’ of the parallelepiped 
(comp. 62), which has 04,1, O42, OA; for three co-initial edges. But the same 
formula may also be considered to express, in full consistency with the foregoing 
interpretation, that the swm of the three vectors, from B to the three points 
Ai, Azy As, vanishes: which is the characteristic property (30) of the mean point of 
the triangle A,A,A3. And similarly in more complex cases: the legitimacy of such 
transformations being here regarded as a consequence of the original interpre- 
tation (1) of the symbol B - a, and of the rules for operations on vectors, so far 
as they have been hitherto established. 


SECTION 6. 


On Anharmonie Equations, and Vector Expressions of Surfaces 
and Curves in Space. 


98. When, in the expression 79 for the vector p of a variable point P of 
space, the four variable scalars, or anharmonic co-ordinates, vyzw, are connected 
(comp. 46) by a given algebraic equation, 


Sn (a, y, 8, w) = 0, or briefly f= 0, 


supposed to be rational and integral, and homogeneous of the p™ dimension, 
then the point p has for its /ocus a surface of the p™ order, whereof f = 0 may 
be said (comp. 56) to be the Jocal equation. For if we substitute instead of 
the co-ordinates w . . w, expressions of the forms, 


w= Udy + Ui, . « w= ty + UW, 


to indicate (82) that P is collinear with two given points Po, Pi, the resulting 
algebraic equation in t: u is of the p” degree; so that (according to a received 
modern mode of speaking), the surface may be said to be cut in p points 
(distinct or coincident, and real or imaginary*), by any arbitrary right line P,P. 


* It is to be observed, that no interpretation is here proposed, for imaginary intersections of this 
kind, such as those of a sphere with a right line, which is wholly external thereto. The language of 
modern geometry requires that such imaginary intersections should be spoken of, and even that they 
should be enumerated : exactly as the language of algeira requires that we should cownt what are called 
the imaginary roots of an equation. But it would be an error to confound geometrical imaginaries, of 
this sort, with those square roots of negatives, for which it will soon be seen that the Calculus of 
Quaternions supplies, from the outset, a definite and real interpretation, 
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And in like mamner, when the four anharmonic co-ordinates Jmnr of a variable 
plane TI (80) are connected by an algebraical equation of the form, 


Fy (4, m, n, 7) = 0, or briefly F = 0, 


where F denotes a rational and integral function, supposed to be homogenous 
of the g’ dimension, then this plane II has for its envelope (comp. 56) a 
surface of the g class, with ¥ = 0 for its tangential equation : because if we make 


t=tht+ulh,... r=itr, + Un, 


to express (comp. 82) that the variable plane II passes through a given right 
line II,‘ TI,, we are conducted to an algebraical equation of the gt degree, which 
gives g (real or imaginary) values for the ratio ¢:w, and thereby assigns ¢ 
(real or imaginary*) tangent planes to the surface, drawn through any such 
-given but arbitrary right line. We may add (comp. 51, 56), that if the 
functions f and F be only homogeneous (without necessarily being rational and 
integral), then 
[Dif, Dyf, Defy Dus] 

is the anharmonic symbol (80) of the tangent plane to the surface f= 0, at the 


point (wyzw) ; and that 
(Dk Dak Daly Dk) 


is in like manner, a symbol for the point of contact of the plane [dmnr], with 
its enveloped surface, F =03; Dz, .. Dz, .. being characteristics of partial deri- 
vation. 
(1.) As an example, the surface of the second order, which passes through 
the nine points called lately 
A, OC, B, A’, ©, Cy D, Ay &, 
has for its local equation, 
0O=f=a- yw; 

which gives, by differentiation, 

=Dzf= 8; Mm = Dyf = — w; 

N=Df=2; r=Dwf=-Y3 


so that [s, -W, %&%- y | 
is a symbol for the tangent plane, at the point (a, y, 8, ). 


* As regards the uninterpreted character of such imaginary contacts in geometry, the preceding 
note to the present Article, respecting imaginary intersections, may be consulted, 
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(2.) In fact, the surface here considered is the ruled (or hyperbolic) hyper- 
boloid, on which the gauche quadrilateral ancy is superscribed, and which passes 
also through the point =. And if we write 


P = (xyzw), a = (xy00), R = (0ys0), s = (00zw), T = (x00w), 


then qs and rt (see the annexed figure 31), namely, the 
lines drawn through P to intersect the two pairs, AB, 
cp, and Bc, DA, of opposite sides of that quadrilateral 
ABcD, are the two generating lines, or generatrices, 
through that point; so that their plane, arst, is the 
tangent plane to the surface, at the point Pp. If, then, 
we denote that tangent plane by the symbol [ /mnr], 
we have the equations of condition, 


O=t+my=mytng=nst+rw=rot le; 


whence follows the proportion, 


Li MN tea ee as 
or, because xz = yw, 
LS MIENSRS St Orley 
as before. 
(3.) At the same time we see that 


: 2 Ww 
(AC’BQ) = ee (DC2CS) ; 


so that the variable generatrix as divides (as is known) the two fixed generatrices 
AB and pvc homographically* ; ap, Bc, and c’c, being three of its positions. 
Conversely, if it were proposed to find the locus of the right line as, which thus 
divides homographically (comp. 26) two given right lines in space, we might take 
AB and pc for those two given lines, and AD, BC, c’c, (with the recent meanings 
of the letters) for three given positions of the variable line; and then should 
have, for the two variable but corresponding (or homologous) points a, s them- 
selves, and for any arbitrary point P collinear with them, anharmonic symbols 
of the forms, 
q.= (s; a, 0; 0), s= (0, 0, w, 8), P = (st, tu, wv, 08) ; 


because, by 82, we should have, between these three symbols, a relation of 


_ the form 
(p) =¢(a) +0 (s): 


if then we write P = (x, y, 3, w), we have the anharmonic equation vz = yw, as 


* Compare 298 of the Géométrie Supérieure. 
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before; so that the /ocus, whether of the dine as, or of the point P, is (as is 
known) a ruled surface of the second order. 

(4.) As regards the known double generation of that surface, it may suffice 
to observe that if we write, in ike manner, 

R = (0¢v0), t = (400v), (P) =u (R) +8 (1), 
we shall have again the expression, 
P = (st, fu, uv, vs), giving «wz = yw, 

as before: so that the same hyperboloid is also the locus of that other line Rv, 
which divides the other pair of opposite sides Bc, AD of the same gauche quadri- 
lateral ancp homographically ; Ba, cb, and a’A, being three of its positions; 
and the lines A’A., c’c, being still supposed to intersect each other in the 
given point E. 

(5.) The symbol of an arbitrary point on the variable line rr is (by sub- 
art. 2) of the form, ¢ (0, y, 3,0) + u (a, 0,0, w), or (ua, ty, tz, ww) ; while the 
symbol of an arbitrary point on the given line c’c is (¢’, v’, u’, uw’). And these 
two symbols represent one common point (comp. fig. 31), 


P= RTC’ = (Y, Y, 8, 8); 
when we suppose t=y, w=2, t=1,u=-=-- 


Hence the known theorem results, that a variable generatrix, rt, of one system, 
intersects three fixed lines, BC, AD, C’C2, Which are generatrices of the other system. 
Conversely, by the same comparison of symbols, for points on the two lines rv 
and c’c,, we should be conducted to the equation xz = yw, as the condition for 
their intersection ; and thus should obtain this other known theorem, that the 
locus of a right line, which intersects three given right lines in space, is generally 
an hyperboloid with those three lines for generatrices. A similar analysis 
shows that as intersects 4’A,, in a point (comp. again fig. 31) which may be 
thus denoted : 
PY = Q8* AA, = (xyyz). 

(6.) As another example of the treatment of surfaces by their anharmonic 
and local equations, we may remark that the recent symbols for P’ and P”, 
combined with those of sub-art. (2.) for P, a, R, 8,1; with the symbols of 88, 
86 for c’, A’, G2, Az, E; and with the equation xz = yw, give the expressions : 


(2)=(2)+()=() +); &) =¥@) +2@)=@) +2); 


(@) = (C) +(e) =) + (a)s = 4") +2 (4) = @) +26); 
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whence it follows (84) that the two points Pp’, Pp”, and the sides of the quadri- 
lateral ancn, divide the four generating lines through Pp and x in the following 
anharmonic ratios: 


(c’EC,P’) = (QP’’sP) = — = (BA’CR) = (AA,DT); 


w [SS 


(A’RA,P”) = (RP’TP) = = = (BC’AQ) = (cC,Ds) ; 


Sie 


so that (as again is known) the variable generatrices, as well as the fixed ones, 
of the hyperboloid, are a// divided homographically. 

(7.) The tangential equation of the present surface is easily found, by the 
expressions in sub-art. (1.) for the co-ordinates Jnr of the tangent plane, to 


be the following: 
0O=F=hN-mr; 


which may be interpreted as expressing, that this hyperboloid is the surface of 
the second class, which touches the nine planes, 


[1000], [0100], [0010], [0001], [1100], [0110], [0011], [1001], [1111]; 
or with the literal symbols lately employed (comp. 86, 87), 
BOD, CDA, DAB, ABC, CDC’, DAA’, ABCa, BCAg, and [x]. 


Or we may interpret the same tangential equation F = 0 as expressing (comp. 
again 86, 87, where Q, L, N are now replaced by 7, R, Q), that the surface is 
the envelope of a plane arst, which satisfies ether of the two connected conditions 
of homography : 


L r 
(BO’AQ) = - pol cietn e (CC.Ds) 5 
(caA’BR) = — <= —- = (DA;AT) ; 


a double generation of the hyperboloid thus showing itself in a new way. And 
as regards the passage (or return), from the tangential to the local equation 
(comp. 56), we have in the present example the formule : 


2=DFHAN; Y= DnF=H—-7f; 8=DaAF=/; W=Dy-F =-mM;3 


whence wz—-yw=0, as before. 
(8.) More generally, when the surface is of the second order, and therefore 
also of the second class, so that the two functions / and Fr, when presented 
N 2 


92 ELEMENTS ON QUATERNIONS. [1. m1. § 6. 


under rational and integral forms, are both homogeneous of the second dimen- 
sion, then whether we derive /..7 from w..w by the formule, 

l=D;f, M=Dyf, N=Df, 1 =Duf, 
orx..wfrom/..~r by the converse formule, 

C= Diy = Dike es a oo 
the point P = (xyzw) is, relatively to that surface, what is usually called (comp. 
52) the pole of the plane II = | /mnr]; and conversely, the plane II is the polar 
of the point Pp; wherever in space the point P and plane II, thus related to each 
other, may be situated. And because the centre of a surface of the second 
order is known to be (comp. again 52) the pole of (what is called) the plane at 


infinity ; while (comp. 38) the equation and the symbol of this last plane are, — 


respectively, 
ax+by+ce+dw=0, and [a, b,c, d], 


if the four constants abcd have still the same significations as in 65, 70, 79, 
&c., with reference to the system of the five given points ancpE: it follows 
that we may denote this centre by the symbol, 


K = (DaFo, DsFoy DeFoy DaFo) 3 


where F, denotes, for abridgment, the function F (abcd), and d is still a scalar 
constant. 

(9.) In the recent example, we have F, = ac - bd; and the anharmonic 
symbol for the centre of the hyperboloid becomes thus, 


K = (¢, — d, a, — 6). 
Accordingly if we assume (comp. sub-arts. (8.), (4.),) 
P = (st, tu, uv, vs), P= (st, - Uw’, we’, - 0's’), 
where s, ¢, w, » are any four scalars, and P’ is a new point, while 
s=bt+ce, t=cu+ds, w=dv+dt, ‘= a8 + bu; 

if also we write, for abridgment, 

eé=ac—bd, w=ast + btu+cuwt+ds; 
we shall then have the symbolic relations, 

(@) +(e) =u (x), ¢(2)-(@)=(), 
if P= (2”’y"2’’w’"”) be that new point, of which the co-ordinates are, 

w= 2e'st — cw’, "= 2tu+ dw’, 8 =2cuv— aw’, ww" = evs + bw’, 


and therefore, aa’ + by’ + cz” + dw” = 0. 
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That is to say, if pr’ be any chord of the hyperboloid, which passes through the 
fixed point K, and if P” be the harmonic conjugate of that fixed point, with 
respect to that variable chord, so that (pKP’P”) =—1, then this conjugate 
point Pp” is on the infinitely distant plane [abed |: or in other words, the fixed 
point « bisects all the chords vv’ which pass through tt, and is therefore (as above 
asserted) the centre of the surface. 

(10.) With the same meanings (65, 79) of the constants a, 0, c, d, the 
mean point (96) of the quadrilateral ancp, or of the system of its corners, may 
be denoted by the symbol, 

Me = (ig gO era ayy 
if then this mean point be on the surface, so that 
ac —- bd = 0, 


the centre K is on the plane [a, 6, c,d]; or in other words, it is infinitely 
distant: so that the surface becomes, in this case, a ruled (or hyperbolic) 
paraboloid. In general (comp. sub-art. (8.)), if Fo =0, the surface of the 
second order is a paraboloid of some kind, because its centre is then at infinity, 
in virtue of the equation 

(Da + 6D, + CD, + dDa) Fo = 03 


or because (comp. 50, 58) the plane [abcd] at infinity is then one of its tangent 
planes, as satisfying its tangential equation, ¥ = 0. 

(11.) It is evident that a curve in space may be represented by a system of 
two anharmonic and Jocal equations ; because it may be regarded as the inter- 
section of two surfaces. And then its order, or the number of points (real or 
imaginary*), in which it is cut by an arbitrary plane, is obviously the product 
of the orders of those two surfaces; or the product of the degrees of their two 
local equations, supposed to be rational and integral. 

(12.) A curve of double curvature may also be considered as the edge of 
regression (or aréte de rebroussement) of a developable surface, namely of the 
locus of the tangents to the curve ; and this surface may be supposed to be ci- 
cumscribed at once to two given surfaces, which are envelopes of variable planes 
(98), and are represented, as such, by their tangential equations. In this view, 
a curve of double curvature may itself be represented by a system of two 
anharmonic and tangential equations; and if the class of such a curve be 
defined to be the number of tts osculating planes, which pass through an arbitrary 
point of space, then this class is the product of the classes of the two curved sur- 


* Compare the notes to pages 87, 88. 
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faces just now mentioned : or (what comes to the same thing) it is the product 
of the dimensions of the two tangential equations, by which the curve is (on this 
plan) symbolized. But we cannot enter further into these details; the 
mechanism of calculation respecting which would indeed be found to be the 
same, as that employed in the known method (comp. 41) of quadriplanar co- 
ordinates. 

99. Instead of anharmonic co-ordinates, we may consider any other system 
of n variable scalars, a, ..x,, which enter into the expression of a variable 
vector, p; for example, into an expression of the form (comp. 96, 97), 


Pp = M0, + W2a,+..= Bra. 


And then, if those » scalars x be all functions of one independent and variable 
scalar, t, we may regard this vector p as being ttsel/f a function of that single 
scalar ; and may write, 
| es o (t). 
But if the » scalars w .. be functions of ¢wo independent and scalar variables, 
¢and wu, then p becomes a function of those two scalars, and we may write 
accordingly, 
To =o (0), 
In the Ist case, the term Pp (comp. 1) of the variable vector p has generally for 
its docus a curve in space, which may be plane or of double curvature, or may 
even become a right line, according to the form of the vector-function @; and p 
may be said to be the vector of this line, or curve. In the IInd case, p is the 
vector of a surface, plane or curved, according to the form of ¢ (¢, w) ; or to the 
manner in which this vector p depends on the two independent scalars that enter 
into its expression. 
(1.) As examples (comp. 25, 63), the expressions, 
at+?Z at+itp+u 
fae |B ee eee 
signify, Ist, that p is the vector of a variable point P on the right line aB; or 
that it is the vector of that line ctself. considered as the locus of a point ; and 
IInd, that p is the vector of the plane asc, considered in like manner as the 
locus of an arbitrary point p thereon. 
(2.) The equations, 
I... p=2a+ yf, II... p=cat+yP + sy; 


with w+y'=I1 forthe Ist, and 2 +7*+ 2%? =1 for the IInd, 


signify Ist, that p is the vector of an ellipse, and IInd, that it is the vector of 
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an ellipsoid, with the origin o for their common centre, and with oa, oB, or 0a, 
OB, 0c, for conjugate semi-diameters. 
(3.) The equation (comp. 46), 
p=Fat+wp+ (t+ u)’y, 
expresses that p is the vector of a cone of the second order, with o for its vertex 
(or centre), which is towched by the three planes oxc, oca, 0AB; the section of 
this cone, made by the plane axc, being an ellipse (comp. fig. 25), which is 
inscribed in the triangle anc; and the middle points a’, B’, c’, of the sides of that 
triangle, being the points of contact of those sides with that conic. 
(4.) The equation (comp. 53), 
p=Catuwp+oly, with t+u+o0=0, 
expresses that p is the vector of another cone of the second order, with o still for 
vertex, but with oa, os, oc for three of its sides (or rays). The section by the 
plane asc is a new ellipse, circumscribed to the triangle anc, and having its 
tangents at the corners of that triangle respectively parallel to the opposite sides 
thereof. 
(5.) The equation (comp. 54), 
p=FatwvB+oy7, with ¢+u+0=0, 


signifies that p is the vector of a cone of the third order, of which the vertex is 

still the origin; its section (comp. fig. 27) by the plane axc being a cubic 

curve, whereof the sides of the triangle anc are at once the asymptotes, and the 

three (real) tangents of inflexion ; while the mean potnt (say 0’) of that triangle 

is a conjugate point of the curve; and therefore the right line oo’, from the 

vertex o to that mean point, may be said to be a conjugate ray of the cone. 
(6.) The equation (comp. 98, sub-art. (3.) ), 


_ staa + tubB + wey + vsd0 
sta + tub + uve + osd 


] 


: eee t , ; ‘ 
in which - and 5 are two variable scalars, while a, 6, c, d are still four 


constant scalars, and a, (3, y, 6 are four constant vectors, but p is still a 
variable vector, expresses that p is the vector of a ruled (or single-sheeted) 
hyperboloid, on which the gauche quadrilateral ascp is superscribed, and which 
passes through the given point =, whereof the vector « is assigned in 65. 
(7.) If we make (comp. 98, sub-art. (9.) ), 
, staa-twbp + wv'cy -v's'dd 
0” Sta —-tuwb +uve—ved 


3 


where s=bt+ce, t=cut+ds, we=dvtat, v=as+ bu, 
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then p’ = op’ is the vector of another point P’ on the same hyperboloid; and 
because it is found that the swm of these two last vectors is constant, 


ac(a + y) — bd(3 + 8) 
2(ac — bd) ‘ 


p+ = 2k, ik k= 


it follows that «x is the vector of a fixed point x, which bisects every chord Pr’ 
that passes through it: or in other words (comp. 52), that this point x is the 
centre of the surface. 


(8.) The three vectors, x, tyne at: © 


ae or. 
are termino-collinear (24); if then a gauche quadrilateral ancp be superscribed 
on a ruled hyperboloid, the common bisector of the two diagonals, Ac, BD, passes 
through the centre k. 

(9.) When ac = dd, or when we have the equation, 


sta + tuf3 + wry + v86 
gt + tu + uv + 08 


] 


or simply, p = sta + tu + uvy + 08d, with s+u=¢+o0=1, 

p is then the vector of a ruled paraboloid, of which the centre (comp. 52, and 98, 
sub-art. (10.) ), is énfinitely distant, but upon which the quadrilateral aBcp is 
still superscribed. And this surface passes through the mean point m of that 
quadrilateral, or of the system of the four given points 4..D; because, when 
s=t=u=v=}3, the variable vector p takes the value (comp. 96, sub-art. (1.) ), 


w=g(atPr+ytd). 

(10.) In general, it is easy to prove, from the last vector-expression for p, 
that this paraboloid is the locus of a right line, which divides similarly the two 
opposite sides AB and pc of the same gauche quadrilateral ascp; or the other 
pair of opposite sides, Bc and AD. 


SECTION 7. 


On Differentials of Vectors. 


100. The equation (99, I.), 
p= (¢), 
in which p = oP is generally the vector of a point P of a curve in space, PQ... ., 
gives evidently, for the vector oa of another point Qa of the same curve, an 


expression of the form 
p+ Ap= (t+ At); 
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so that the chord pa, regarded as being itself a vector, comes thus to be 

represented (4) by the finite difference, 4 : 
Pa = Ap = Ag (ft) = g(¢+ At) - 9 (0) 9 

Suppose now that the other finite difference, At, is 

the n™ part of a new scalar, wu; and that the chord 

Ap, or Pa, is in like manner (comp. fig. 32), the 

n® part of a new vector, on, or PR; So that we may w7 i 


write, Fig. 32. 
nAt =u, and nAp =. PQ = on = PR. 


Then, if we treat the two scalars, t and u, as constant, but the number n as 
variable (the form of the vector-function », and the origin o, being given), the 
vector p and the point p will be fiwed: but the two points a and R, the two 
differences At and Ap, and the multiple vector nAp, or on, will (in general) 
vary together. And if this number » be indefinitely increased, or made to tend 
to infinity, then each of the two differences AZ, Ap will in general tend to zero; 
such being the common limit, of nu, and of ¢ (t+ nu) - o(t): so that the 
variable point a of the curve will tend to coincide with the fived point rp. But 
although the chord pe will thus be indefinitely shortened, its n‘* multiple, PR or on, 
will tend (generally) to a finite limit,* depending on the supposed continuity of 
the function o (t); namely, to a certain definite vector, PT, or o,,, or (say) 7, 
which vector pr will evidently be (in general) tangential to the curve: or, in 
other words, the variable point x will tend to a fixed position T, on the tangent to 
that curve at Pp. We shall thus have a /imiting equation, of the form 
7=PT=lim. pR=o, =lim. nAg (t), wf nAt=4; 

¢ and u being, as above, ¢éwo given and (generally) finite scalars. And if we 
then agree to call the second of these two given scalars the differential of the 
first, and to denote it by the symbol dt, we shall define that the vector-limit, r or 


o ,, is the (corresponding) differential of the vector p, and shall denote it by the 
corresponding symbol, do ; so as to have, under the supposed conditions, 


u= dt, and +r = do. 


Or, eliminating the two symbols u and 7, and not necessarily supposing that P 
is a point of a curve, we may express our Definitiont of the Differential of a 


* Compare Newton’s Principia. t Compare the Note to page 35. 
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Vector p, considered as a Lunction p of a Scalar ¢, by the following General 
Formula: 


dp = dq (t) = lim. n jel 5 =) = #10}, 


N=o nN 


in which ¢ and dé are two arbitrary and independent scalars, both generally finite ; 

and dp is, in general, a new and finite vector, depending on those two scalars, 

according to a /aw expressed by the formula, and derived from that given law, 

whereby the odd or former vector, p or (t) depends upon the single scalar, t. 
(1.) As an example, let the given vector-function have the form, 


p = o(t) =40a, where a is a given vector. 


Then, making Aé = —, where wu is any given scalar, and n is a variable whole 
n 


number, we have 


and finally, writing d¢ and dp for w and o,. 


Ca 
ia dane = as) ade 


/ 


(2.) In general, let ¢(¢) = af(¢), where a is still a given or constant vector, — 
and f(t) denotes a scalar function of the scalar variable, t. ‘Then because a is 
a common factor within the brackets { } of the recent general formula (100) 
for dp, we may write, 

dp = dg (t) = a. af (é) = ad f(t); 
provided that we now define that the differential of a scalar function, f(t), is a 
new scalar function of two independent scalars, t and dt, determined by the 
precisely similar formula: ; 

df(t) = lim. n | r(e + =) — #(2) 
which can easily be proved to agree, in all its consequences, with the usual rules 
for differentiating functions of one variable. 

(3.) For example, if we write dé = nh, where his a new variable scalar, 


namely, the n™ part of the given and (generally) finite differential, dt, we shall 
thus have the equation, 


GG) a Ua ey 
dfs His h : 
in which the first member is here considered as the actual quotient of two finite 
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scalars, Af(t) : dt, and not merely as a differential coefficient. We may, however, 
as usual, consider this quotient, from the expression of which the differential dt 
disappears, as a derived function of the former variable, t; and may denote it, as 
such, by either of the two usual symbols, 


- f(t) and pf (2). 
(4.) In like manner we may write, for the derivative of a vector-function,* 
o (¢), the formula : 


pe’ = ¢'(t) = Dip = Dib (1) = a = G3 
these two last forms denoting that actual and finite vector, p’ or $’(t), which is 
obtained, or derived, by dividing (comp. 16) the not less actual (or finite) vector, 


dp or do (4), by the finite scalar, dt. And if again we denote the n” part of 
this last scalar by 4, we shall thus have the equally general formula : 


(t+ h) -9(¢), 
h 


Dip = Dib (¢) = lim. ; 
h=0 


with the equations 
do = Dip. dt = pdt; d¢ (t) = Did (¢) . dt = 9’ (4) . dé, 


exactly as if the vector-function, p or p, were a scalar function, f. 

(5.) The particular value, d¢=1, gives thus do = p’; so that the derived 
vector p’ is (with our definitions) a particular but important case of the diffe- 
rential of avector. In applications to mechanics, if ¢ denote the time, and if the 
term P of the variable vector p be considered as a moving point, this derived 
vector p’ may be called the Vector of Velocity: because its /ength represents 
the amount, and its direction is the direction of the velocity. And if, by setting 
off vectors ov = p’ (comp. again fig. 32) from one origin, to represent thus the 
velocities of a point moving in space according to any supposed law, expressed 
by the equation p = ¢(¢), we construct a new curve vw .. of which the corre- 
sponding equation may be written as p’ = ¢’(#), then this new curve has been 
defined to be the Hopocrarn,t as the o/d pa .. may be called the orbit of the 
motion, or of the moving point. 


* In the theory of Differentials of Functions of Quaternions, a definition of the differential dd (q) 
will be proposed, which is expressed by an equation of precisely the same form as those above assigned, 
for df(t), and for dp(¢); but it will be found that, for quaternions, the guotient dp (gq): dg is not 
generally independent of dq; and consequently that it cannot properly be called a derived function, 
such as ¢'(@), of the quaternion q alone. (Compare again the Note to page 35.) [See 327. ] 

t The subject of the Hodograph will be resumed at a subsequent stage of this work. In fact, it 
almost requires the assistance of Quaternions, to connect it, in what appears to be the best mode, with 
Newton’s Law of Gravitation. [Compare 419.] 
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(6.) We may differentiate a vector-function twice (or oftener), and so obtain 
its successive differentials. Kor example, if we differentiate the derived vector p’, 
we obtain a result of the form, 


dp’= pdt, where p’”’= Dip’= D/‘p, 


by an obvious extension of notation ; and if we suppose that the second differential, 
ddé or d’t, of the scalar t is zero, then the second differential of the vector p is, 


d’?o =ddp =d. p’dt= dp’. dt =p”. dé’; 


where d?’, as usual, denotes (d¢)’; and where it is important to observe that, 
with the definitions adopted, d’p is as finite a vector as dp, or as p itself. In 
applications to motion, if ¢ denote the time, p” may be said to be the Vector of 
Acceleration. 

(7.) We may also say that, in mechanics, the finite differential dp, of the 
Vector of Position p, represents, in length and in direction, the right line 
(suppose PT in fig. 82) which would have been described, by a freely moving point 
P, in the finite interval of time dt, immediately following the time t, if at the end 
of this time ¢ all foreign forces had ceased to act.* 

(8.) In geometry, if p=¢(t) be the equation of a curve of double curvature, 
regarded as the edge of regression (comp. 98, (12.)) of a developable surface, then 
the equation of that swrfuce itself, considered as the locus of the tangents to the 
curve, may be thus written (comp. 99, IL.) : 


p= p(t) +up’ (4); or simply, p = ¢(t) + dg(t), 


if it be remembered that w, or dt, may be any arbitrary scalar. 

(9.) If any other curved surface (comp. again 99, II.) be represented by an 
equation of the form, p=9(z,y), where @ now denotes a vector-function of two 
independent and scalar variables, x and y, we may then differentiate this equation, 
or this expression for p, with respect to either variable separately, and so obtain 
what may be called two partial (but finite) differentials, d.p, dyp, and two 
partial derivatives, Dzp, Dyp, whereof the former are connected with the latter, 
and with the two arbitrary (but finite) scalars, da, dy, by the relations, 


d:p =Drp. du ; d,p = Dyp. dy. 


And these two differentials (or derivatives) of the vector p of the surface 
denote two tangential vectors, or at least two vectors parallel to two tangents to 


* As is well illustrated by Atwood’s machine. 
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that surface at the point P: so that their plane is (or is parallel to) the tangent 
plane at that point. 

(10.) The mechanism of all such differentiations of vector-functions is, at the 
present stage, precisely the same as in the usual processes of the Differential 
Calculus ; because the most general form of such a vector-function, which has 
been considered in the present Book, is that of a swm of products (comp. 99) 
of the form xa, where a is a constant vector, and x is a variable scalar: so that 
we have only to operate on these scalar coefficients x. ., by the usual rules of the 
calculus, the vectors a..being treated as constant factors (comp. sub-art. 2). 
But when we shall come to consider quotients or products of vectors, or generally 
those new functions of vectors which can only be expressed (in our system) by 
Quaternions, then some few new rules of differentiation become necessary, 
although deduced from the same (or nearly the same) definitions, as those 
which have been established in the present section. 


(11.) As an example of partial differentiation (comp. sub-art. 9) of a vector 
function (the word “ vector” being here used as an adjective) of two scalar 
variables, let us take the equation 


p=o(a,y) =z{a'a+ YB + (e+y)"¥}; 


in which p (comp. 99, (3.)) is the vector of a certain cone of the second order ; or, 
more precisely, the vector of one sheet of such a cone, if 2 and y be supposed 
to be real scalars. Here, the two partial derivatives of p are the following: 


Dp =tat(et+y)y;3 Dyp= Yt (w@+y)Y3 
and therefore, 


2p =aDzp + YDyp 5 


so that the ¢hree vectors, p, Dzp, Dyp, 1f drawn (18) from one common origin, are 
contained (22) in one common plane; which implies that the tangent plane to 
the surface, at any point Pp, passes through the origin o: and thereby verifies 
the conical character of the Jocus of that point Pp, in which the variable vector p, 
or OP, terminates. 


(12.) If, in the same example, we make w=1, y =- 1, we have the values, 


p=3(a+f), Dep =a, Dyp =~ 2; 


whence it follows that the middle point, say c’, of the right line as, is one of 
the points of the conical locus; and that (comp. again the sub-art. 3 to Art. 
99, and the recent sub-art. 9) the right lines oa and os are parallel to two of 
the tangents to the surface at that point; so that the cone in question is 
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touched by the plane aos, along the side (or ray) oc’. And in like manner it 
may be proved, that the same cone is touched by the two other planes Boc and 
coa, at the middle points a’ and B’ of the two other lines Bc and ca; and 
therefore along the two other sides (or rays), 0A’ and oB’: which again agrees 
with former results. 

(13.) It will be found that a vector function of the sum of two scalar 
variables, t and dt, may generally be developed, by an extension of Taylor’s 
Series, under the form, 


o(t+ dt) = (¢) + do(t) + id?o(¢) + dig¢(t)+.. 


de ae 
sie! tdt+5 + a3 t+) OD) =e?) 5 


it being supposed that d*¢ = 0, d**=0, &e. (comp. sub-art. 6). Thus, if 
gt = 4at? (as in sub-art. 1), where a is a constant vector, we have dot= atdt, 
d’ot = ad??, dot =0, &e.; and 


p(t + dt) = 4a(t+ dt)?=4al? + atdé+ 4 adr’, 


rigorously, without any supposition that dé is smadl. 

(14.) When we thus suppose A¢=d/#, and develop the finite difference, Ad(t) 
= ¢(¢+ dt) — g(2), the first term of the development so obtained, or the term of 
Jirst dimension relatively to dt, is hence (by a theorem, which holds good for 
vector-functions, as well as for scalar functions) the first differential dgt of the 
Junction ; but we do not choose to define that this Differential is (or means) 
that first term: because the Formula (100), which we prefer, does not 
postulate the possibility, nor even suppose the conception, of any such development. 
Many recent remarks will perhaps appear more clear, when we shall come to 
connect them, at a later stage, with that theory of Quaternions, to which we 
next proceed. 

[Compare generally III. ii. Two elementary illustrations of Hamilton’s 
method are given in § 2 of the Chapter cited. It may be of interest to refer 
to Art. xxvint. of J. Clerk Maxwell’s “Matter and Motion.” ‘“ Another 
mode of obtaining the diagram of velocities of a system at a given instant is 
to take a small interval of time, say the »” part of the unit of time, so that 
the middle of this interval corresponds to the given instant. ‘Take the 
diagram of displacements corresponding to this interval and magnify all its 
dimensions x times. The result will be a diagram of the mean velocities of 
the system during the interval. If we now suppose the number 7 to increase 
without limit the interval will diminish without limit, and the mean velocities 
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will approximate to the actual velocities at the given instant. Finally, when 
n becomes infinite the diagram will represent accurately the velocities at the 
given instant.” The unit of time is of course not necessarily small: compare 
sub-art. (5). Ina letter to De Morgan, dated April 26th, 1852 (Graves’s Life, 
vol. 111., p. 629), Hamilton says :—‘“‘I lay no stress on the infinitely great 
value of x. It would suit me almost as well to define 


dfq =lim. #,f (q + 2dq)- f(q)}, 


though I think the other form a little clearer. But the important thing is 
that I avoid-—Ist, commutation of factors; 2nd, development in series ; 
3rd, smallness of differentials.” | 
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ON QUATERNIONS, CONSIDERED AS QUOTIENTS OF VECTORS, AND AS 
INVOLVING ANGULAR RELATIONS. 
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FUNDAMENTAL PRINCIPLES RESPECTING QUOTIENTS OF 
VECTORS. 


SECTION 1. 
Introductory Remarks; First Principles adopted frem Algebra. 


Arr. 101.—The only angular relations, considered in the foregoing Book, have 
been those of parallelism between vectors (Art. 2, &e.) ; and the only quotients, 
hitherto employed, have been of the three following kinds: 


I. Scalar quotients of scalars, such as the arithmetical fraction = iy Ate 4s 
II. Vector quotients, of vectors divided by scalars, as E =@in Art. 16; 


III. Scalar quotients of vectors, with directions either similar or opposite, as 


p = # in the last cited Article. But we now propose to treat of other geometric 
a 
QuoriEents (or geometric Fractions, as we shall also call them), such as 


— = i = q, with (3 not || a (comp. 15) ; 
for each of which the Divisor (or denominator), a or oA, and the Dividend (or 
numerator), [3 or oB, shall not only both be Vectors, but shall also be énelined 
to each other at an ANGLE, distinct (in general) from sero, and from ¢wo* right 
angles. 

102. In introducing this new conception, of a General Quotient of Vectors, with 
Angular Relations in a given plane, or in space, it will obviously be necessary 
to employ some properties of circles and spheres, which were not wanted for 


* More generally speaking, from every even multiple of a right angle. 
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the purpose of the former Book. But, on the other hand, it will be possible 
and useful to suppose a much less degree of acquaintance with many important 
theories* of modern geometry, than that of which the possession was assumed, 
in several of the foregoing sections. Indeed it is hoped that a very moderate 
amount of geometrical, algebraical, and trigonometrical preparation will be 
found sufficient to render the present Book, as well as the early parts of the 
preceding one, fully and easily intelligible to any attentive reader. 

103. It may be proper to premise a few general principles respecting 
quotients of vectors, which are indeed suggested by algebra, but are here adopted 
by definition. And Ist, it is evident that the supposed operation of division 
(whatever its full geometrical import may afterwards be found to be), by which 
we here conceive ourselves to pass from a given divisor-line a, and from a given 
dividend-line [3, to what we have called (provisionally) their geometric quotient, 
q, may (or rather must) be conceived to correspond to some converse act (as yet 
not fully known) of geometrical multiplication: in which new act the former 
quotient, g, becomes a Facror, and operates on the line a so as to produce (or 
generate) the line 3. We shall therefore write, as in algebra, 


B = q.a, or simply, B= ga, when PB: a=q; 
even if the two lines a and 3, or oa and on, be supposed to be inclined to each 


other, as in fig. 83. And this very simple and natural notation (comp. 16) 
will then allow us to treat as édentities the two following formule : 


Be ee ee 
(Bea ~a=[; Pea se 
although we shall, for the present, abstain from writing also such formulet as 
the following : 
a 


fag, 
a 


where a, 9 still denote two vectors, and q denotes their geometrical quotient : 


* Such as homology, homography, involution, and generally whatever depends on anharmonic ratio: 
although all that is needful to be known respecting such ratio, for the applications subsequently made, 
may be learned, without reference to any other treatise, from the definitions incidentally given, in 
Art. 25, &c. It was, perhaps, not strictly necessary to introduce any of these modern geometrical 
theories, in any part of the present work ; but it was thought that it might interest one class, at least, 
of students, to see how they could be combined with that fundamental conception of the Vecror, which 
the First Book was designed to develop. 

t It will be scen, however, at a later stage, that these two formule are permitted, and even 
required, in the development of the Quarternion System. 
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because we have not yef even begun to consider the multiplication of one vector 
by another, or the division of a quotient by a line. 

104. As a IInd general principle, suggested by algebra, we shall next lay 
it down, that if 


Bp’ _ B mene 
ee and a as then.5 = 
or in words, and under a slightly varied form, that wnegual vectors, divided by 
equal vectors, give unequal quotients. ‘The importance of this very natural and 
obvious assumption will soon be seen in its applications. 

105. As a IIIrd principle, which indeed may be considered to pervade the 
whole of mathematical language, and without adopting which we could not 
usefully speak, in any case, of EQUALITY as existing between any two geome- 
trical quotients, we shall next assume that two such quotients can never be equal 
to the same third* quotient, without being at the same time equal to each other: 
or in symbols, that 

1:9 = 0, and: 9 2G, olen 9 

106. In the [Vth place, as a preparation for operations on geometrical 
quotients, we shall say that any two such quotients, or fractions (101), which 
have a common divisor-line, or (in more familiar words) a common denominator, 
are added, subtracted, or divided, among themselves, by adding, subtracting, or 
dividing their nwmerators: the common denominator being retained, in each 
of the two former of these three cases. In symbols, we thus define (comp. 14) 
that, for any three (actual) vectors, a, 23, y; 


and 


aiming still at agreement with algebra. 

107, Finally, asa Vth principle, designed (like the foregoing) to assimilate, 
so far as can be done, the present Calculus to Algebra, in its operations on 
geometrical quotients, we shall define that the following formula holds good: 


(x E.\xE ae 


che ee Nein 


* It is scarcely necessary to add, what is indeed included in this I1Ird principle, in virtue of the 
identity g = q, that if g’ = g, then g=q'; or in words, that we shall never admit that any two 
geometrical quotients, g and q’, are equal to each other in one order, without at the same time admitting 
that they are equal, in the opposite order also. 
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or that if two geometrical fractions, q and q’, be so related, that the denominator, 
B, of the multiplier q’ (here written towards the left-hand) is equal to the 
numerator of the muiltiplicand q, then the product, q’.q or qq, is that third 
Fraction, whereof the numerator is the numerator y of the multiplier, and the 
denominator is the denominator a of the muitiplicand: all such denominators, 
or divisor-lines, being still supposed (16) to be actual (and not nudl) vectors. 


SECTION 2. ‘ 


First Motive for naming the Quotient of two Vectors a Quaternion. 


108. Already we may see grounds for the application of the name, 
QUATERNION, to such a Quotient of two Vectors as has been spoken of in recent 
articles. In the first place, such a quotient cannot generally be what we have 
called (17) a Scanar: or in other words, it cannot generally be equal to any 
of the (so-called) reals of alyebia, whether of the positive or of the negative 
kind. For let « denote any such (actual*) scalar, and let a denote any 
(actual) vector; then we have seen (15) that the product xa denotes another 
(actual) vector, say 3’, which is either similar or opposite in direction to a, 
according as the scalar coefficient, or factor, w, is positive or negative; in 
neither case, then, can it represent any vector, such as 3, which is inclined to a, 
at any actual angle, whether acute, or right, or obtuse: or in other words 
(comp. 2), the equation 3’ = (3, or za = 3, is impossible, under the conditions 


here supposed. But we have agreed (16, 103) to write, as in algebra, 


snl «; we must, therefore (by the IInd principle of the foregoing section, 
a 


stated in Art. 104), abstain from writing a/so— =, under the same conditions: 
a 


aw still denoting a scalar. Whatever else a quotient of two inclined vectors may 
be found to be, it is thus, at least, a Non-ScaLar. 

109. Now, in forming the conception of the scalar itself, as the quotient of 
two parallel} vectors (17), we took into account not only relative length, or ratio 
of the usual kind, but also relative direction, under the form of similarity or 
opposition. In passing from a to wa, we altered generally (15) the length of 


* By an actual scalar, as by an actual vector (comp. 1), we mean here one that is different from 
zero. An actual vector, multiplied by a nwil scalar, has for product (15) a null vector; it is therefore 
unnecessary to prove that the quotient of two actual vectors cannot be a null scalar, or zero. 

t Itis to be remembered that we have proposed (15) to extend the use of this term parallel, to 
the case of two vectors which are (in the wswal sense of the word) parallel to one common line, even 
when they happen to be parts of one and the same right line. 
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the line a, in the ratio of + x to 1; and we preserved or reversed the direction 
of that line, according as the scalar coefficient x was positive or negative. And 
in like manner, in proceeding to form, more definitely than we have yet done, 
the conception of the non-scalar quotient (108), g=[3: a = 0B: OA, of two in- 
clined vectors, which for simplicity may be supposed (18) to be co-énitial, we 
have sti/Z to take account both of the relative length, and of the relative direction, 
of the two lines compared. But while the former element of the complex 
relation here considered, between these two lines or vectors, is s¢i/7 represented 
by a simple Rarto (of the kind commonly considered in geometry), or by a 
number* expressing that ratio; the /utter element of the same complex relation 
is now represented by an ANGLE, AoB: and not simply (as it was before) by 
an algebraical sign, + or -. 

110. Again, in estimating this angle, for the purpose of distinguishing one 
quotient of vectors from another, we must consider not only its magnitude (or 
quantity), but also its Pane: since otherwise, in violation of the principle 
stated in Art. 104, we should have op’: o4 = 0B: 0A, if oB and os’ were two 
distinct rays or sides of a cone of revolution, with oa for its avis; in which 
case (by 2) they would necessarily be wnequal vectors. Yor a similar reason, 
we must attend also to the contrast between two opposite angles, of equal 
magnitudes, and in one common plane. In short, for the purpose of knowing 
Sully the relative direction of two co-initial lines 0a, oB in space, we ought to know 
not only how many degrees, or other parts of some angular B 
unit, the angle aos contains; but also (comp. fig. 33) 
the direction of the rotation from oa to oB: including a yi 
knowledge of the plane, in which the rotation is per- ° ee 
formed ; and of the hand (as right or left, when viewed wie 
from a known side of the plane), towards which the rotation is directed. 

111. Or, if we agree to select some one fixed hand (suppose the rightt hand), 
and to call all rotations positive when they are directed towards this selected 


* This number, which we shall presently call the tensor of the quotient, may be whole or frac- 
tional, or even incommensurahble with unity ; but it may always be equated, in calculation, to a positive 
scalar: although it might perhaps more properly be said to be a signless number, as being derived solely 
from comparison of lengths, without any reference to directions. 

t If right-handed rotation be thus considered as positive, then the positive axis of the rotation AoB 
in fig. 33, must be conceived to be directed downward, or below the plane of the paper. [Compare the 
Note to 295 (2), and Art. 23 of Clerk Maxwell's Electricity and Magnetism. Hamilton compared the 
positive axis to a handle or turnscrew used in screwing a right-handed screw into a nut. It is now 
usual to regard the positive axis as drawn in the direction of the translation of a right-handed screw 
moving in a fixed nut, or Hamilton’s left-handed rotation is now called right-handed. | 
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hand, but all rotations negative when they are directed towards the other hand, 
then, for any given angle AoB, supposed for simplicity to be less than two right 
angles, and considered as representing a rotation in a given plane from oa to 
oB, we may speak of one perpendicular oc to that plane Aow as being the positive 
avis of that rotation; and of the opposite perpendicular oo’ to the same plane as 
being the negative avis thereof: the rotation round the positive axis being 
itself positive, and vice versd. And then the rotation aos may be considered to 
be entirely known, if we know, Ist, its quantity, or the ratio which it bears to a 
right rotation; and IInd, the direction of its positive axis, oc: but not without 
a knowledge of these ¢wo things, or of some data equivalent to them. But 
whether we consider the direction of an Axis, or the aspect of a PLANE, we find 
(as indeed is well known) that the determination of such a direction, or of such 
an aspect, depends on two polar co-ordinates,* or other angular elements. 

112. It appears, then, from the foregoing discussion, that for the complete 
determination, of what we have called the geometrical Quotient of two co-initial 
Vectors, a System of Four Elements, admitting each separately of numerical 
expression, 7s generally required. Of these four elements, one serves (109) to 
determine the velative length of the two lines compared; and the other three 
are in general necessary, in order to determine /w//y their relative direction. 
Again, of these three latter elements, one represents the mutual inclination, or 
elongation, of the two lines; or the magnitude (or quantity) of the angle be- 
tween them: while the two others serve to determine the direction of the azis, 
perpendicular to their common plane, round which a rotation through that 
angle is to be performed, in a sense previously selected as the posdtive one (or 
towards a fixed and previously selected hand), for the purpose of passing (in 
the simplest way, and therefore in the plane of the two lines) from the direc- 
tion of the divisor-line, to the direction of the dividend-line. And no more than 
four numerical elements are necessary, for our present purpose: because the 
relative length of two lines is not changed, when their two lengths are altered 
proportionally, nor is their relative direction changed, when the angle which 
they form is merely ¢wrned about, in its own plane. On account, then, of this 
essential connexion of that complex relation (109) between two lines, which is 
compounded of a relation of lengths, and of a relation of directions, and to which 
we have given (by an eztension from the theory of scalars) the name of a 


* The actual (or at least the frequent) wse of such co-ordinates is foreign to the spirit of the 
present System: but the mention of them here seems likely to assist a student, by suggesting an 
appeal to results, with which his previous reading can scarcely fail to have rendered him familiar. 
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geometrical quotient, with a System of Four numerical Elements, we have 
already a motive* for saying, that “the Quotient of two Vectors is generally 
a Quaternion.” 


SECTION 3. 
Additional Hilustrations. 


113. Some additional light may be thrown, on this first conception of a 
Quaternion, by the annexed figure 
34. In that figure, the letters 
CDEFG are designed to indicate 
corners of a prismatic desk, resting 
upon a horizontal table. ‘The 
angle HcD (supposed to be one of 
thirty degrees) represents a (left- 
handed) rotation, whereby the 
horizontal /edge cp of the desk is 
conceived to be elongated (or re- 


moved) from a given horizontal line 
cH, which may be imagined to be an edge of the table. The angle cecr 
(supposed here to contain forty degrees) represents the slopet of the desk, or 
the amount of its cnclination to the table. On the face cprrF of. the desk are 
drawn two similar and similarly turned triangles, AoB and a’o’B’, which are 
supposed. to be halves of two equilateral triangles; in such a manner that 
each rotation, AoB or A’o’B’ is one of sity degrees, and is directed towards one 
common hand (namely the right hand in the figure): while if /engths alone be 
attended to, the s¢de ox is to the side oA, in one triangle, as the side 0’B’ is to 
the side 0’a’, in the other; or as the number two to one. 
114. Under these conditions of construction, we consider the tro quotients, 
or the two geometric fractions, 
0B’ 


OB 
0B:0A and op’: 0A’, or — and—, 
OA OA 


as being equal to each other; because we regard the ¢wo dines, oA and os, as 
having the same relative length, and the same relative direction, as the two other 


* Several other reasons for thus speaking will offer themselves, in the course of the present work. 
t These two angles, ucd and ccr, may thus be considered to correspond to longitude of node, and 
inclination of orbit, of a planet or comet in astronomy. 


HAMILTON’S ELEMENTS OF QUATERNIONS, Q 


114 ELEMENTS OF QUATERNIONS. [IL. 1. §§ 3, 4. 


lines, o’a’ and o's’. And we consider and speak of each Quotient, or Fraction, 
as a Quaternion: because its complete construction (or determination) depends, 
for all that is essential to its conception, and requisite to distinguish it from 
others, on a system of four numerical elements (comp. 112); which are, in this 
Example, the four numbers, 

Dy O00 0s ond. 40: 


115. Of these four e/ements (to recapitulate what has been above supposed), 
the Ist, namely the number 2, expresses that the /ength of the dividend-line, ox 
or o’B’, is double of the length of the divisor-line, oA or o’a’. The IInd 
numerical element, namely 60, expresses here that the angle aos or a’o’B’, is 
one of sixty degrees; while the corresponding rotation, from oa to oB, or 
from 0’a’ to oR’, is towards a known hand (in this case the right hand, as seen 
by a person looking at the fuce corr of the desk), which hand is the same for 
both of these two equal angles. The IIIrd element, namely 30, expresses that 
the horizontal /edge cp of the desk makes an angle of thirty degrees with a 
known horizontal line cu, being removed from it, by that angular quantity, 
in a known direction (which in this case happens to be towards the eft hand, 
as seen from above). Finally, the [Vth element, namely 40, expresses here 
that the desk has an elevation of forty degrees as before. 

116. Now an alteration in any one of these Four Elements, such as an altera- 
tion of the s/ope or aspect of the desk would make (in the view here taken) an 
essential change in the Quaternion, which is (in the same view) the Quotient of 
the two lines compared : although (as the figure is in part designed to suggest) 
no such change is conceived to take place, when the ériangle aon is merely turned 
about, in its own plane, without being turned over (comp. fig. 86); or when 
the sides of that triangle are lengthened or shortened proportionally, so as to 
preserve the ratio (in the old sense of that word), of any one to any other of 
those sides. We may then briefly say, in this mode of é/lustrating the notion 
of a QuaTERNIoN* in geometry, by reference to an angle on a desk, that the 
Four Elements which it involves are the following : 


fiatio, Angle, Ledge, and Slope; 


although the two latter elements are in fact themselves angles also, but are not 
immediately obtained as such, from the simple comparison of the two lines, of 
which the Quaternion is the Quotient. 


* As to the mere word, Quaternion, it signifies primarily (as is well known), like its Latin original, 
ce Quaternio,”’ or the Greek noun rerpaxrts, a Set of Four: but it is obviously used here, and else- 
where in the present work, in a technical sense, 
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SECTION 4. 
On Equality of Quaternions ; and on the Plane of a Quaternion. 


117. It is an immediate consequence of the foregoing conception of a 
Quaternion, that two quaternions, or two quotients of vectors, supposed for 
simplicity to be all co-initial (18), are regarded as being uquat to each other, 
or that the EQUATION, 

yea 6 OD OB 

-="*, or —= 

ete OC On 
is by us considered and defined to hold good, when the 
two triangles, AoB and cop, are similar and similarly 
turned, and in one common plane, as represented in the 
annexed fig. 835: the RELATIVE LENGTH (109), and the 
RELATIVE DIRECTION (110), of the two lines, oa, op, 
being then in all respects the same as the relative length and the relative 
direction of the two other lines, oc, op. 

118. Under the same conditions, we shall write the following formula of 
direct sumilitude, 


A AOB & COD; B 


reserving this other formula, 


A AOB &’AOB’, or A A’oB o‘a’0B’, y 
which we shall call a formula of inverse similitude, to denote that 
the two triangles, AoB and aos’, or a’oB and A’op’, although 
otherwise similar (and even, in this case, equal,* on account of 
their having a common side, 0A or 0A’), are oppositely turned Fig. 36. 
(comp. fig. 36), as if one were the reflexion of the other in a 

mirror ; or as if the one triangle were derived (or generated) from the other, 


by a rotation of its plane through two right angles. We may therefore write, 


BR’ 


OB 40D). 
— =—,1f A AoB@ CoD. 
OA OC 


i9. When the vectors are thus all drawn from one common origin 0, 
the plane aos of any two of them may be called the Plane of the Quaternion 


* That is to say, equal in absolute amount of area, but with opposite algebraic signs (28). The two 
quotients OB : OA, and op’: oA, although mot equal (110), will soon be defined to be conjugate quater- 
nions. Under the same conditions, we shall write also the formula, 


A AOB’ «’ COD. 
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(or of the Quotient), on:0a; and of course also the plane of the inverse (or 
reciprocal) quaternion (or of the inverse quotient), oA:oB. And any two qua- 
ternions, which have a common plane (through 0), may be said to be Complanar* 
Quaternions, or complanar quotients, or fractions; but any two quaternions 
(or quotients), which have different planes (intersecting therefore in a right line 
through the origin), may be said, by contrast, to be Diplanar. 

120. Any two quaternions, considered as geometric fractions (101), can be 
reduced to a common denominator without change of the valuet of either of 


them, as follows. Let ~ and ~~ be the two given fractions, or quaternions ; 


and if they be complanar (119), let or be any line in their common plane; but 
if they be diplanar (see again 119), then let ok be any assumed part of the 
line of intersection of the two planes: so that, in each case, the line o£ is 
situated at once in the plane aos, and also in the plane cop. We can then 
always conceive two other lines, or, oc, to be determined so as to satisfy the 
two conditions of direct similitude (118), 


A EOF & AOB, A E0G & COD ; 
and therefore also the two equations between quotients (117, 118), 


OF OB OG OD. 


Ob 0A. Ok: * Oc” 
and thus the required reduction is effected, ox being the common denominator 
sought, while or, og are the new or reduced numerators. It may be added 


that if u be a new point in the plane aos, such that A Hox & Aos, we shall 
have also, 


and therefore, by 106, 107, 
OD | OB _ 0GLO0F OD OB 0G OD OB OG. 
oe : ; ss 


— Sree rp cai ee ie Cs e 3 
OC OA OE OC OA OF OC OA OH 


=e ——S ——s-s ii - 


whatever two geometric quotients (complanar or diplanar) may be represented 
by 0B: 0A and op: oc. 


* It is, however, convenient to extend the use of this word, complanar, so as to include the case 
of quaternions represented by angles in parallel planes. Indeed, as all vectors which have egual 
lengths, and similar directions, are equal (2), so the guaternion, which is a quotient of two such vectors, 
ought not to be considered as undergoing any change, when either vector is merely changed in position, 
by a transport without rotation. 

+ That is to say, the new or transformed quaternions will be respectively equal to the old or 
given ones. 
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121. If now the two triangles aos, cop are not only complanar but directly 
similar (118), so that A aos «cop, we shall evidently have A nor « £0G; so 
that we may write or =oc (or F=G, by 20), the two new lines or, oa (or the 
two new points F, G) in this case coinciding. The general construction (120), 
for the reduction to a common denominator, gives therefore here only one 
new triangle, Kor, and one new quotient, or: on, to which in this case each 
(comp. 105) of the two given egual and complanar quotients, 0B:0A and 
OD:0C, 1s equal. 

122. But if these two latter symbols (or the fractional forms corresponding) 
denote two diplanar* quotients, then the two new numerator-lines, oF and oG, 
have different directions, as being situated in two different planes, drawn through 
the new denominator-line ox, without having either the direction of that line 
itself, or the direction opposite thereto; they are therefore (by 2) unequal 
vectors, even if they should happen to be equally long; whence it follows 
(by 104) that the ¢eo new quotients, and therefore also (by 105) that the two 
old or given quotients, are unequal, as a consequence of their diplanarity. It 
results, then, from this analysis, that diplanar quotients of vectors, and there- 
fore that Diplanar Quaternions (119), are always unequal; a new and compara- 
tively technical process thus confirming the conclusion, to which we had 
arrived by general considerations, and in (what might be called) a popular 
way before, and which we had sought to i/ustrate (comp. fig. 84) by the con- 
sideration of angles on a desk: namely, that a Quaternion, considered as the 
quotient of two mutually inclined lines in space, involves generally a Plane, as 
an essential part (comp. 110) of its constitution, and as necessary to the com- 
pleteness of its conception. 

123. We propose to use the mark 

I 
as a Sign of Complanarity, whether of dines or of quotients; thus we shall 
write the formula, 
x Ill as B; 


to express that the three vectors, a, (3, y, supposed to be (or to be made) 
co-initial (18), are situated in one plane; and the analogous formula, 


‘ ae p 
q \ll 9, wall a? 


* And therefore non-scalar (108); for a scalar, considered as a quotient (17), has no determined 
plane, but must be considered as complanar with every geometric quotient ; since it may be represented 
(or constructed) by the quotient of two similarly or oppositely directed lines, in any proposed plane 
whatever. 
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to express that the two quaternions, denoted here by q and q’, and therefore 
that the four vectors, a, [3, y, 6, are complanar (119). And because we have 
just found (122) that diplanar quotients are unequal, we see that one equation 
of quaternions includes two complanarities of vectors; in such a manner that we 


may write, 
; Hil oh leew ts oe 


ODOR ss a ; : 
the equation of quotients, sae being impossible, unless all the four lines 
from o be in one common plane. We shall also employ the notation 


x Ill @ 


to express that the vector y 1s in (or parallel to) the plane of the quaternion q. 
124. With the same notation for complanarity, we may write generally, 


xa ||| a, 2; 


a and (3 being any two vectors, and w being any scalar; because, if a=oA and 
(3=0B as before, then (by 15,17) wa=0a’, where a’ is some point on the 
indefinite right line through the points o and a: so that the plane aos contains 
the dine oa’. For a similar reason, we have generally the following formula 


of complanarity of quotients, 
| YP |) B 
va ll a 


whatever ¢wo scalars « and y may be; a and #3 still denoting any two vectors. 
125. It is evident (comp. fig. 35) that 


if AaoBocop, then ABoAa@poc, and A Aaoco@ BoD; 


whence it is easy to infer that for quaternions, as well as for ordinary or 
algebraic sarin 


8 : oy Temes 
if —= , Bien inversely, = B78 and alternately, Ce 


it being permitted now to establish the converse of the last formula of 118, or 


to say that 


OD 
pone =—, then A aoB «CoD. 
Ok OC 


Under the same condition, by combining inversion with alternation, we have 


xo) 


also this other equation, ae 


8 
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126. If the sides, oa, op, of a triangle aos, or those sides either way 
prolonged, be cut (as in fig. 387) by any parallel, a’B’ 
or A’B’, to the base AB, we have evidently the rela- 
tions of direct similarity (118), 


B 


i) 
Lee LIEW, : B 
A AOB x AOB, A A’ OB & AOB; 


whence (comp. Art. 13 and fig. 12) it follows that \ 
; e e e We N 4 
we may write, for quaternions as in algebra, the lV 


general equation, or identity, 
B 
xB _ B. Fig. 37. 
wa a 
where # is again any scalar, and a, B are any two vectors. It is easy also to 
see, that for any quaternion g, and any scalar x, we have the product (comp. 


107), 


so that, in the multiplication of a quaternion by a scalar (as in the multipli- 
cation of a vector by a scalar, 15), the order of the factors is indifferent. 


—-—— 


SECTION 5. 


On the Axis and Angle of a Quaternion; and on the Index 
ofa Right Quotient, or Quaternion. 


127. From what has been already said (111, 112), we are naturally led 
to define that the Axts, or more fully that the positive awis, of any quaternion 
(or geometric quotient) oB: 0A, is a right line perpendicular to the plane sop of 
that quaternion ; and is such that the rotation round this axis, from the divisor- 
line oA, to the dividend-line op, is positive: or (as we shall henceforth assume) 
directed towards the right-hand,* like the motion of the hands of a watch. 

128. To render still more definite this conception of the amis of a qua- 
ternion, we may add, Ist, that the rotation, here spoken of, is supposed (112) 
to be the simplest possible, and therefore to be in the plane of the two lines (or 
of the quaternion), being also generally less than a semi-revolution in that 
plane; IInd, that the axis shall be usually supposed to be a line ox drawn 


een ee Fiat pears 


* This is, of course, merely conventional, and the reader may (if he pleases) substitute the /eft- 
hand throughout. [The axis is supposed to be drawn outwards from the face of the watch. See 
Note, page 111.] 
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from the assumed origin o; and IIIrd, that the /ength of this line shall be 
supposed to be given, or fixed, and to be equal to some assumed wnit of length: 
so that the ¢erm x, of this aris ox, is situated (by its construction) on a given 
spheric surface described about the origin o as centre, which surface we may 
call the surface of the UNIT-SPHERE. 

129. In this manner, for every given non-scalar quotient (108), or for 
every given guaternion g which does not reduce itself (or degenerate) to a 
mere positive or negative number, the awis will be an entirely definite vector, 
which may be called an unItT-VEcToR, on account of its assumed length, and 
which we shall denote,* for the present, by the symbol Ax.q. Employing 
then the usual sign of perpendicularity, L, we may now write, for any two 
vectors a, 3, the formula : 

Ax Bo a Ax.2.1B; or briefly, oe ale i. 

130. The AnerE of a quaternion, such as 0B: 0A, shall simply be, with us, 
the angle aos Letween the two lines, of which the quaternion is the quotient ; 
this angle being supposed here to be one of the wswal kind (such as are con- 
sidered by Euclid): and therefore being acute, or right, or obtuse (but not of 
any class distinct from these), when the quaternion is a non-scalar (108). We 
shall denote this angle of a quaternion q, by the symbol, 2 q; and thus shall 
have, generally, the two inequalities + following : 

Los 0; Ag a 
where 7 is used as a symbol for two right angles. 

131. When the general quaternion, g, degenerates into a scalar, x, then the 
avis (like the planet) becomes entirely indeterminate in its direction; and the 
angle takes, at the same time, either sero or two right angles for its value, 
according as the scalar is positive or negative. Denoting then, as above, any 
such scalar by 7, we have: 

Ax.# = an indeterminate unit-vector ; 
Ze OS Ee As ye ae oe 


* At a later stage, reasons will be assigned for denoting this axis, Ax . g, of a quaternion g, by 
the less arbitrary (or more systematic) symbol, UVq: but for the present, the notation in the text may 
suffice. [See 291.] 

t In some investigations respecting complanar quaternions, and powers or roots of quaternions, it 
is convenient to consider negative angles, and angles greater than two right angles: but these may then 
be called AMpLitupEs; and the word “ Angle,” like the word ‘‘ Ratio,” may thus be restricted, at 
least for the present, to its ordinary geometrical sense. [See 235.] 

{ Compare the Note to page 117. The angle, as well as the awis, becomes indeterminate, when 
the quaternion reduces itself to zero; unless we happen to know a Jaw, according to which the 


dividend-line ¢ends to become nul, in the transition from - to -. 
a a 
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132. Of non-scalar quaternions, the most important are those of which the 
angle is right, as in the annexed figure 38; and when we have B 
thus, 


a and oB LOA, or a 
OA 2 
a 
the quaternion g may then be said to be a Rigur QuotienT;* 097A 
° Nee ae Fig. 38. 
or sometimes, a Right Quaternion. 
(1.) If then a =0a and p=op, where o and A are two given (or fixed) 


points, but P is a variable point, the equation 


Z 


expresses that the /ocus of this point Pp is the plane through o, perpendicular to 
the line oa; for it is equivalent to the formula of perpendicularity p L a (129). 
(2.) More generally, if 3 =o, B being any third given point, the equation, 


expresses that the /ocus of P is one sheet of a cone of revolution, with o for 
vertex, and oA for azis, and passing through the point B; because it implies 
that the angles aop and AopP are equal in amount, but not necessarily in one 
common plane. 
(3.) The equation (comp. 128, 129), 
Ax.[= Ax. B 
a a 
expresses that the Jocus of the variable point P is the yiven plane aos; or 
rather the indefinite half-plane, which contains all the points p that are at 
once complanar with the three given points 0, A, B, and are also at the same side 
of the indefinite right line oa, as the point B. 
(4.) The system of the two equations, 


Sage ee Cee ats 


a a a a 


Z 


expresses that the point P is situated, either on the finite right line on, or on that 
line prolonged through B, but not through 0; so that the locus of P may in this 
case be said to be the indefinite half-line, or ray, which sets out from o in the 


* Reasons will afterwards be assigned, for equating such a quotient, or quaternion, to a Vector ; 
namely to the ine which will presently (133) be called the Index of the Right Quotient. [See 290.] 
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direction of the vector op or (3; and we may write p= «3, «>0 (« being 
understood to be a scalar), instead of the equations assigned above. 
(5.) This other system of two equations, 
Ls rae eae ee 
a a 


a a 


expresses that the /ocus of p is the opposite ray from 0; 
or that vp is situated on the prolongation of the revector Bo P” 
(1); or that p =.78, « < 0; or that 


p= xP’, «> 0, if B= on = -.f. 


Fig. 33, bis, 


(Comp. fig. 33, dis.) 

(6.) Other notations, for representing these and other geometric Joci, will 
be found to be supplied, in great abundance, by the Calculus of Quaternions ; 
but it seemed proper to point out these, at the present stage, as serving 
already to show that even the two symbols of the present section, Ax. and Z, 
when considered as Characteristics of Operation on quotients of vectors, enable 
us to express, very simply and concisely, several useful geometrical conceptions. 

133. If a third line, o1, be drawn in the direction of the avis ox of such a 
right quotient (and therefore perpendicular, by 127, 129, to each of the two 
given rectangular lines, OA, OB); and if the dength of this new line or bear to 
the dength of that axis ox (and therefore also, by 128, to the assumed wnit of 
length) the same ratio, which the length of the dividend-line, op, bears to the 
length of the divisor-line, oA; then the line o1, thus determined, is said to be 
the Inpex of the Right Quotient. And it is evident, from this definition of 
such an Index, combined with our general definition (117, 118) of Hqualty 
between Quaternions, that two right quotients are equal or unequal to each other, 
according as their two index-lines (or indices) are equal or unequal vectors. 


SECTION 6. 


On the Reciprocal, Conjugate, @pposite, and Norm of a 
Quaternion ; and on Nuil Quaternions. 


134. The Recrprocat (or the Inverse, comp. 119) of a quaternion, such 


as g =P is that other quaternion, 


a’ of a 
= p’ 

which is formed by interchanging the divisor-line and the dividend-line; and in 

thus passing from any non-scalar quaternion to its reciprocal, it is evident that 
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the angle (as lately defined in 130) remains wnchanged, but that the avis (127, 
128) is reversed in direction: so that we may write generally, 


yen pee 
B a 6 a 
135. The product of two reciprocal quaternions is always equal to positive 
unity; and each is equal to the quotient of unity divided by the other ; because 
we have, by 106, 107, 


It is therefore unnecessary to introduce any new or peculiar notation, to ex- 
press the mutual relation existing between a quaternion and its reciprocal; 
since, if one be denoted by the symbol gq, the other may (in the present System, 


as in Algebra) be denoted by the connected symbol,* 1:4, or 7 We have 


thus the two general formule (comp. 134) : 


Betas! if 
ar gee ae Be aiff: 

136. Without yet entering on the general theory of multiplication and 
divisions of quaternions, beyond what has been done in Art. 120, it may be 
here remarked that if any two quaternions g and ’ be (as in 1834) reciprocal to 
each other, so that g’. g = 1 (by 135), and if 7” be any third quaternion, then 
(as in algebra), we have the general formula, 


NGO Dar 


because if (by 120) we reduce g and g” to a common denominator a, and denote 
the new numerators by B and y, we shall have (by the definitions in 106, 107), 


137. When two complanar triangles AoB, AoB’, with a common side OA, are 
(as in fig. 86) ¢nversely similar (118), so that the formula A aos’ «’ aos holds 


If 


are said to be ConJUGATE 


OB OB 
d / J uw 1 ‘ J re 
good, then the two unequal quotients,t an and a 


* The symbol g!, for the reciprocal of a quaternion g, is also permitted in the present Calculus ; 
but we defer the use of it, until its legitimacy shall have been established, in connexion with a 
general theory of powers of Quaternions. [See 234.] 

+ Compare the Note to page 115. 


RK 2 
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QuateRNions; and if the first of them be still denoted by. q, then the second, 
which is thus the conjugate of that first, or of any other quaternion which is 
equal thereto, is denoted by the new symbol, Iq: in which the letter K may 
be said to be the Characteristic of Conjugation. Thus, with the construction 
above supposed (comp. again fig. 36), we may write, 


3 A 


Ne 
OB OB OB 
oe er eos 
OA OA OA 


138. From this definition of conjugate quaternions, it follows, Ist, that if 
the equation = ake — hold good, then the /ine op’ may be called (118) the 


reflexion of the line op (and conversely, the /atter line the reflexion of the 
former), with respect to the line oa; IInd, that, under the same condition, the 
line oa (prolonged if necessary) Disects perpendicularly the line Bx’, in some 
point a’ (as represented in fig. 36); and I1Ird, that any two conjugate quater- 
nions (like any two reciprocal quaternions, comp. 134, 135) have equal angles, 
but opposite axes: so that we may write, generally, 


Pig lg; Ax hoe Axo: 
and therefore* (by 135), 
LKy= 25; Ax.Kg= Ax.2 


. e ° 1 e 
139. The reciprocal of a scalar, x, is simply another scalar, —, or a, having 
a 


the same algebraic sign, and in all other respects related to w as in 
algebra. But the conjugate Ka, of a scalar x, considered as a limit of a quater- 
nion, is equal to that scalar « itse/f; as may be seen by supposing the two equal 
but opposite angles, AoB and aos’, in fig. 36, to tend together to zero or to 
two right angles. We may therefore write, generally, 

; Kw = x, if w be any scalar ; 
and conversely,t 
-g=a scalar, if Kg =9¢; 
because then (by 104) we must have op = op’, BB’ = 0; and therefore each of 
the two (now coincident) points B, B’, must be situated somewhere on the 
indefinite right line oa. 


* It will soon be seen that these two last equations (138) express, that the conjugate and the 
reciprocal, of any proposed quaternion g, have always equal versors, although they have in general 
unequal tensors. (See 157.] 

t Somewhat later it will be seen that the equation Kg = gq may also be written as Vg = 0; and 
that this last is another mode of expressing that the quaternion, g, degenerates (131) into a@ scalar. 
[See 204, xiv.] 
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140. In general, by the construction represented in the same figure, the 
sum (comp. 6) of the two numerators (or dividend-lines, oB and ox’), of the two 
conjugate fractions (or quotients, or quaternions), g and Kg (137), is equal to 
the double of the line 0a’; whence (by 106), the sum of those two conjugate 


quaternions themselves is, 
, 


20A 
OA 


Kg+q=q+Kg=—; 
this sum is therefore always scalar, being positive if the angle Zq be acute, but 
negative if that angle be obtuse. 

141. In the intermediate case, when the angle aos is right, the interval 
oa’ between the origin o and the line Bp’ vanishes; and the two lately 
mentioned numerators, OB, OB’, become two opposite vectors, of which the swm 
is null(5). Now, in general, it is natural, and-will be found useful, or rather 
necessary (for consistency with former definitions), to admit that a nul vector, 
divided by an actual vector, gives always a NULL QUATERNION as the quotient ; 
and to denote this null quotient by the usual symbol for Zero. In fact, we 
have (by 106) the equation, | 


the zero in the numerator of the /eft-hand fraction representing here a nui/ 
line (or a nudl vector, 1,2); but the zero on the right-hand side of the equation 
denoting a null quotient (or quaternion). And thus we are entitled to infer 
that the sum, Kg + g, or g + Kg, of a right-angled quaternion, or right quotient 
(132), and of its conjugate, is always equal to zero. 

142. We have, therefore, the three following formule, whereof the second 
exhibits a continuity in the transition from the first to the third: 
T 


doe ah Kg > 0) tt 49<53 


Il...g+Kg=0, if 4g=-; 


And because a quaternion, or geometric quotient, with an actual and finite 
divisor-line (as here oa), cannot become equal to sero unless its dividend-line 
vanishes, because by (104) the equation 


=-0 oY requires the equation = 0, 
a 
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if a be any actual and finite vector, we may infer, conversely, that the sum 
qg + Kg cannot vanish, without the line oa’ also vanishing; that is, without 
the lines on, 0B’ becoming opposite vectors, and therefore the quaternion q 
becoming a right quotient (182). We are therefore entitled to establish the 
three following converse formule (which indeed result from the three former) : 


I’. ..if¢+Kg>0, then Lia. 


Il’. ..ifg+Kg=0, then Zg= 


ave 
Dat 
Til’. ..if¢+Kg<0, then Lq> 5 


143. When two opposite vectors (1), as (3 and — 3, are both divided by one 
common (and actual) vector, a, we shall say that the two quotients, thus 
obtained are OpposirE QuarEeRNIoNsS; so that the opposite of any quaternion 
qg, or of any quotient 3:a, may be denoted as follows (comp. 4): 


a a a 


while the quaternion q itse/f may, on the same plan, be denoted (comp. 7) by 
the symbol 0 +9, or+g. The swm of any two opposite quaternions is zero, 
and their quotient is negative unity; so that we may write, as in algebra 
(comp. again 7), 
OC Oa) a Gr ee oe 
because, by 106 and 141, 
an ee ou ay poe —1, &e. 
a 


a a a a a 


The reciprocals of opposite quaternions are themselves opposite; or in symbols 
(comp. 126), 


Opposite quaternions have opposite axes, and supplementary angles (comp. fig. 
33, bis); so that we may establish (comp. 182,.(5.)) the two following 
general formule, 

L£(-g)=a7-4q; Ax.(-—q)=- Ax.g. 


144. We may also now write, in full consistency with the recent formule 
II. and IV’. of 142, the equation, 


Il”... Kg =—g, «if Lq=53 
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and conversely* (comp. 138), 

Il’”...if Ky=-q, then LKg=zq= 5 
In words, the conjugate of a right quotient, or of a right-angled (or right) 
quaternion (182), is the right quotient opposite thereto; and conversely, if an 
actual quaternion (that is, one which is not null) be opposite to its own conjugate 
it must be a right quotient. 


(1) If then we meet the equation, 
KE--f, or + KF =0, 


we shall know that p La; and therefore (ifa = oa, and p=op, as before), 
that the Jocus of the point P is the plane through o, perpendicular to the line oa 
(as in 182, (1.) ). 

(2.) On the other hand, the equation, 


Keane ore Ke =0: 
a a a a 


expresses (by 139) that the quotient p: a is a scalar; and therefore (by 131) 
that its angle Z(p:a) is either 0 or 7; so that in this case, the locus of P is the 
indefinite right line through the two points o and a. 

145. As the opposite of the opposite, or the reciprocal of the reciprocal, so 
also the conjugate of the conjugate, of any quaternion, is that quaternion itse/f ; 
or in symbols, 


FS ee ds oe Niet 0) Me ae al, 
so that, by abstracting from the subject of the operation, we may write briefly, 
i Ke. 


It is easy also to prove, that the conjugates of opposite quaternions are them- 
selves opposite quaternions ; and that the conjugates of reciprocals are reciprocal : 
or in symbols, that 

I... K(-qg)=-Ky, or Kqg+ K (-¢) =0; 


and 


1S a K- = 1:Kg, or Ky. Ko =1, 


. It will be seen at a later stage, that the equation Kg = — g, or g + Kg = 0, may be transformed 
to this other equation, Sq = 0; and that, under this last form, it expresses that the scalar part of the 
quaternion q vanishes: or that this quaternion is a right quotient (132). [See 196, 11.] 
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(1.) The equation K (-g) =- Kg is included (comp. 143) in this more 
general formula, K (xq) = «Kg, where x is any 
scalar; and this last equation (comp. 126) may 
be proved, by simply conceiving that the two 
lines o8, ox’, in fig. 86, are multiplied by any 
common scalar; or that they are both cut by 
any parallel to the line Bx’. 

(2.) To prove that conjugates of reciprocals 


: 1 
are reciprocal, or that Kg. K- = 1, we may Fig. 36, Bis. 


conceive that, as in the annexed figure 36, dis, while we have stid/ the relation 


of inverse similitude, 
A aop’ «’aos (118, 187), 


as in the former figure 86, a new point c is determined, either on the line oa 
itself, or on that line prolonged through 4, so as to satisfy either of the two 
following connected conditions of direct similitude : 


A BOC ©AOB3 A BOC & AOB; 
or simply, as a relation between the four points 0, a, B, c, the formula, 
A BOC &’AOB. 


For then we shall have the transformations, 


(3.) The two quotients oB: oa, and OB: oc, that is to say, the guaternion q 
itself and the conjugate of its reciprocal, or* the reciprocal of its conjugate, have 
the same angle, and the same axis; we may therefore write, generally, 


Koa ca; Ax. Ko = Ax.9. 


(4.) Since oA: 0B and 0a: op’ have thus been proved (by sub-art. 2) to be 


a pair of conjugate quotients, we can now infer this theorem, that any two geo- 
a 


Be. 


; ; 1 
* It will be seen afterwards, that the common value of these two equal quaternions, K — and 
q 


: 3 a . . 
metric Gone, and ~,, which have a common numerator a, are conjugate 


1 

A : Kq, 
may be represented by either of the two new symbols, Ug: Tg, or g: Nq; or in words, that it is 
equal to the versor divided by the tensor; and also'to the guaternion itself divided by the norm. [See 
190, (3).] | 
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quaternions, if the denominator [3’ of the second be the reflexion of the denomina- 
tor (3 of the first, with respect to that common numerator (comp. 138, I.) ; 
whereas it had only been previously assumed, as a definition (187), that such 
conjugation exists, under the same geometrical condition, between the two other 


p 


(or inverse) fractions, — and ee the three vectors a, 3, 3’ being supposed to 


be all co-initial (18). 
(5.) Conversely, if we meet, in any investigation, the formula 


OA + OBs= 1G104"2 08), 


we shall know that the point p’ is the reflewion of the point B, with respect to 
the dine oa; or that this line, oa, prolonged if necessary in either of two 
opposite directions, bisects at right angles the line BB’, in some point a’, as in 
either of the two figures 36 (comp. 148, II.). 

(6.) Under the recent conditions of construction, it follows from the most 
elementary principles of geometry, that the circle, which passes through the 
three points A, B, C, is touched at B, by the right line op; and that this line is, 
in length, a mean proportional between the lines oa, oc. Let then op be such 
a geometric mean, and let it be set off from o in the common direction of the 
two last mentioned lines, so that the point p falls between Aand c; also let the 
vectors oc, op be denoted by the symbols y, 6; we shall then have ex- 


pressions of the forms, 
= aay, 2 ioe aa, 


where a is some positive scalar, a > 0; and the vector ( of B will be connected 
(comp. sub-art. 2) with this scalar a, and with the vector a, by the formula 
vaciey haa ania qita’ pn Ee 
oc OB OB OA B a 
(7.) Conversely, if we still suppose that y = a’a, this last formula expresses 
the inverse similitude of triangles, A noc «’ AoB; and it expresses nothing more: 
or in other words, it is satisfied by the vector 3 of every point B, which gives 
that inverse similitude. But for this purpose it is only requisite that the 
length of op should be (as above) a geometric mean between the lengths of oa, 
oc; or that the ¢wo lines, on, op (sub-art. 6), should be equadly long: or finally, 
that 8 should be situated somewhere on the surface of a sphere, which is described 
so as to pass through the point p (in fig. 36, dis), and to have the origin o for 
its centre. 
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(8.) If then we meet an equation of the form, 


aa 
aK 2 ore eat 
a 


3 
p a a 


in which a = 0A, p = OP, and a is a scalar, as before, we shall know that the 
locus of the point P is a spheric surface, with its centre at the point o, and with 
the vector aa for a radius; and also that if we determine a point c by the 
equation oc = a’a, this spheric locus of P 18 a common orthogonal to all the circles 
Apc, which can be described, so as to pass through the two fixed points, Aand c: 
because every radius op of the sphere is a tangent, at the variable point Pp, to the 
circle APC, exactly as oB is to aBc in the recent figure. 

(9.) In the same fig. 36, bis, the similar triangles show (by elementary 
principles) that the /ength of Bc is to that of aB in the sub-duplicate ratio 
of oc to oA; or in the simple ratio of op to oA; or as the scalaratol. If 
then we meet, in any research, the recent equation in p (sub-art. 8), we shall 


know that 
length of (p - aa) = a x length of (p - a); 


while the recent interpretation of the same equation gives this other relation of 


the same kind: 
length of p = a x length of a. 

(10.) At a subsequent stage [200 (8) |, it will be shown that the Calculus 
of Quaternions supplies Rules of Transformation, by which we can pass from 
any one to any other of these last equations respecting p, without (at the time) 
constructing any Figure, or (immediately) appealing to Geometry: but it was 
thought useful to point out, already, how much geometrical meaning* is con- 
tained in so simple a formula, as that of the last sub-art. 8. 

(11.) The product of two conjugate quaternions is said to be their common 


Norm,t and is denoted thus : 
qKq = Ng. 


* A student of ancient geometry may recognise, in the two equations of sub-art. 9, a sort of 
translation, into the language of vectors, of a celebrated local theorem of Apotionius of Perga, which 
has been preserved through a citation made by his early commentator, Eutocius, and may be thus 
enunciated: Given any two points (as here A and c) in a plane, and any ratio of inequality (as here 
that of 1 to a), it is possible to construct a circle in the plane (as here the circle Bp’), such that the 
(lengths of the) two right lines (as here aB and cs, or ap and cp), which are inflected from the two 
given points to any common point (as B or P) of the circumference, shall be to each other in the given 
ratio. (Avo 500évrwy onuclwy, x.7.A. Page 11 of Halley’s Edition of Apollonius, Oxford, mpcex.) 

t+ This name, Norm, and the corresponding characteristic, N, are here adopted, as suggestions 
from the Theory of Numbers; but, in the present work, they will not be often wanted, although it 
may occasionally be convenient toemploy them. For we shall soon introduce [in 187] the conception, 
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It follows that NKq = Nq; and that the norm of a quaternion is generally a 
positive scalar: namely, the square of the quotient of the lengths of the two lines 
of which (as vectors) the quaternion ifse/f is the quotient (112). In fact we 
have, by sub-art. 6, and by the definition of a norm, the transformations : 


Ie te Nese ee eee mas eer Ve 
OA 


OB N OR” .0C...0B 910 OBR. 06 op\? 
OA Oko. OB OM. OB  OA5 Ok 


a a 


Ng=N B _PBRP (ne of By. 


iA length of a 


As a limit, we may say that the norm of a null quaternion is sero; or in symbols, 
NG = 0: 

(12.) With this notation, the equation of the spheric locus (sub-art. 8), which 
has the point o for its centre, and the vector aa for one of its radii, assumes 
the shorter form : 


Nf =¢@; orN£@1. 
a aa 


SECTION 7. 
On Radial Quotients ; and on the Square of a Quaternion. 


146. It was early seen (comp. Art. 2, and fig. 4) that any two radii, AB, 
Ac, of any one circle, or sphere, are necessarily unequal vectors; because their 
directions differ. On the other hand, when we are attending only to relative 
direction (110), we may suppose that a// the vectors compared are not merely 
co-initial (18), but are also equally long; so that if their common length be taken 
for the unit, they are all radii, oa, oB, .. of what we . 
have called the Unit-Sphere (128), described round oe - 
the origin as centre; and may all be said to be Unit- 
Vectors (129). And then the quaternion, which is oh ; 
the quotient of any one such vector divided by any ° 
other, or generally the quotient of any two equally long 
vectors, may be called a Radial Quotient; or sometimes simply a Raptat. 
(Compare the annexed figure 39.) 


Fig. 39. 


and the characteristic, of the Tensor, Tg, of a quaternion, which is of greater geometrical utility than 
the Norm, but of which it will be proved that this norm is simply the square, 
qkq = Ng = (Tg)’. 
Compare the Note to sub-art. 3, 
$2 
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147. The two Unit-Scalars, namely, Positive and Negative Unity, may be 
considered as limiting cases of radial quotients, corresponding to the two extreme 
values, 0 and wr, of the angle aos, or 2qg(131). In the inter- . 


e e T es 
mediate case, when AoB is a right angle, or Lq = 5 2s in 


fi. 40, the resulting quotient, or quaternion, may be called + 
(comp. 132) a Right Radial Quotient; or simply, a Rieut 
RapraL. The consideration of such right radials will be o— ik 
found to be of great importance, in the whole theory and Fig. 40. 
practice of Quaternions. 

148. The most important general property of the quotients last mentioned 
is the following: that the Square of every Right Radial ts equal to Negative 
Unity; it being understood that we write generally, as in algebra, 


G-9=9=9; 


and call this product of two equal quaternions the square of each of them. 


B B 
(ax Lo 
A : N 0 


Xx O 
Fig. 41. Fig. 41, dis. 


A 


For if, as in fig. 41, we describe a semicircle aBa’, with o for centre, and with 
oB for the bisecting radius, then the two right quotients, oB : oA, and 0A’: oB, 
are equal (comp. 117); and therefore their common square is (comp. 107) the 
product, 


OB\* “04 08° OA 1 
OB OF OX : 


where 0A and oB may represent any two equally long, but mutually rectangular 
lines. More generally, the Square of every Right Quotient (132) is equal to a 
Negative Scalar; namely, to the negative of the square of the number, which 
represents the ratio of the lengths* of the two rectangular lines compared; or 
to zero minus the square of the number which denotes (comp. 133) the length of 
the Index of that Right Quotient : as appears from fig. 41, dis, in which op is 


Tv 


* Hence, by 145 (11.), g@=— Ng, ifLq= 3 
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only an ordinate, and not (as before) a radius, of the semicircle ana’; for we 


have thus, 
(° 2 oa’ [length of o8\ ree se 
oa/ oa \length of oa/’ 


149. Thus every Right Radial is, in the ‘present System, one of the Square 
Roots of Negative Unity ; and may therefore be said to be one of the Values of 
the Symbol ,/-1; which celebrated symbol has thus a certain degree of 
vagueness, or at least of indetermination, of meaning in this theory, on account 
of which we shall not often employ it. For although it thus admits of a 
perfectly clear and geometrically real Interpretation, as denoting what has been 
above called a Right Radial Quotient, yet the Plane of that Quotient ts arbitrary; 
and therefore the symbol itself must be considered to have (in the present 
system) indefinitely many values; or in other words the Equation, q* = - 1, 
has (in the Calculus of Quaternions) indefinitely many Roots,* which are all 
Geometrical Reals: besides any other roots, of a purely symbolical character, 
which the same equation may be conceived to possess, and which may be 
called Geometrical Imaginaries.t Conversely, if g be any real quaternion, 
which satisfies the equation q?=—1, ¢¢ must be a right radial; for if, as in 
fig. 42, we suppose that A Aop « Boc, we shall have 


: =) oc OB oc 
q = ——. =—,———_ = toes 
OA 


C 


and this square of g cannot become equal to negative unity, 
except by oc being = — oA, or = oa’ in fig. 41; that is, by 
the line og being at right angles to the line oa, and being 
at the same time equally long, as in fig. 40. 

(1.) If then we meet the equation, 


2 A 
fe ese: |i Fig. 42. 
a 


where a = 0, and p = oP, as before, we shall know that the Jocus of the point 


* It will be subsequently shown [in 222], that if z, y, 2 be any three scalars, of which the sum of 
the squares is unity, so that 
P+y+P=1; 
and if i, 7, k be any three right radials, in three mutually rectangular planes ; then the expression, 
q=iatJy + kz, 
denotes another right radial, which satisfies (as such, and by symbolical Jaws to be assigned) the 
equation g* =—1; and is therefore one of the geometrically real values of the symbol V — 1. 
+ Such imaginaries will be found to offer themselves, in the treatment by Quaternions (or rather 
by what will be called Biguaternions), of ideal intersections, and of ideal contacts, in geometry [see 214]; 


but we confine our attention, for the present, to geometrical reals alone, Compare the Notes to pages 
87 and 88, 
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P is the circumference of a circle, with o for its centre, and with a radius which 
has the same length as the line oa; while the plane of the circle is perpendicular 
to that given line. In other words, the locus of P is a great circle, on a sphere 
of which the centre is the origin; and the given point a, on the same 
spheric surface, is one of the poles of that circle. 

(2.) In general, the equation g?=- a’, where a is any (real) scalar, requires 
that the quaternion g (if real) should be some right quotient (132); the 
number a denoting the length of the index (188), of that right quotient or 
quaternion (comp. Art. 148, and fig. 41, dis). But the plane of q is still 
entirely arbitrary; and therefore the equation 

Co; 
like the equation q’ = —- 1, which it includes, must be considered to have (in 
the present system) indefinitely many geometrically real roots. 

(3.) Hence the equation, 

BNE es 
ifn 


in which we may suppose that a>0, expresses that the Jocus of the point P is a 
(new) circular circumference, with the line oa for its awvis,* and with a radius of 
which the dength = a x the length of oa. 

150. It may be added that the index (183), and the avis (128), of a right 
radial (147), are the same; and that its reciprocal (134), its conjugate (137), 
and its opposite (143), are all equal to each other. Conversely, if the reciprocal 
of a given quaternion q be equal to the opposite of that quaternion, then ¢ is a 
right radial; because its square, gq’, is then equal (comp. 136) to the quaternion 
itself, divided by its opposite; and therefore (by 148) to negative unity. But 
the conjugate of every radial quotient is equal to the reciprocal of that quotient ; 
because if, in fig. 86 [p. 115], we conceive that the three lines 0A, OB, OB’ 
are equally long, or if, in fig. 89, we prolong the are BA, by an equal are AB’, we 
have the equation, 


And conversely,t 
if Kg = or 1f go's I, 


then the quaternion q is a radial quotient. 


* It being understood, that the axis of a circle is a right line perpendicular to the plane of that 
circle, and passing through its centre. 

t+ Hence, in the notation of norms (145, (11.)), if N¢=1, then g is a radial; and conversely, the 
norm of a radial quotient, is always equal to positive unity. 
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SECTION 8. 


On the Wersor of a Quaternion, or ofa Vector; and on 
some General Formule of Transformation. 


151. When a quaternion g= 3: a is thus a radial quotient (146), or when 
the lengths of the two lines a and 3 are equal, the effect of this quaternion g, 
considered as a Facror (103), in the equation ga = /3, is simply the turning of 
the multiplicand-line a, in the plane of ¢ (119), and towards the hand determined 
by the direction of the positive axis Ax .q (129), through the angle denoted by 
Zq (180); so as to bring that line a (or a revolving line which had coincided 
therewith) into a new direction: namely, into that of the product-line 5. And 
with reference to this conceived operation of turning, we shall now say that 
every Radial Quotient is a Vursor. 

152. A Versor has thus, in general, a plane, an axis, and an angle; 
namely, those of the Radial (146) to which it corresponds, or is equal: the only 
difference between them being a difference in the points of view* from which 
they are respectively regarded; namely, the radial as the quotient, g, in the 
formula, g=(3:a; and the versor as the (equal) factor, g, in the converse 
formula, [3 =q.a; where it is still supposed that the two vectors, a and [3, 
are equally long. 

153. A versor, like a radial (147), cannot degenerate into a scalar, except 
by its angle acquiring one or other of the two Jdimit-values, 0 and w. In the 
first case, it becomes positive unity; and in the second case, it becomes negative 
unity : each of these two wnit-scalars (147) being here regarded as a factor (or 
coefficient, comp. 12), which operates on a line, to preserve or to reverse its 
direction. In this view, we may say that —1 is an Junversor; and that every 
7 
, 
inverts the dine on which it operates, or turns it through half of two right angles 


Right Versor (or versor with an angle== } is a Semi-inversor :* because it half 


* Ina slightly metaphysical mode of expression it may be said, that the radial quotient is the 
result of an analysis, wherein two radii of one sphere (or circle) are compared, as regards their relative 
direction ; and that the equal versor is the instrument of a corresponding synthesis, wherein one radius 
is conceived to be generated, by a certain rotation, from the other. 

t+ This word, ‘‘semi-inversor,’’ will not be often used; but the introduction of it here, in passing, 
seems adapted to throw light on the view taken, in the present work, of the symbol ¥— 1, when 
regarded as denoting a certain important class (149) of Reals in Geometry. There are uses of that 
symbol, to denote Geometrical Imaginaries (comp. again Art. 149, and the Notes to pages 87 and 88), 
considered as connected with ideal intersections, and with ideal contacts; but with such uses of V—1 
we have, at present, nothing to do. 
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(comp. fig. 41). For the same reason, we are led to consider every right versor 
(like every right radial, 149, from which indeed we have just seen, in 152, 
that it differs only as factor differs from quotient), as being one of the square 
roots of negative unity: or as one of the values of the symbol ,/ — 1. 

154. In fact we may observe that the effect of a right versor, considered 
as operating on a line (in its own plane), is fo turn that line, towards a given 
hand, through a right angle. If then g be such a versor, and if ga = 3, we shall 
have also (comp. fig. 41), ¢3 =—- a; so that, if a be any line in the plane of a 
right versor g, we have the equation, 


q-qa=~-a; 
whence it is natural to write, under the same condition, 
2 
Die a 1, 


asin 149. On the other hand, no versor, which is not right-angled, can be a 
value of ,f -13 or can satisfy the equation g’a=-— a, as fig. 42 may serve to 
illustrate. For it is included in the meaning of this last equation, as applied 
to the theory of versors, that a rotation through 22 4q, or through the double of 
the angle of q itself, is equivalent to an inversion of direction; and therefore to 
a rotation through two right angles. 

155. In general, if a be any vector, and if a be used as a temporary* 
symbol for the number expressing its /ength ; so that a is here a positive scalar, 
which bears to positive unity, or to the scalar + 1, the same ratio as that which 
the length of the line a bears to the assumed unit of length (comp. 128); then 
the quotient a: a denotes generally ‘comp. 16) a new vector, which has the 
same direction as the proposed vector a, but has its dength equal to that assumed 
unit: so that 1t is (comp. 146) the Unit- Vector in the direction of a. We shall 
denote this unit-vector by the symbol, Ua; and so shall write, generally, 


Ua =, if a=/length of a; 


that is, more fully, if a be, as above supposed, the nwmber (commensurable or 
incommensurable, but positive) which represents that length, with reference to 
some selected standard. 

156. Suppose now that g = 3: a is (as at first) a general quaternion, or the 
quotient of any two vectors, a and (3, whether equal or unequal in length. Such 
a Quaternion will not (generally) be a Versor (or at least not simply such), 


* We shall soon propose [in 185] a general notation for representing the lengths of vectors, accord- 
ing to which the symbol Ta will denote what has been above called a4; but are unwilling to introduce 
more than one new characteristic of operation, such as K, or T, or U, &ce., at one time. 
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according to the definition lately given ; because its effect, when operating as 
a factor (103) on a, will not in general be simply to turn that line (151): but 
will (generally) alter the length,* as well as the direction. But if we reduce 
the two proposed vectors, a and [3, to the two unit-vectors Ua and UB (155), 
and form the quotient of these, we shall then have taken account of relative 
direction alone: and the result will therefore be a verso, in the sense lately 
defined (151). We propose to call the quotient, or the versor, thus obtained, 
the versor-element, or briefly, the Versor, of the Quaternion gq; and shall find 
it convenient to employ the samet Churacteristic, U, to denote the operation of 
taking the versor of a quaternion, as that employed above to denote the opera- 
tion (155) of reducing a vector to the unit of length, without any change of its 
direction. On this plan, the symbol Ugq will denote the versor of g; and the 
foregoing definitions will enable us to establish the General Formula: 


Cele 


a Ua 
in which the two unit-vectors, Ua and Uj, may be called, by analogy, and for 
other reasons which will afterwards appear, the versorst of the vectors, a and 3. 
157. In thus passing from a given quaternion, g, to its versor, Ug, we have 
only changed (in general) the /engths of the two lines compared, namely, by 
reducing each to the assumed writ of length (155, 156), without making any 
change in their directions. Hence the plane (119), the avis (127, 128), and 
the angle (130), of the quaternion, remain wnaltered in this passage; so that 
we may establish the two following general formule : 


LUG Os Ax Uo = Axo: 


* By what we shall soon call an act of tension, which will lead us to the consideration of the tensor 
of a quaternion. 

ft For the moment, this double use of the characteristic U, to assist in denoting both the unit- 
vector Ua derived from a given line a, and also the versor Ug derived from a quaternion g, may be 
regarded as established here by arbitrary definition ; but as permitted, because the difference of the 
symbols, as here a and g, which serve for the present to denote vectors and guaternions, considered as 
the subjects of these two operations U, will prevent such double ase of that characteristic from giving 
rise to any confusion. But we shall further find that several important analogies are by anticipation 
expressed, or at least suggested, when the proposed notationis employed. Thus it will be found (comp. 
the Note to page 121), that every rector a may usefully be equated to that right quotient, of which it 
is (183) the index; and that then the wnit-vector Ua may be, on the same plan, equated to that right 
radial (147), which is (in the sense lately defined) the versor of that right quotient. We shallalso find 
ourselves led to regard every unit-vector as the axis of a guadrantal (or right) rotation, in a plane 
perpendicular to that axis; which will supply another inducement, to speak of every such vector as a 
versor. On the whole, it appears that there will be no inconvenience, but rather a prospective 
advantage, in our already reading the symbol Ua as ‘‘ versor of a’’; just as we may read the analogous 
symbol Ug, as ‘‘ versor of g.’? [Compare 286 and 290.] 

¢ Compare the Note immediately preceding. 
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More generally we may write, 
Lf=Lq, and Ax.d=Ax.gq, if Ud = Uq; 


the versor of a quaternion depending solely on, but conversely being sufficient to 
determine, the relative direction (156) of the two lines, of which (as vectors) the 
quaternion itself is the quotient (112); or the axis and angle of the rotation, 
in the plane of those two lines, from the divisor to the dividend (128): so 
that any two quaternions, which have egua/ versors, must also have equal angles, 
and equal (or coincident) aves, as is expressed by the last written formula. 
Conversely, from this dependence of the versor Ug on relative direction* alone, 
it follows that any two quaternions, of which the angles and the axes are 
equal, have also equal versors ; or in symbols, that 


Uy UG mi fo 70, andes 9 = Ax, 


ior example, we saw (in 138) that the conjugate and the reciprocal of any 
quaternion have thus their angles and their aves the same; it follows, there- 
fore, that the versor of the conjugate is always equal to the versor of the recipro- 
cal; so that we are permitted to establish tie following general formula,t 


158, Again, because : 


it follows that the versor of the reciprocal of any quaternion is, at the same 
time, the reciprocal of the versor; so that we may write, 


Hence, by the recent result (157), we have also, generally, 


UKg = 35 or, Ug. UKg= L 


* The wnit-vector Ua, which we have recently proposed (156) to call the versor of the vector a, 
depends in like manner on the direction of that vector alone; which exclusive reference, in each of these 
two cases, to Drrecrion, may serve as an additional motive for employing, as we have lately done, 
one common name, VERSOR, and one common characteristic, U, to assist in describing or denoting both 
the Unit- Vector Ua itself, and the Quotient of two such Unit-Vectors, Ug = UB: Ua; all danger of 
confusion being sufficiently guarded against (comp. the Note to Art. 156), by the difference of the two 
symbols, aand g, employed to denote the vector and the quaternion, which are respectively the subjects 
of the two operations U; while those two operations agree in this essential point, that each serves to 
eliminate the quantitative element, of absolute or relative length. 

t+ Compare the Note to Art. 138. 


Arts. 157-159.] EQUAL AND RECIPROCAL VERSORS, REVERSORS. 139 


Also, because the versor Ug is always a radial quotient (151, 152), it is (by 
150) the conjugate of its own reciprocal; and therefore, at the same time (comp. 
145), the reciprocal of its own conjugate; so that the product of two conjugate 
versors, or what we have called (145, (11.) ) their common Norm, is always 
equal to positive unity; or in symbols (comp. 150), 


NUg= U9, KUo A, 


For the same reason, the conjugate of the versor of any quaternion is equal to 
the reciprocal of that versor, or (by what has just been seen) to the versor of the 
reciprocal of that quaternion ; and therefore also (by 157), to the versor of the 
conjugate; so that we may write generally, as a summary of recent results, 


the formula: 


KUy = G = U2= UKs; 


each of these four symbols denoting a new versor, which has the same plane, 
and the same angle, as the old or given versor Ug, but has an opposite avis, or 
an opposite direction of rotation: so that, with respect to that given Versor, it 
may naturally be called a Reversor. 

159. As regards the versor itse/f, whether of a vector or of a quaternion, 
the definition (155) of Ua gives, 


Ura=+ Ua, or =-Ua, according as #>or<0; 


because (by 15) the scalar coefficient x preserves, in the first case, but reverses, 
in the second case, the direction of the vector a; whence also, by the definition 
(156) of Ug, we have generally (comp. 126, 143), 


Urqg=+U¢q, or =-—Ugq, accordingas z>or<0. 


The versor of a scalar, regarded as the limit of a quaternion (131, 139), is equal 
to positive or negative unity (comp. 147, 153), according as the scalar itself is 
positive or negative; or in symbols, 


Ur=+1, or =-1, accordingas #>or<0; 


the plane and axis of each of these two wnit scalars (147), considered as ver'sors 
(153), being (as we have already seen) indeterminate. The versor of a null 
quaternion (141) must be regarded as wholly arbitrary, unless we happen to 
know a /aw,* according to which the quaternion tends to sero, before actually 
reaching that limit ; in which latter case, the plane, the avis, and the angle of 


* Compare the Note to Art. 131. 
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the versor* U0 may all become determined, as limits deduced from that law. 
Lhe versor of a right quotient (132), or of a right-angled quaternion (141), is 
always a right radial (147), or a right versor (153); and therefore is, as such, 
one of the square roots of negative unity (149), or one of the values of the symbol 
/ —1; while (by 150) the avis and the index of such a versor coincide; and 
in like manner its reciprocal, its conjugate, and its opposite are all equal to each 
other. 

160. It is evident that if a proposed quaternion gq be already a versor (151), 
in the sense of being a radial (146), the operation of taking its versor (156) 
produces no change; and in like manner that, if a given vector a be already an 
unit-vector, it remains the same vector, when it is divided (155) by its own 
length; that is, in this case, by the number one. For example, we have 
assumed (128, 129), that the axis of every quaternion is an wnit-vector; we 
may therefore write, generally, in the notation of 155, the equation, 

Ula oo) = Axa. 
A. second operation U leaves thus the result of the first operation U unchanged, 
whether the subject of such successive operations be a line, or a quaternion; we 
have therefore the two following general formule, differing only in the 
symbols of that subject : 
UUa = Ua; UU¢ = Ug; 

whence, by abstracting (comp. 145) from the subject of the operation, we may 


write, briefly and symbolically, 
We = U. 
161. Hence, with the help of 145, 158, 159, we easily deduce the follow- 
ing (among other) transformations of the versor a a quaternion : 


1 ee -KU- Ee UK) 


U : KUg UKy Ug 
Ne UK 0 SUR Kk = ee 
Kg q q Ug 
Ug¢ = Ug, if «> 0; =— Uzag, if «< 0. 
We may also write, generally, 
= ge = Co"= Ue) = UF 


* When the zero in this symbol, U0, is considered as denoting a nll vector (2), the symbol itself 
denotes generally, by the foregoing principles, an indeterminate unit-vector ; although the direction of 
this unit-vector may, in certain questions, become determined, as a /imit resulting from a law. 
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the parentheses being here unnecessary, because (as will soon be more fully 
seen) the symbol Ug? denotes one common versor, whether we interpret it as 
denoting the square of the versor, or as the versor of the square, of g. The 
present Calculus will be found to abound in General Transformations of this 
sort; which all (or nearly all), like the foregoing, depend ultimately on very 
simple geometrical conceptions; but which, notwithstanding (or rather, perhaps, 
on account of) this extreme simplicity of their origin, are often useful, as 
elements of a new kind of Symbolical Language in Geometry: and generally, as 
instruments of expression, in all those mathematical or physical researches to 
which the Calculus of Quaternions can be applied. It is, however, by no 
means necessary that a student of the subject, at the present stage, should 
make himself familiar with all the recent transformations of Ug; although it 
may be well that he should satisfy himself of their correctness, in doing which 
the following remarks will perhaps be found to assist. 

(1.) To give a geometrical illustration, which may also serve as a proof, of 
the recent equation, 

q: Kg = (Uq)’, 
we may employ fig. 36, b’s [p. 128]; in which, by 145, (2.), we have 
i> On. “0a OB. com oB\* : 
ane See B= (2) = (US) ~ Uyy. 

(2.) As regards the equation, U(q’) = (Uq)’, we have only to conceive that 
the three lines 04, on, oc, of fig. 42, are cut (as in fig. 42, bis) ¢ 
in three new points, a’, B’, c’, by an unit-circle (or by a circle 
with a radius equal to the unit of length), which is described 
about their common origin o as centre, and in their common 
plane; for then if these three lines be called a, 9, y, the three | 
new lines 0a’, op’, oc’ are (by 155) the three unit-vectors de- B 
noted by the symbols, Ua, US, Uy; and we have the trans- ( 
formations (comp. 148, 149), 

Uy) =U. (e)- ul... (=)- (Ug)’. Peas 
a 


Ge Ula. Ok rey Fig. 42, dis. 


a 


B 


(3.) As regards other recent transformations (161), although we have seen 
(135) that it is no¢ necessary to invent any new or peculiar symbol, to represent 
the reciprocal of a quaternion, yet if, for the sake of present convenience, and 
as a merely éemporary notation, we write 


1 
R vous 
: q 


employing thus, for a moment, the letter R as a characteristic of reciprocation, 
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or of the operation of taking the reciprocal, we shall then have the symbolical 
equations (comp. 145, 158) : 
i oe ee 
but we have also (by 160), U? = U; whence it easily follows that 
UU RU Bie hk hr en ho 
= URK = UKR = UKUR = UKRU = (UK) = &e. 
(4.) The equation 
ve-u8, orcmply,. Us = Up, 


expresses that the locus of the point P is the indefinite right line, or ray (comp. 
132, (4.)), which is drawn from o in the direction of oB, but not in the opposite 
direction ; because it 1s equivalent to 


oe or pe =: OF “9 = 25, 2>.U, 
6B B Pp 
(5.) On the other hand the equation, 


ue--ve, or Up=- Up, 


expresses (comp. 132, (5.)) that the locus of p is the opposite ray from 0; or 
that it is the ¢ndefinite prolongation of the revector Bo; because it may be trans- 
formed to 


= 1 or yas. or p= 2p, 2 < 0. 


p 
(6.) If a, 8, y denote (as in sub-art. 2) the three lines oa, ox, oc of fig. 


42 (or of fig. 42, bis), so that (by 149) we have the equation = (F) , then 
_a a 
this other equation, 
2 
(u e) ae pols 
a a’ 


expresses generally that the /ocus of p is the system of the two last loci; or 
that it is the whole indefinite right line, both ways prolonged, through the two 
points o and B (comp. 144, (2.)). 

(7.) But if it happen that the line y, or oc, like oa’ in fig. 41 (or in fig. 
41, bis), has the direction opposite to that of a, or of oA, so that the tne 
equation takes the particular form, 


(oe 
a 


es 
re?) n-) 
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then U ® must be (by 154) a right versor; and reciprocally, every right versor, 
a 


with a plane containing a, will be (by 153) a value satisfying the equation. 
In this case, therefore, the Jocus of the point P is (as in 182, (1.), or in 144, 
(1.)) the plane through 0, perpendicular to the line oa; and the recent equation 
itself, if supposed to be satisfied by a real* vector p, may be put under either 
of these two earlier but equivalent forms: 


T 
ce = 3? pLa. 


SECTION 9. 


@n Wector-Ares, and Vector-Angles, considered as Representatives 
of Wersors of Quaternions; and on the Multiplication and 
Division of amy one such Wersor by another. 


162. Since every wnit-vector oa (129), drawn from the origin o, terminates 
in some point a on the surface of what we have called the wnit-sphere (128), 
that term a (1) may be considered as a Representative Point, of which the 
position on that surface determines, and may be said to represent, the direction 
of the line oa in space; or of that line multiplied (12,17) by any positive scalar. 
And then the Quaternion which is the quotient (112) of any two such unit- 
vectors, and which is in one view a Jtadial (146), and in another view a 
Versor (151), may be said to have the are of a great circle, AB, upon the unit 
sphere, which connects the terms of the two vectors, for its Representative Are. 
We may also eall this arc a Vecror Arc, on account of its having a definite 
direction (comp. Art. 1), such as is indicated (for example) by a curved arrow 
in fig. 89 [p. 131]; and as being thus contrasted with its own opposite, or with 
what may be called by analogy the Mevector Are BA (comp. again 1): this 
latter arc representing, on the present plan, at once the reciprocal (1384), and 
the conjugate (137), of the former versor; because it represents the corre- 
sponding Leversor (158). 

163. ‘This mode of representation, of versors of quaternions by vector arcs, 
would obviously be very imperfect, unless equals were to be represented by 
equals. We shall therefore define, as it is otherwise natural to do, that a vector 
arc, AB, upon the unit sphere, is equal to every other vector are cp which can be 


* Compare 149, (2.); also the second Note to the same Article; and the Notes to pages 87 and 88. 
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derived from it, by simply causing (or conceiving) it to s/ide* in its own great 
circle, without any change of length, or reversal of direction. In fact, the two 
isosceles and plane triangles aos, cop, which have the origin o for their 
common vector, and rest upon the chords of these two arcs as bases, are thus 
complanar, similar, and similarly turned ; so that (by 117, 118) we may here 
write, OB OD 


AAOB oc CcOD, — =— 
OA.c20C 


the condition of the equality of the quotients (that is, here, of the versors), 
represented by the two arcs, being thus satisfied. We shall 


D 
sometimes denote this sort of equality of two vector arcs, AB 7 
and cp, by the formula, : : 
AAB=aCD; / ve 
and then it is clear (comp. 125, and the earlier Art. 3) that ee 


alternation, these two other formule of arcual equality, 


ABA =nDC; MAC = (a BD: 


(Compare the annexed figure 35, dis.) 
164. Conversely, unequal versors ought to be represented (on the present 

plan) by wnequal vector arcs; and accordingly, we purpose to regard any two 

such ares, as being, for the present purpose, wnegual (comp. 2), even when they 

agree in quantity, or contain the same number of degrees, provided that they 

differ in direction: which may happen in either of two principal ways, as 

follows. For, Ist, they may be opposite arcs of one great circle; as, for 

example, a vector arc AB, and the corresponding revector arc BA; and so may 

represent (162) a versor, 0B: oA, and the corre- C 

sponding reversor, OA : OB, respectively. Or, IInd, 

the two arcs may belong to different great circles, like 

AB and sc in fig. 43; in which latter case, they A > 


B 

represent two radial quotients (146) in different 

planes ; or (comp. 119) two diplanar versors, OB: OA, 

and oc: 0B; but it has been shown generally (122), c 
Fig. 43. 


that diplanar quaternions are always unequal: we 
consider therefore, here again the arcs, AB and Bc, themselves, to be (as has 
been said) wnequal vectors. 


* Some aid to the conception may here be derived from the inspection of fig. 34[p. 113]; in which 
two equal angles are supposed to be traced on the surface of one common desk. Or the four lines 0a, 
OB, 0C, OD, of fig. 35, may now be conceived to be egually long ; or to be cut by acircle with o for 
centre as in the modification of that figure, which is given in Article 163, a little lower down. 
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165. In this manner, then, we may be led (comp. 122) to regard the 
conception of a plane, or of the position of a great circle on the unit sphere, as 
entering, essentially, in general,* into the conception of a vector-are, considered 
as the representative of a versor (162). But even without expressly referring to 
ver'sors, we may see that if, in fig. 43, we suppose that B is the middle point 
of an are Aa’ of a great circle, so that in a recent notation (163) we may 
establish the arcual equation, 

AAB=ABA, 
we ought then (comp. 105) not to write also, 
AAB=ABC} 


because the two co-initial arcs, BA’ and Bc, which terminate differently, must be 
considered (comp. 2) to be, as vector-ares, unequal. On the other hand, if we 
should refuse to admit (as in 163) that any two complanar ares, if equally long, 
and similarly (not oppositely) directed, like AB and cp in the recent fig. 35, bis, 
are equal vectors, we could not usefully speak of equality between vector-aics as 
existing under any circumstances. We are then thus led again to include, 
generally, the conception of a plane, or of one great circle as distingwished from 
another, as an element in the conception of a Vector-Arc. And hence an 
equation between two such arcs must in general be conceived to include two 
relations of co-arcuality. For example, the equation » aB = 1 cn, of Art. 163, 
includes generally, as a part of its signification, the assertion (comp. 123) that 
the four points a, B, Cc, D belong to one common great circle of the unit-sphere ; 
or that each of the two points, c and D, is co-arcual with the two other points, 
A and B. 

166. There is, however, a remarkable case of exception, in which two vector 
arcs may be said to be equal, although situated in different planes: namely, 
when they are both great semicircles. In fact, upon the present plan, every 
great semicircle, aa’, considered as a vector arc, represents an inversor (158) 
or it represents negative unity (oA: 0A = —a:a=-—1), considered as one Limit 
of a versor; but we have seen (159) that such a versor has in general an inde- 
terminate plane. Accordingly, whereas the ¢nitial and final points, or (comp. 1) 
the origin a and the term x, of a vector arc AB, are in general sufficient to 
determine the plane of that arc, considered as the shortest or the most direct 
path (comp. 112, 128) from the one point to the other on the sphere; in the 
particular case when one of the two given points is diametrically opposite to 


* We say, in general; for it will soon be seen that there is a sense in which all great semicireles, 
considered as vector arcs, may be said to be equal to each other. 
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the other, as a’ to A, the direction of this path becomes, on the contrary, ‘nde- 
terminate. If then we only attend to the effect produced, in the way of change 
of position of a point, by a conceived vection (or motion) upon the sphere, we are 
permitted to say that all great semicircles are equal vector arcs; each serving 
simply, in the present view, to ¢ransport a point from one position to the 
opposite; and thereby to reverse (like the factor - 1, of which it is here the 
representative) the direction of the radius which is drawn to that point of the 
unit sphere. ? 
(1.) The equation, AAA So BE 


in which it is here supposed that a’ is opposite to a, and x’ to B, satisfies 
evidently the general conditions of co-arcuality (165); because the four points 
Aka’B’ are all on one great circle. It is evident that the same arcual equation 
admits (as in 163) of tnversion and alternation ; so that 

nAA=nBB, and nAB=nA’B’ 

(2.) We may also say (comp. 2) that all null ares are equal, as producing 
no effect on the position of a point upon the sphere; and thus may write 
generally, 

AA = Be =O, 
with the alternate equation, or identity, . AB = 1 AB. 

(3.) Every such null vector arc Aa is a representative, on the present plan, 
of the other unit scalar, namely positive unity, considered as another limit of a 
versor (158); and its plane is again indeterminate (159), unless some daw be 
given, according to which the arcual vection may be conceived to begin, from a 
given point a, to an indefinitely nea point B upon the sphere. 

167. The principal use of Vector Arcs, in the present theory, is to assist 
in representing, and (so to speak) in constructing, by means of a Spherical 
Triangle, the Multiplication and Division of any two Diplanar Versovs (comp. 
119, 164). In fact, any two such versors of quaternions (156), considered as 
radial quotients (152), can easily be reduced (by the general process of Art. 
120) to the forms, 


G= 1) sa = OB: 04, gf = 7:8 = 0c: oB, 
where A, B, c are corners of such a triangle on the unit sphere; and then (by 
107), the former quotient multiplied by the latter will give for product : 
Q.G=yia=00: 0A. 
If then (on the plan of Art. 1) any two successive arcs, as AB and Bc in fig. 43, 
be called (in relation to each other) rector and provector ; while that third are 
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Ac, which is drawn from the initial point of the first to the final point of the 
second, shall be called (on the same plan) the transvector: we may now say 
that in the multiplication of any one versor (of a quaternion) by any other, if 
the multiplicand* q be represented (162) by a vector-are AB, and if the multiplier 
7 be in like manner represented by a provector-are Bc, which mode of repre- 
sentation is always possible, by what has been already shown, then the product 
q- 4, or ¥q, ts represented, at the same time, by the transvector-arc ac corre- 
sponding. 

_ 168. One of the most remarkable consequences of this construction of the 
multiplication of versors is the following: that the value of the product of two 
diplanar versors (164) depends upon the order of the factors ; or that q’¢ and qq 
are unequal, unless q’ be complanar (119) with g. For let aa’ and cc’ be any 
two arcs of great circles, in different planes, bisecting each other in the point 3, 


as fig. 43 is designed to suggest; so that we have the two arcual equations 
(163), 
AAB=OBA, and 1 BC=A CB; 


then one or other of the two following alternatives will hold good. Hither, 
Ist, the two mutually bisecting ares will both be semicircles, in which case the 
two new arcs, AC and c’a’, will indeed both belong to one great circle, namely 
to that of which B is a pole, but will have opposite directions therein ; because, 
in this case, 4’ and c’ will be diametrically opposite to a and c, and therefore 
(by 166, (1.) ) the equation 


nacana’c, 
but not the equation 
AAC OR: 


will be satisfied. Or, IInd, the ares aa’ and cc’, which are supposed to bisect 
each other in B, will not both be semicircles, even if one of them happen to be 
such ; and in this case, the ares ac, c’a’ will belong to two distinct great circles, 
so that they will be diplanar, and therefore wnequal, when considered as 
vectors. (Compare the Ist and IInd cases of Art. 164.) In each case, therefore, 
ac and c’a’ are unequal vector arcs; but the former has been seen (167) to 
represent the product q’¢; and the /atter represents, in like manner, the other 
product, gq’, of the same two versors taken in the opposite order, because it is 
the new transvector arc, when c's (= BC) is treated as the new vector arc, and 
BA’ (= B) as the new provector arc, as is indicated by the curved arrows in 


* Here, as in 107, and elsewhere, we write the symbol of the multiplier towards the left-hand, and 
that of the muiltiplicand towards the right. 
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fiz. 48. The two products, qq and qq, are therefore themselves unequal, as 
above asserted, under the supposed condition of diplanarity. 

169. On the other hand, when the two factors, g and q’, are complanar 
versors, it is easy to prove, in several different ways, that their products, q’¢ 
and qq’, are equal, as in algebra. ‘Thus we may conceive that the are cc’, in 
fig. 43, is made to ¢urn round its middle point 8, until the spherical angle cBa’ 
vanishes; and then the two new transvector-arcs, Ac and c’a’, will evidently 
become not only complanar but equal, in the sense of Art. 163, as being séi// 
equally long, and being now similarly directed. Or, in fig. 35, bis, of the last 
cited Article, we may conceive a point &, bisecting the are Bc, and therefore 
also the are ap, which is commedial therewith (comp. Art. 2, and the second 
figure 3 of that Article) ; and then, if we represent the one versor q by either 
of the two equal arcs, az, ED, we may at the same time represent the other 
versor ¢ by either of the two other equal arcs, Ec, BE; so that the one product, 
qq, will be represented by the arc ac, and the other product, gq’, by the equal 
arc BD. Or, without reference to vector arcs, we may suppose that the two 
Jactors are, 

¢ = w= 0R 204,07. = 42a: = 00 OX, 
OA, OB, OC being any three complanar and equally long right lines (see again 
fig. 35, bis); for thus we have only to determine a fourth line, 6 or op, of the 
same length, and in the same plane, which shall satisfy the equation 
6: y= [:a (117), and therefore also (by 125) the alternate equation, 
6:8 =y:a; and it will then immediately follow* (by 107) that 


We may therefore infer, for any two versors of quaternions, q and q’, the two 
following reciprocal relations: 


I...¢g=a7, if g’|\lq (128) 5 
II...ifg’g=qq’, then g’|||q(168); 
convertibility of factors (as regards their places in the product) being thus at 
once a consequence and a proof of complanarity. 


170. In the Ist case of Art. 168, the fuctors q and q’ are both right versors 
(153) ; and because we have seen that then their two products, q’q and qq’, are 


* It is evident that, in this last process of reasoning, we make mo wse of the supposed equality of 
lengths of the four lines compared; so that we might prove, in exactly the same way, that 


Gq=q7 it” lli¢g (123), without assuming that these two complanar factors, or quaternions, g and 
q', are versors, 
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versors sepresented by equally long but oppositely directed arcs of one great 
circle, as in the Ist case of 164, it follows (comp. 162) that these two products 
are at once reciprocal (134), and conjugate (137), to each other; or that they 
are related as versor and reversor (158). We may therefore write, generally, 
1p as 
Tengo Ke ss an. be egg Re 
if g and q/ be any two right versors; because the multiplication of any two 
such versors, in two opposite orders, may always be represented or constructed 
by a figure such as that lately numbered 48, in which the bisecting arcs aa’ 
and cc’ are semicircles. The IInd formula may also be thus written (comp. 
135, 154) : 
III... if @={—1, and ¢?=-— 1, then ¢¢.¢¢q =+1; 
and under this form it evidently agrees with ordinary algebra, because it 
expresses that, under the supposed conditions, 
Yq. 97 =F 73 
but it will be found that this last equation is not an identity in the general 
theory of guaternions. 

171. If the two bisecting semicircles cross each other at right angles, the 
conjugate products are represented by two quadrants, oppositely turned, of one 
great circle. It follows that if two right versors, in two mutually rectangular 
planes, be multiplied together in two opposite orders, the two resulting products 
will be two opposite right versors, in a third plane, rectangular to the two former ; 
or in symbols, that 

los Lig ad, and Axsg LoAx a; 
then NGO) co MGIY ela ae 
and Ax rg gle Aso, Boer 6 el ey 4 
In this case, therefore, we have what would be in algebra a paradox, namely 
the equation, 
('9)? =- 9 9, 
if g and q’ be any two right versors, in two rectangular planes ; but we see that 
this result is not more paradoxical, in appearance, than the equation 
79 =- 99; 
which exists, wnder the same conditions. And when we come to examine what, 


in the last analysis, may be said to be the meaning of this last equation, we 
find it to be simply this: that any two quadrantal or right rotations, in planes 
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perpendicular to each other, compound themselves into a third right rotation, as 
their resultant, in a plane perpendicular to each of them: and that this third or 
resultant rotation has one or other of two opposite directions, according to the 
order in which the two component rotations are taken, so that one shall be 
successive to the other. 

172. We propose to return, in the next section, to the consideration of 
such a System of Right Versors as that which we have here briefly touched 
upon: but desire at present to remark (comp. 167) that a spherical triangle 
ABC may serve to construct, by means of representative arcs (162), not only the 
multiplication, but also the division, of any one of two diplanar versors (or 
radial quotients) by the other. In fact, we have only to conceive (comp. 
fig. 43) that the vector arc aB represents a given divisor, say g, or B:a, and 
that the transvector arc ac (167) represents a given dividend, suppose ”, or 
y:a; for then the provector are Bc (comp. again 167) will represent, on the 
same plan, the quotient of these two versors, namely g’”’: g, or y: [3 (106), or the 
versor lately called q’; since we have generally, by 106, 107, 120, for 
quaternions, as in algebra, the two identities: 


(7:9) -9=9"5 Wgig=7. 

173. It is however to be observed that, for reasons already assigned, we 
must not employ, for diplanar versors, such an equation as g. (qq) = 9"; 
because we have found (168) that, for swch versors, the ordinary algebraic 
identity, a7 = 7q, ceases to be true. In fact by 169, we may now establish 
the two converse formule : 


Doo OG SG yell Gg ied) 
Tea gg Gor. nem G19: 


Accordingly, in fig. 438, if g, q’, ” be still represented by the arcs B, Bc, 
ac, the product g (q: ¢), or gq’, is not represented by ac, but by the different 
are CA’ (168), which as a vector arc has been seen to be unequal thereto: 
although it is true that these two last arcs, ac and c’a’, are always equally 
long, and therefore subtend equal angles at the centre o of the unit sphere; so 
that we may write, generally, for any two versors (or indeed for any two 
quaternions),* g and g”, the formula, 


Lq (sg) =ZLq. 


* It will soon be seen [see 191] that several of the formule of the present section, respecting the 
multiplication and division of versors, considered as radial quotients (151), require little or no modi- 
fication, in the passage to the corresponding operations on guaternions, considered as general quotients 
of vectors (112). 
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174. Another mode of Representation of Versors, or rather two such new 
modes, although intimately connected with each other, may be briefly noticed 
here. 

Ist. We may consider the angle aon, at the centre o of the unit-sphere, when 
conceived to have not only a definite quantity, but also a determined plane (110), 
and a given direction therein (as indicated by one of the curved arrows in 
fig. 89 [p. 181], or by the arrow in fig. 33[p. 111]), as being what may be called 
by analogy a Vector-Angle; and may say that it represents, or that it is the 
Representative Angle of, the Versor oB : 0A, where oA, oB are radii of the unit- 
sphere. 

IInd. Or we may replace this rectilinear angle aos at the centre, by the 
equal Spherical Angle ac’B, at what may be called the Positive 
Pole of the representative arc AB; so that c’a and c’B are quad- 
rants; and the rotation, at this pole c’, from the first of these two 
quadrants to the second (as seen from a point outside the sphere), 
has the direction which has been selected (111, 127) for the 
positive one, as indicated in the annexed figure 44: and then 
we may consider this spherical angle as a new Angular Repre- Fig. 44. 
sentative of the same versor g, or OB: OA, as before. 

175. Conceive now that after employing a first spherical triangle aBc, to 
construct (as in 167) the multiplication of any one given versor q, by any other 
given versor q’, we form a second or polar triangle, of which the corners A’, B’, C’ 
shall be respectively (in the sense just stated) the posi- 
tive poles of the three successive sides, BC, CA, AB, of the 
former triangle; and that then we pass to a third tri- 
angle a’B’c’, as part of the same lune BB” with the 
second, by taking for B” the point diametrically opposite 
to B’; so that B” shall be the negative pole of the are 
ca, or the positive pole of what was lately called (167) 
the transvector-are Ac: also let c” be, in like manner, 
the point opposite to c’ on the unit sphere. Then we 
may not only write (comp. 129), 


Ax.g=o¢, . Ax.¢=0a, Ax.dq = 0B’, 


but shall also have the equations, 


Fig. 46. 


Lg = B’c'A’, Ld c/a’B”, L 19 = 2 o’B’A’: 
these three spherical oes, namely the two base-angles at and a’, and the 
external vertical angle at B”, of the new or third triangle a’p’c’, will therefore 
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represent, respectively, on the plan of 174, II., the multiplicand, q, the multi 
plier, qd, and the product, gg. (Compare the annexed figure 45.) 

176. Without expressly referring to the former triangle anc, we can 
connect this last construction of multiplication of versors (175) with the general 
formula (107), as follows. 

Let a and £ be now conceived to be two unit-tangents* to the sphere at c’, 
perpendicular respectively to the two ares c’B” and 
ca’, and drawn towards the same sides of those ares 
as the points a’ and B’ respectively; and let two 
other unit-tangents, eqaal to these, and denoted by 
the same letters, be drawn (as in the annexed figure 
45, bis) at the points B” and a’, so as to be normal 
there to the same arcs cB” and c’a’, and to fall 
towards the same sides of them as before. Let also 
two other unit-tangents, equal to each other, and 
each denoted by y, be drawn at the two last points ie ale si 
B’ and a’, so as to be both perpendicular to the are 
a’B’, and to fall towards the same side of it as the point c’. Then (comp. 
174, IT.) the two quotients, 3:a and y:/3, will be equal to the two versors, g 
and q’, which were lately represented (in fig. 45) by the two base angles, at c 
and a’, of the spherical triangle a’B’c’; the product, q’q, of these two versors, 
is therefore (by 107) equal to the ¢hird quotient, y:a; and consequently it is 
represented, as before, by the external vertical angle cB’ a’ of the same triangle, 
which is evidently equal in quantity to the angle of this third quotient, and 
has the same axis op”, and the same direction of rotation, as the arrows in fig. 
45, bis, may assist to show. 

177. In each of the two last figures, the internal vertical angle at 8” is thus 
equal to the Supplement, r — 2 7/q, of the angle of the product; and it is im- 
portant to observe that the corresponding rotation at the vertex B”’, from the 
side BA’ to the side Bc’, or (as we may briefly express it) from the point a’ to 
the point c’, is positive; a result which is easily seen to be a general one, by the 
reasoning of the foregoing Article.t We may then infer, generally, that 
when the multiplication of any two versors ts constructed by a spherical triangle, 
of which the two base angles represent (as in the two last Articles) the factors, 


* By an unit tangent is here meant simply an unit line (or unit vector, 129) so drawn as to be 
tangential to the unit-sphere, and to have its origin, or its imitial point (1), on the surface of that 
sphere, and mot (as we have uswally supposed) at the centre thereof. 

t Ifa person be supposed to stand on the sphere at wx’, and to look towards the arc a'c’, it would 
appear to him to have a right-handed direction, which is the one here adopted as positive (127). 
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while the external vertical angle represents the product, then the rotation round 
the axis (oB’) of that product q’q, from the axis (oa’) of the multiplier q’, to the 
axis (oc’) of the multiplicand q, is positive: whence it follows that the rotation 
round the axis Ax.¢ of the multiplier, from the axis Ax. ¢ of the multipli- 
cand, to the axis Ax.9q’¢ of the product, is also positive. Or, to express the 
same thing more fully, since the only rotations hitherto considered have been 
plane ones (as in 128, &c.), we may say that if the two latter aves be projected 
on a plane perpendicular to the former, so as still to have a common origin o, 
then the rotation round Ax. ¢/, from the projection of Ax .q to the projection 
of Ax. ¢q, will be directed (with our conventions) towards the right hand. 

178. We have therefore thus a new mode of geometrically exhibiting the 
inequality of the two products, qq and qq’, of two diplanar versors (168), when 
taken as factors in two different orders. For this purpose, let 


IX. = OP, NX OGe oe. ae ek 


and prolong to some point s the arc pr of a great circle on the unit sphere. 
Then, for the spherical triangle par, by principles lately established, we shall 
have (comp. 175) the following values of the two internal base angles at Pp 
and q, and of the external vertical angle at Rr: 


RPQ=/93° POQR=Z¢ ; SRQ=2993 


and the rotation at a, from the side ap to the side ar will be right-handed. 
Let fall an arcual perpendicular, rt, from the vertex r on S 


the base pa, and prolong this perpendicular to x’, in such a A ft) 


manner as to have 
ART=ATR3 
P q\ T 


also prolong PR’ to some point s’. We shall then have a “\g © Ww _ 
new triangle par’, which will be a sort of reflewion (comp. 
138) of the old one with respect to their common base Pa; 


and this new triangle will serve to construct the new product, Ss oe) 

q7¢. For the rotation at p from Pa to pr’ will be right- Peer 8’ 

handed, as it ought to be; and we shall have the equations, Paes 
apr’ =/ 9; Rop=27;3 QRS = 200’ ; OR = Ax G7 = 


so that the new external and spherical angle, ar’s’, will represent the new versor, 
qq, as the old angle srq represented the old versor, gq, obtained from a different 
order of the factors. And although, no doubt, these two angles, at x and R, 
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are always equal in quantity, so that we may establish (comp. 173) the general 
Sormula, 

LYQ=LY; 
yet as vector angles (174), and therefore as representatives of versors, they must 
be considered to be wnequal: because they have different planes, namely, the 
tangent planes to the sphere at the ¢wo vertices R and Rr’; or the two planes 
respectively parallel to these, which are drawn through the centre o. 

179. Division of Versors (comp. 172) can be constructed by means of Re- 
presentative Angles (174), as well as by representative arcs (162). Thus to 
divide ¢” by q, or rather to represent such division geometrically, on a plan 
entirely similar to that last employed for multiplication, we have only to 
determine the two points P and R, in fig. 46, by the two conditions, 


op = Ax.4q, 0) eee se. en ee 
and then to find a third point e by the two angular equations, 
RPG = £:0, QRP=7-Z2q", 


the rotation round Pp from pr towards Pa being positive; after which we shall 


have, 
Ax. (¢’:¢) = 0a; Pilg 3.0) = BGR, 


(1.) Instead of conceiving, in fig. 46, that the dotted line rrr’, which con- 
nects the vertices of the two triangles, with pa for their common base (178), 
is an are of a great circle, perpendicularly bisected by that base, we may 
imagine it to be an arc of a small circle, described with the point P for its 
positive pole (comp. 174, II.). And then we may say that the passage (comp. 
173) from the versor ¢’, or ¥q, to the unequal versor q (q:q), or qq’, 18 geo- 
metrically performed by a Conical Rotation of the Awis Ax. q’’, round the axis 
Ax.q, through an angle =2 2 q, without any (quantitative) change of the angle 2q; 
so that we have, as before, the general formula (comp. again 173), 


Lq(q:Q9 =29". 


(2.) Or if we prefer to employ the construction of multiplication and 
division by representative arcs, which fig. 43 [p. 144] was designed to illus- 
trate, and conceive that a new point c” is determined in that figure by the 
condition n a’c” = 4 c’a’, we may then say that in the passage from the versor 
¢’, which is represented by ac, to the versor q (q”:q), represented by c’a’ or by 
a’c”, the representative are of q’’ is made to move, without change of length, so as 
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to preserve a constant inclination* to the representative arc aB of q, while its 
initial point describes the double of that are AB, in passing from a to a’. 

(3.) It may be seen, by these few examples, that if, even independently 
of some new characteristics of operation, such as K and U, new combinations of 
old symbols, such as q(q”:q), occur in the present Calculus, which are not 
wanted in algebra, they admit for the most part of geometrical interpretations, 
of an easy and interesting kind; and in fact represent conceptions, which can- 
not well be dispensed with, and which it is useful to be able to express, with 
so much simplicity and conciseness. (Compare the remarks in Art. 161; and 
the sub-articles to 132, 145.) 

180. In connexion with the construction indicated by the two figures 45, 
it may be here remarked, that if anc be any spherical triangle, and if a’, B’, o 
be (as in 175) the positive poles of its three successive sides, BC, CA, AB, then the 
rotation (comp. 177, 179) round a’ from B’ to Cc, or that round B’ from c to a’, 
&e., is positive. The easiest way, perhaps, of seeing the truth of this assertion 
is to conceive that if the rotation round a from B to c be not already positive, 
we make it such, by passing to the diametrically opposite triangle on the sphere, 
which will not change the poles a’, B’, c’. Assuming then that these poles 
are thus the near ones to the corresponding corners of the given triangle, we 
arrive without any difficulty at the conclusion stated above: which has been 
virtually employed in our construction of multiplication (and division) of versors, 
by means of Representative Angles (175, 176); and which may be otherwise 
justified (as before), by the consideration of the wnit-tangents of fig. 45, bis. 

(1.) Let then a, 8, y be any three given unit vectors, such that the rotation 
round the first, from the second to the third, is positive (in the sense of Art. 
177) ; and let a’, [3’, y’ be three other unit vectors, derived from these by the 
equations, 


BI yO) hn AR sy Re) 


then the rotation round a’, from [3’ to y’, will be positive also; and we shall 
have the converse formula, 


pe Ax 00. Bohn Gy) oy Ae ea): 


(2.) If the rotation round a from £ to y were given to be negative, eg Y 
being still deduced from those three vectors by the same three equations as 
before, then the signs of a, 3, y would all require to be changed, in the three 


* Ina manner analogous to the motion of the eguator on the ecliptic, by luni-solar precession, in 
astronomy. 
X 2 
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last (or reciprocal) formule; but the rotation round a’, from [3’ to y’, would 
still be positive. 

(3.) Before closing this section, it may be briefly noticed, that it is some- 
times convenient, from motives of analogy (comp. Art. 5), to speak of the 
Transvector-Arc (167), which has been seen to represent a product of two 
versors, as being the Arcuan Sum of the two successive vector-arcs, which 
represent (on the same plan) the factors ; Provector being still said to be added 
to Vector: but the Order of such Addition of Diplanar Arcs being not now 
indifferent (168), as the corresponding order had been early found (in 7) to 
be, when the vectors to be added were right lines. [Thus in fig. 43, 9 Bc 
+n AB=nac and nBA’+acB=nCa’. Buta BA’ =oaB and ncB=nBO, 
consequently 1 aB+.Bo=nca’. Ifa and [3 are any two vector ares, and if 
wis any scalar, x (a +3) is not equal to xa +a. Compare 14, and notice 
that the property there proved depends on the possibility of constructing 
similar plane triangles of different sizes. | 

(4.) We may also speak occasionally, by an extension of the same analogy, 
of the External Vertical Angle of a spherical triangle, as being the SPHERICAL 
Sum of the two Base Angles of that triangle, taken in a suitable order of sum- 
mation (comp. fig. 46); the Angle which represents (174) the Multiplier being 
then said to be added (as a sort of Angular Provector) to that other Vector- 
Angle which represents the Multiplicand ; whilst what is here called the swm 
of these two angles (and is, with respect to them, a species of Zransvector- 
Angle) represents, as has been proved, the Product. 

(5.) This conception of angular transvection becomes perhaps a little more 
clear, when (on the plan of 174, I.) we assume the centre o as the common 
vertex of three angles Aon, Boc, Aoc, situated generally in three different plunes. 
For then we may conceive a revolving radius to be either carried by two 
successive angular motions, from oa to os, and thence to oc; or to be trans- 
ported immediately, by one such motion, from the first to the third position. 

(6.) Finally, as regards the construction indicated by fig. 45, bis, in which 
tangents instead of radii were employed, it may be well to remark distinctly 
here, that a’B’c’, in that figure, may be any given spherical triangle, for which 
the rotation round 8B” from a’ to oc’ is positive (177) ; and that then, if the two 
factors q and q’, be defined to be the two versors, of which the internal angles at 
c’ and a’ are (in the sense of 174, II.) the representatives, the reasonings of 
Art. 176 will prove, without necessarily referring, even in thought, to any other 
triangle (such as anc), that the external angle at B” is (in the same sense) the 


representative of the product, qq, as before. 
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SECTION 10. 


On a System of Three Right Versors, in Three Rectangular 
Planes; and on the Laws of the Symbols, i, j, k. 


181. Suppose that o1, oJ, oK are any three given and co-initial but 
rectangular unit-lines, the rotation round the first from the second to the 
third being positive; and let o1’, 03’, ox’ be the three unit-vectors respectively 
opposite to these, so that 


ol’ = — OI, oy’ = — OJ, OK’ = — OK. 


Let the three new symbols 7, 7, & denote a system (comp. 172) of three right 
versors, in three mutually rectangular planes, with the 
three given lines for their respective aves ; so that 


AF 01s VA. 7 Oia i de Ok 
and ; 
t—OK OO); 2S OPDOm, (k= Ol OL 


as figure 47 may serve to illustrate. We shall then 


have these other expressions for the same three 


versors: Fig. 47. 
4 =0) : OK= 0K’: OJ’ =O03 : OK’; 


j= OK 2 Ob Ole OK. OR 2-01: 


hl 400 0 One AGL. On! 


while the three respectively opposite versors may be thus expressed : 


—4:= 03, + 0K = 0K ¢.05..= 03... > OK = 0K. + oF = 
<4 OK S.O1n= O11 OK = 0K 2.01 = 01 S0K's 
k= Obs 0% = 03 “ OF = Gr 20s = OF 2-OT; 


And from the comparison of these different expressions several important 
symbolical consequences follow, which it will be worth while to enunciate 
separately here, although some of them are virtually included in the results 
of former sections. 

182. In the jirst place, since 


(= (Os 7 OK). (OK 503) =.07 $ OS; Go, 


we deduce (comp. 148) the following equal values for the squares of the new 
symbols: 
| To ofa — 1; Ji 1s M=-~-1; 
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as might indeed have been at once inferred (154), from the circumstance 
that the three radial quotients, (146), denoted here by 7, /, &, are all right 
versors (181). 

In the second place, since 


ig = 100 2 OK )y (OR = Ol), = Od 5 Oly be, 


we have the following values for the products of the same three symbols, or 
versors, when taken two by two, and in a certain order of succession (comp. 
EGS, 171): 
be oe ee ae ki = 7. 
But in the third place (comp. again 171), since 
j.¢ = (01: 0K). (0K: 03) = 01: OF, &e., 


we have these other and contrasted formula, for the binary products of the 
same three right versors, when taken as factors with an opposite order: 


Li. jn — ks kj=-1; tk = —- J, 


Hence, while the square of each of the three right versors, denoted by these 
three new symbols, wk, is equal (154) to negative unity, the 
product of any two of them is equal either to the third itself, 
or to the opposite (171) of that third versor, according as the 
multiplier precedes or follows the multiplicand, in the cychcal 
succession, 


t, J, k, 4, tha Fig. 47, dis. 


which the annexed figure 47, bis, may give some help towards remembering. 

(1.) To connect such multiplications of 7, 7, & with the theory of repre- 
sentative arcs (162), and of representative angles (174), we may regard any 
one of the four guadrantal ares, 3K, KJ’, JK’, K’S, in fig. 47, or any one of the 
four spherical right angles, 31K, K1J’, J’1K’, K’13, which those arcs subtend at 
their common pole 1, as representing the versor 7; and similarly for 7 and 4, 
with the introduction of the point 1’ opposite to 1, which is to be conceived as 
being at the back of the figure. 

(2.) Lhe squaring of ¢, or the equation 7? = — 1, comes thus to be geome- 
trically constructed by the doubling (comp. Arts. 148, 154, and figs. 41, 42) of 
an arc, or of an angle. Thus, we may conceive the quadrant xs’ to be added 
to the equal arc 3k, their sum being the great semicircle 33’, which (by 166) 
represents an iversor (158), or negative unity considered as a factor. Or we 
may add the right angle x13’ to the equal angle 31K, and so obtain a rotation 
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through ¢wo right angles at the pole 1, or at the centre o; which rotation is 
equivalent (comp. 154, 174) to an inversion of direction, or to a passage from 
the radius os, to the opposite radius os’. 

(3.) The multiplication of j by 4, or the equation ij =k, may in like manner 
be arcually constructed, by the addition of K's, as a provector-arc (167), to 1K’ 
as a vector-are (162), giving 13, which is a representative of k, as the transvector- 
arc, or arcual-sum (180, (3.)). Or the same multiplication may be angularly 
constructed, with the help of the spherical triangle 11K; in which the base- 
angles at_1 and 3 represent respectively the mu/tiplier, 7, and the mu/tiplicand, 
j, the rotation round 1 from J to K being positive: while their spherical sum 
(180, (4.)), or the external vertical angle at K (comp. 175, 176), represents the 
same product, k, as before. 

(4.) The contrasted multiplication of 7 by y, or of 7 ¢nto* 7, may in like 
manner be constructed, or geometrically represented, either by the addition of 
the are KI, as a new provector, to the arc JK as a new vector, which new process 
gives g1 (instead of 13) as the new transvector; or with the aid of the new 
triangle 13K’ (comp. figs. 46, 47), in which the rotation round 1 from J to the 
new vertex K’ is negative, so that the angle at 1 represents now the multiplicand, 
and the resulting angle at the new pole x’ represents the new and opposite 
product, ji = — k. 

183. Since we have thus ji = — 7 (as we had q’q = - gq in 171), we see 
that the /aws of combination of the new symbols, 1, 7, k, are not in all respects the 
same as the corresponding laws in algebra; since the Commutative Property of 
Multiplication, or the convertibility (169) of the places of the factors without 
change of value of the product, does not here hold good: which arises (168) 
from the circumstance, that the factors to be combined are here diplanar 
versors (181). It is therefore important to observe, that there is a respect in 
which the laws of i, 7, k agree with usual and algebraic laws: namely, in the 
Associative Property of Multiplication; or in the property that the new symbols 
always obey the associative formula (comp. 9), 


t.kKA=«k.A, 


whichever of them may be substituted for ., for «, and for; in virtue of 
which equality of values we may omit the point, in any such symbol of a 


* A multiplicand is said to be multiplied dy the multiplier ; while, on the other hand, a multiplier 
is said to be multiplied into the multiplicand : a distinction of this sort between the two factors being 
necessary, as we have seen, for guaternions, although it is not needed for algebra. 
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ternary product (whether of equal or of unequal factors), and write it simply 
asikA. In particular we have thus, 


t-jkh=4,0=V=—1;5 aki bad ie eine Acs 
or briefly, 
yk=—-1. 


We may, therefore, by 182, establish the following important Formula: 
Pape = yk=-1; (A) 


to which we shall occasionally refer, as to ‘‘ Formula A,” and which we shall 
find to contain (virtually) all the laws of the symbols yk, and therefore to be a 
sufficient symbolical basis for the whole Calculus of Quaternions >* because it 
will be shown that every quaternion can be reduced to the Quadrinomial Form, 


gq=wtte+yy + ke, 


where w, x, y¥, 3 compose a system of four scalars, while 7, 7, k are the same 
three right versors as above. [See 221. ] 

(1.) A direct proof of the equation, 7 =- 1, may be derived from the 
definitions of the symbols in Art. 181. In fact, we have only to remember 
that those definitions were seen to give, 

P=Or- OK; j= 0K: 01, k= O01 < 07; 


and to observe that, by the general formula of multiplication (107), whatever 
Jour lines may be denoted by a, (3, y, 6, we have always, 


8 yB_8 y_8_8 B_8y B. 
Wee ye ae io ey foe 


or briefly, as in algebra, 


the point being thus omitted without danger of confusion: so that 


wk = os’: ot = — 1, as before. 


* This formula (A) was accordingly made the basis of that Calculus in the first communication on 
the subject, by the present writer, to the Royal Irish Academy in 1843; and the letters %, J, k, 
continued to be, for some time, the only peculiar symbols of the Calculus in question. But it was 
gradually found to be useful to incorporate with these a few other notations (such as K and U, &c.), 
for representing Operations on Quaternions. It was also thought to be instructive to establish the 
principles of that Calculus, on a more geometrical (or less exclusively symbolical) foundation than at 
first ; which was accordingly afterwards done, in the volume entitled: Lectures on Quaternions 
(Dublin, 1853); and is again attempted in the present work, although with many differences in the 
adopted plan of exposition, and in the applications brought forward, or suppressed. 
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Similarly, we have these two other ternary products: 
jki= (OK JON) (Oreos) (oy: OR) = OK 10K == 1; 
ky = (01-70) (0s VOK ) (0K 7 Ol)" = 02. 0OF = 1. 
(2.) On the other hand, 
ki = (07: 01) (010K) (OK 207) = 07:07 = + 1; 


and in like manner, 
thy=+1, and jgik=+ 1. 


(3.) The equations in 182 give also these other ternary products, in which 
the law of association of factors is still obeyed : 


t.Y=ath=-j=j =u. 7, w=- 73 
tha ih 7 hl = 4). 8, yl=ty; 
Hs gh a Meas ions 
with others deducible from these, by mere cyclical permutation of the letters, 
on the plan illustrated by fig. 47, bis. 

(4.) In general, if the Associative Law of Combination exist for any three 
symbols whatever of a given class, and for a given mode of combination, as for 
addition of lines in Art. 9, or for multiplication of ijk in the present Article, 
the same law exists for any four (or more) symbols of the same class, and 
combinations of the same kind. For example, if each of the four letters :, x, 


A, « denote some one of the three symbols 7, 7, & (but not necessarily the same 
one), we have the formula, 


c.krAm=e-KkoAn=eKe.Am=ex.A.m= ur. m= UKM. 


(5.) Hence, any multiple (or complex) product of the symbols 7k, in any 
manner repeated, but taken in one given order, may be interpreted, with one 
definite result, by any mode of association, or of reduction to partial factors, 
which can be performed without commutation, or change of place of the given 
factors. For example, the symbol yk/yi may be interpreted in either of the 
two following (among other) ways: 


UY kki g=Y.—-fe=t.-7f? t=u=-1;3 yk. kjt=—-1,1=—-1. 


184. The formula (a) of 183 includes obviously the three equations (I.) of 
182. ‘To show that it includes also the six other equations, (II.), (III.), of 
the last cited Article, we may observe that it gives, with the help of the 
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associative principle of multiplication (which may be suggested to the memory 
by the absence of the point in the symbol 7h), 

w=-y.kk=-yh.k=+k; gkh=-t.yk=4+1; 

fiaJjgke=fk=—-k; ye ee) ay Jey Be 

hay. jaa i; kis-hj =-jPasy. 
And then it is easy to prove, without any reference to geometry, if the foregoing 
laws of the symbols be admitted, that we have also, 
gai =ky=- 1, kg = gik = thy = + 1, 
as otherwise and geometrical/y shown in recent sub-articles. It may be added 
that the mere inspection of the formula (A) is sufficient to show that the ¢hree* 
square roots of negative unity, denoted in it by 7, 7, &, cannot be subject to all the 
ordinary rules of algebra: because that formula gives, at sight, 
PPh = (-1j>=-1l=-—- (yk); 

the non-commutative character (183), of the multiplication of such roots among 


themselves, being thus put in evidence. 
{ Conversely if three symbols ¢, 7, and / satisfy the equations 


gk + kj = 0, ki + ik = 0, y+gt=0; 
and if the associative property hold good, 
hay eae rie) Jeeta We aa) a i 
# is therefore commutative in multiplication with 7, 7, and &# and with pro- 
~ ducts formed from them, and cannot be distinguished from a scalar. Assum- 


ing therefore that the squares of the symbols are scalars, and that the symbols 
have been multiplied by suitable numerical coefficients so that their squares 


are equal, C= 
Again t.jk=-t.kj=ky =-kji =jki = -gik = Q suppose, 
and t(W—=4.uk= Pk H4kt 4 =. 


The product Q is likewise commutative with 7, 7, and 4, and is indistinguish- 
able from a scalar. Also Q?=—- yk. kji=- P®, soif P=-1, Q=+1. 


* It is evident that — i, —j, — & are also, on the same principles, values of the symbol V — 1; 
because they also are right versors (153); or because (— g)* = q*. More generally (comp. a Note to 
page 133), if x, y, z be any three scalars which satisfy the condition a? + y* + 2? =1, it will be proved, 


at a later stage, that 
(ia +jy+ ke =— 1. 
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Mr. Oliver Heaviside takes P=+1 but t=yh,y=hki and k=%, and 
consequently 7?.7=7 but 7.7 =ik =—¥y, and in his system the associative 
property does not hold, or the product of three symbols has no definite mean- 
ing (see Art. 25 of a paper “On the Forces in the Electro-magnetic Field,” 
Trans. Roy. Soc. A., 1892). 

Grassmann supposes P = 0, and his progressive multiplication is associa- 
tive, but his regressive multiplication is not. Q is taken as a scalar differing 
from zero. Hamilton (p. 61 of the preface to the “ Lectures on Quaternions’”’) 
refers to the octaves of Messrs. J. T. Graves and Arthur Cayley as not obey- 
ing the associative principle. See Prof. Cayley’s paper “On the 8-square 
Imaginaries,’ Am. Jour. of Math., 1881. When the associative principle 
does not hold, a distinct operation of grouping must be combined with multi- 
plication to render a product definite. | 


SECTION 11. 


On the Tensor of a Vector, or of a Quaternion; and on the 
Product or Quotient of any two Quaternions. 


185. Having now sufficiently availed ourselves, in the two last sections, 
of the conceptions (alluded to, so early as in the First Article of these Hle- 
ments) of a vector-are (162), and of a vector-angle (174) in illustration* of the 
laws of multiplication and division of versors of quaternions; we propose to 
return to that use of the word, Vecror, with which alone the First Book, and 
the first eight sections of this First Chapter of the Second Book, have been 
concerned: and shall therefore henceforth mean again, exclusively, by that 
word “vector,” a Directed Right Line(as in 1). And because we have already 
considered and expressed the Direction of any such line, by introducing the 
conception and notation (155) of the Unit-Vector, Ua, which has the same 
direction with the line a, and which we have proposed (156) to call the Versor 
of that Vector, a; we now propose to consider and express the Length of the 
same line a, by introducing the new name Tunsor, and the new symbol,t Ta; 


* One of the chief uses of such vectors, in connexion with those laws, has been to illustrate the 
non=commutative property (168) of multiplication of versors, by exhibiting a corresponding property of 
what has been called, by analogy to the earlier operation of the same kind on dinear vectors (5), the 
addition of arcs and. angles on a sphere. Compare 180, (3.), (4.). 

t Compare the Note to Art. 155. 
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which latter symbol we shall read, as the Tensor of the Vector a: and shall 
define it to be, or to denote, the Number (comp. again 155) which represents the 
Length of that line a, by expressing the Ratio which that length bears to some 
assumed standard, or Unit (128). 


186. To connect more closely these two conceptions, of the versor and the 
tensor of a vector, we may remember thatwhen we employed (in 155) the 


letter a@ as a temporary symbol for the number which thus expresses the 
length of the line a, we had the equation, Ua =a:a, as one form of the 
definition of the unit-vector denoted by Ua. We might therefore have written 
also these two other forms of equation (comp. 15, 16), 


a=a.Ua, eee erg We 


to express the dependence of the vector, a, and of the scalar, a, on each other, 
and on what has been called (156) the versor, Ua. For example, with the 
construction of fig. 42, bis (comp. 161, (2.)), we may write the three equations, 


G= O67 0A, b= 08? OB, €=— 00-00; 


if a, b, c be thus the three positive scalars, which denote the Jengths of the three 
lines, 0A, OB, oc; and these three scalars may then be considered as factors, 
or as coefficients (12), by which the three unit-vectors Ua, UB, Uy, or 0a’, op’, 
oc’ (in the cited figure), are to be respectively multiplied (15), in order to 
change them into the three other vectors a, (3, y, or OA, OB, oc, by altering 
their lengths, without any change in their directions. But such an exclusive 
Operation, on the Length (or on the eatension) of a line, may be said to be an 
Act of Tension ;* as an operation on direction alone may be called (comp. 151) 
an act of version. We have then thus a motive for the introduction of the 
name, Tensor, as applied to the positive number which (as above) represents the 
length of a line. And when the notation Ta (instead of a) is employed for 
such a tensor, we see that we may write generally, for any vector a, the 
equations (compare again 15, 16): 


Ua-a. ta: haga? Ug a= Ta. Ua = Ua. Ta. 


For example, if a be an unit-vector, so that Ua = a (160), then Ta = 1; and 
therefore, generally, whatever vector may be denoted by a, we have always, 


Uae = I. 


* Compare the first Note in page 137. 


Arts. 185, 186. | GEOMETRICAL EXAMPLES. 165 


For the same reason, whatever quaternion may be denoted by q, we have always 
(comp. again 160) the equation, 


(Axed) ke 
Tp = 1, 
where p = op, expresses that the /ocus of the variable point P is the surface of 
the wnit sphere (128). 
(2.) The equation Tp = Ta expresses that the locus of Pp is the spheric 
surface with o for centre, which passes through the point a. 


(3.) On the other hand, for the sphere through 0, which has its centre at 
A, we have the equation, 


(1.) Hence the equation 


g Na e ee 


which expresses that the lengths of the two lines, ap, ao, are equal. 
(4.) More generally, the equation, 


T (ep - a) =T (fp - a), 

expresses that the locus of P is the spheric surface through 8, which has its 
centre at A. 

(5.) The equation of the Apollonian* Locus, 145, (8.), (9.), may be written 
under either of the two following forms: 

T (p - aa) = aT (p - a); toa las 

from each of which we shall find ourselves able to pass to the other, at a later 
stage, by general Rules of Transformation, without appealing to geometry 
(comp. 145, (10.) [and 200 (3.), (4.)]). 

(6.) The equation, T (0 + a) =T (p- a), 
expresses that the locus of p is the plane through 0, perpendicular to the line 
oa; because it expresses that if oa’ = — oa, then the point P is equally distant 
from the two points a and a’. It represents therefore the same Jocus as the 
equation, 

zh ==. of 182; (1.); 
a 2 
or as the equation, 
Pe KE SO, of 144, (1); 
a a 

or as 


(u ey = ey ot el (7: 
a 


* Compare the first Note to page 130. 
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or as the simple geometrical formula, p L a (129). And in fact it will be 
found possible, by General Rules of this Calculus, to transform any one of these 
five formule into any other of them; or into this siwth form, 


gs? 0, 
a 


which expresses that the scalar part* of the quaternion © is zero, and therefore 
a 


that this quaternion is a right quotient (182). 
(7.) In like manner, the equation 


To — 8) = 1 (p — a) 


expresses that the locus of p is the plane which perpendicularly bisects the 
line aB; because it expresses that Pp is equally distant from the two points 
A and B. 
(8.) The tensor, Ta, being generally a positive scalar, but vanishing (as a 
limit) with a, we have, 
Tea =+2Ta, according as «x«> or <0; 


thus, in particular, 
Le a) = las ands (lla = 00 2. 


(9.) That 
T (8 + a) =n as if (ON Cie Be 


but not otherwise (a and (3 being any two actual vectors), will be seen, at a 
later stage, to be a symbolical consequence from the rwles of the present 
Calculus; but in the mean time it may be geometrically proved, by conceiving 
that while a = 0A, as usual, we make (3+ a=00, and therefore 3 =0c- 0A = Ac 
(4) ; for thus we shall see that while, ix general, the three points 0, A, c are 
corners of a triangle, and therefore the /ength of the side oc is /ess than the sum 
of the lengths of the two other sides oa and ac, the former length becomes, 
on the contrary, equal to the latter sum, in the particular case when the 
triangle vanishes, by the point a falling on the finite line oc; 1n which case, 0a 
and ac, or a and 3, have one common direction, as the equation Ua = UB 
unplies. 

(10.) If a and B be any actual vectors, and if their versors be unequal 
(Ua not = U3), then 

T (6 +a) <TB+ Ta; 


an inequality which results at once from the consideration of the recent 


* Compare the Note to page 127; and the following Section of the present Chapter. 
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triangle oac; but which (as it will be found) may also be symbolically proved, 
by rules of the calculus of quaternions. [See 210 (15.) | 
(11.) If UB = - Ua, then T(B + a) = + (TP —- Ta), according as 
TB > or < Ta; but 
T(B+a)>+(TB-Ta), if UP not =- UVa. 


187. The quotient, UB : Ua, of the versors of the two vectors, a and 3, has 
been called (156) the Versor of the Quotient, or quaternion, g= 3: a; and has 
been denoted, as such, by the symbol, Ug. On the same plan, we propose 
now to call the quotient, T3: Ta, of the tensors of the same two vectors, the 
Tensor* of the Quaternion qg, or (3: a, and to denote it by the corresponding 
symbol, Tg. And then, as we have called the letter U (in 156) the character- 
istic of the operation of taking the versor, so we may now speak of T as the 
Characteristic of the (corresponding) Operation of taking the Tensor, whether of 
a Vector, a, or of a Quaternion, g. We shall thus have, generally, 


T(8:a)=TB: Ta, as we had U (8: a) = UB: Ua (156) ; 


and may say that as the versor Ug depended solely on, but conversely was 
sufficient to determine, the relative direction (157), so the tensor Tg depends on 
and determines the relative lengtht (109), of the two vectors, a and (3, of which 
the quaternion q is the quotient (112). 
(1.) Hence the equation T® = 1, like Tp = Ta, to which it is equivalent, 
a 


expresses that the locus of p is the sphere with o for centre, which passes 
through the point a. 
(2.) The equation (comp. 186, (6.)), 


pra 
p-a 
expresses that the locus of p is the plane through o, perpendicular to the 
line oa. 


- i 


* Compare the Note to Art. 109, in page 111; and the first Note in page 137. 

ft It has been shown, in Art. 112, and in the Additional Illustrations of the third section of the 
present Chapter (113-116), that Relative Length, as well as relative direction, enters as an essential 
element into the very Conception of a Quaternion. Accordingly, in Art. 117, an agreement of relative 
lengihs (as well as an agreement of relative directions) was made one of the conditions of equality, 
between any ¢wo quaternions, considered as quotients of vectors: so that we may now say, that the 
tensors (as well as the versors) of equal quaternions are equal. Compare the first Note to page 138, as 
regards what was there called the quantitative element, of absolute or relative length, which was 
eliminated from a, or from g, by means of the characteristic U; whereas, the new characteristic, T, 
of the present section, serves on the contrary to retain that element alone, and to eliminate what may 
be called by contrast the qualitative element, of absolute or relative direction, 
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(3.) Other examples of the same sort may easily be derived from the 
sub-articles to 186, by introducing the notation (187) for the tensor of a 
quotient, or quaternion, as additional to that for the tensor of a vector (185). 


(4.) L(G2 a) >, =,.0r-— 1, according as 1G >, =, or.< Ta. 


(5.) The tensor of a right quotient (132) is always equal to the tensor of its 
index (183). 

(6.) The tensor of a radial (146) is always positive unity; thus we have, 
generally, by 156, 


LUg= 1; 
and in particular, by 181, 
gees eee 
Co) Trq = + «Tq, according as v > or < 0; 


thus, in particular, T (- ¢) = Tg, or the tensors of opposite quaternions are 
equal, 


(8.) Tew =+, according as # > or <0; 
thus, the tensor of a scalar is that scalar taken positively. 
(9.) Hence, fla 14; eo los 


so that, by abstracting from the subject of the operation 'T (comp. 145, 160), 
we may establish the symbolical equation, 


Need Oat eo he 


(10.) Because the tensor of a quaternion is generally a positive scalar, 
such a tensor is its own conjugate (139) ; its angle is zero (181) ; and its versor 
(159) is positive wnity: or in symbols, 

KWo = Te: Yad res Ue ROM Ny geri 

(11.) Og) aes) ae Le 


or in words, the tensor of the reciprocal of a quaternion is equal to the reciprocal 
of the tensor. 

(12.) Again, since the two lines, op and op’, in fig. 36 [p. 115], are equally 
long, the definition (137) of a conjugate gives 


TKg = Ty; 


or in words, the tensors of conjugate quaternions are equal. 
(13.) It is scarcely necessary to remark, that any two quaternions which 
have equal tensors, and equal versors, are themselves equa/: or in symbols, that 


g= 9, if To = Tg, . and.Ug = Ug. 
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188. Since we have, generally, 


ee El ates on he ee 


a hbase 2 ho. acta... ha 


we may establish the two following general formule of decomposition of a 
quaternion into two factors, of the tensor and versor kinds: 


tee do. Uae Il...¢=Ug.Tg; 


which are exactly analogous to the formule (186) for the corresponding 
decomposition of a vector, into factors of the same two kinds: namely, 


eG a Pas Uae La Wie has 


To illustrate this last decomposition of a quaternion, g, or oB : 0A, into factors, 
we may conceive that aa’ and Bp’ are two concentric and circular, but oppo- 
sitely directed arcs, which terminate respectively : 

on the two lines o8 and oa, or rather on the longer 

of those two lines itself, and on the shorter of them ag 

prolonged, as in the annexed figure 48; so that 0a’ 
has the Jength of oa, but the direction of os, while a \ 
op’, on the contrary, has the length of on, but the 
direction of oa; and that therefore we may write, 
by what has been defined respecting versors and tensors of vectors (155, 156, 
185, 186), 


Fig. 48. 


oa’ = Ta. Up; on = 13a: 
Then, by the definitions in 156, 187, of the versor and tensor of a quaternion, 
Ug = U (op :.04) = 04:04 = OB: 08 ; 
Tq ='T (op :0A) = OB: OA = OB: 04 ; 
whence, by the general formula of multiplication of quotients (107), 


I. . ¢g = 0B: 0A = (0B: 0A’). (04’: 0a) = Te. Ug; 
and 
II. . g = 0B: 0A = (0B: on’). (0B’: 0a) = Ug. Ta, 
as above. 

189. In words, if we wish to pass from the vector a to the vector (, or 
from the line oa to the line on, we are at liberty either, Ist, to begin by turn- 
ing, from oa to 0a’, and then to end by stretching, from oa’ to os, as fig. 48 may 
serve to illustrate; or, IInd, to begin by stretching, from oa to op’, and end 
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by turning, from op’ to op. The act of multiplication of a line a by a quater- 
nion q, considered as a factor (103), which affects both length and direction 
(109), may thus be decomposed into two distinet and partial acts, of the kinds 
which we have called Version and Tension; and these two acts may be per- 
formed, at pleasure, in either of two orders of succession. And although, if we 
attended merely to lengths, we might be led to say that the tensor of a quater- 
nion was a signiess number,* expressive of a geometrical ratio of magnitudes, 
yet when the recent construction (fig. 48) is adopted, we see, by either of the 
two resulting expressions (188) for Ty, that there is a propriety in treating 
this tensor as a positive scalar, as we have lately done, and propose systemati- 
cally to do. 

190. Since TKgq = Tg, by 187, (12.), and UKg =1: Ug, by 158, we may 
write, generally, for any quaternion and its conjugate, the two connected 
expressions : 

ies be eas Pie he = lo Sas 
whence, by multiplication and division, 


Ill...¢.Kg=(Ty)?; IV... 9: Kg = (Ug) 


This last formula had occurred before; and we saw (161) that in it the 
parentheses might be omitted, because (Ug)? = U(q’). In like manner (comp. 
161, (2.) ), we have also 

(Tg)? = T(¢’) = Te", 
parentheses being again omitted; or in words, the tensor of the square of a 
quaternion is always equal to the square of the tensor: as appears (among 
other ways) from inspection of fig. 42, dis [p. 141], in which the /engths of 
OA, OB, oc form a geometrical progression ; whence 


m (08 a BSC Fe 8 (GO * Gar 
OA GALT ODOR OA OA 
At the same time, we see again that the product qKq of two conjugate quater- 
nions, which has been called (145, (11.)) their common Norm, and denoted by 
the symbol Ng, represents geometrically the square of the quotient of the lengths 


of the two lines, of which (when considered as vectors) the quaternion g is 
itself the quotient (112). We may therefore write generally,t 


View. gho= lg = Ng: Nig fo =47 Ne] oh: 


* Compare the Note, in page 111, to Art. 109. + Compare the second Note in page 130. 
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(1.) We have also, by II., the following other general transformations for 
the tensor of a quaternion : 


NEE. cuhg =n ucUgs VIED ve tg = Ug. Kae 


of which the geometrical significations might easily be exhibited by a dia- 
gram, but of which the validity is sufficiently proved by what precedes. 
(2.) Also (comp. 158), 


ieee, g La 
eatme S TT Trepp a es ey, 
q : Up ya 
(3.) The reciprocal of a quaternion, and the conjugate* of that reciprocal, 
may now be thus expressed : 


ee ie ey 1 


(4.) We may also write, generally, 
EX s5 kg = by Rg = Nea 


191. In general, let any two quaternions, ¢ and gq’, be considered as multi- 
plicand and multiplier, and let them be reduced (by 120) to the forms 3: a 
and y:/3; then the tensor and versor of that third quaternion, y : a, which is 
(by 107) their product q’q, may be thus expressed : 


Loe. 2¢¢= Py: a) = Ty: Ta = (Ty: TB). (TC: Va) = To, Te: 
IT... Ud’¢ = U(y: a) = Uy: Ua = (Uy: UB) Ui: Ua) = U7 29. 


where T’g and U9’¢ are written, for simplicity, instead of T(q’.g) and U (¢. q). 
Hence, in any such multiplication, the tensor of the product is the product of the 
tensor; and the versor of the product is the product of the versors ; the order of 
the factors being generally retained for the /atter (comp. 168, &c.), although it 
may be varied for the former, on account of the scalar character of a tensor. 
In like manner, for the division of any one quaternion q’, by any other g, we 
have the analogous formule : 


i Be! DG 3 en We ded Wey iNew dg sone Ue eg 


or in words, the ¢ensor of the quotient of any two quaternions is equal to the 


* Compare Art. 145, and the Note to page 128. 
Z2 
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quotient of the tensors ; and similarly, the versor of the quotient is equal to the 
quotient of the versors. And because multiplication and division of tensors are 
performed according to the rules of a/gebra, or rather of arithmetic (a tensor 
being always, by what precedes, a positive number), we see that the difficulty 
(whatever it may be) of the general multiplication and division of quaternions is 
thus reduced to that of the corresponding operations on versors: for which 
latter operations geometrical constructions have been assigned, in the ninth 
section of the present Chapter. 

(1.) The two products, g’q¢ and qq’, of any two quaternions taken as factors 
in two different orders, are equal or unequal, according as those two factors are 
complanar or diplanar ; because such equality (169), or inequality (168), has 
been already proved to exist, for the case* when each tensor is unity: but we 
have always (comp. 178), 


T¢q= Taq’, and Lq'qg=Lqq. 


(2) da 2 lig = =? then qq’ = Kq’q (170); so that the products of two 


right quotients, or right quaternions (182), taken in opposite orders, are always 
conjugate quaternions. 


fo.) If ye wes and Ax.g’ Lt Ax.g, then gq =- 9, 


9 
Lqf = £19 = 5; AX. GA Ax ag, Axngg Ax oF (lit): 


so that the product of two right quaternions, in two rectangular planes, is a third 
right quaternion, in a plane rectangular to both; and is changed to tts own oppo- 
site, when the order of the factors is reversed: as we had ij = k = — jt (182). 

(4.) In general, if g and g be any two diplanar quaternions, the rotation 
round Ax. 4’, from Ax. g to Ax.4@’q, is positive (177). 

(5.) Under the same condition, ¢(g’:q) 1s a quaternion with the same 
tensor, and same angle, as q’, but with a different axis; and this new axis, 
Ax. q(7:¢), may be derived (179, (1.)) from the old axis, Ax. ¢, by a conical 
rotation (in the positive direction) round Ax .q, through an angle = 2 Z q. 

(6.) The product or quotient of two complanar quaternions is, in general, 
a third quaternion complanar with both; but if they be both scalar, or both 
right, then this product or quotient degenerates (131) into a scalar. 


** Compare the Notes to pages 148, 150. 
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(7.) Whether g and 9 be complanar or diplanar, we have always as in 
algebra (comp. 106, 107, 136) the two identical equations : 


Nope e 0g) eo 5 Vale RAG ON eg = 0 
(8.) Also, by 190, V., and 191, I., we have this other general formula : 
NW Lise: ING G = oNG.; NOs 
or in words, the norm of the product is equal to the product of the norms. 
192, Let g = 3:4, and g = 7: [, as before; then 
Liqg=1:(ysa) <a:y=(a:f). (G2) = (129). (29); 


so that the reciprocal of the product of any two quaternions is equal to the pro- 
duct of the reciprocals, taken in an inverted order: or briefly, 


di ing Ogee Fue. 


if R be again used (as in 161, (3.) ) as a (temporary) characteristic of recipro- 
cation. And because we have then (by the same sub-article) the symbolical 
equation, KU = UR, or in words, the conjugate of the versor of any quaternion 
q is equal (158) to the versor of the reciprocal of that quaternion; while the 
versor of a product is equal (191) to the product of the versors: we see that 


KU¢9 = UR¢? = URg: Ung = Ue: KU¢: 
Ke. = To. Kg. by. 190, Xe and Wy'y = lg te ee 


But 


by 191; we arrive then thus at the following other important and general 
formula : 

is wage es eg 
or in words, the conjugate of the product of any two quaternions is equal to the 
product of the conjugates, taken (still) in an tnverted order. 

(1.) These two results, I., II., may be illustrated, for versors (Ty = Tq’= 1), 
by the consideration of a spherical triangle asc (comp. fig. 43 [p. 144]); in 
which the sides ab and Bc (comp. 167) may represent g and q’, the are ac then 
representing qg’g. For then the new multiplier Rg = Kg (158) is represented 
(162) by Ba, and the new multiplicand Rg’ = Kg’ by cB; whence the new 
product, Rg. Rg’ = Kq. K¢’, is represented by the cnverse arc ca, and is there- 
fore at once the reciprocal Rq’q, and the conjugate Kq’q, of the old product q’g. 

(2.) If g and q be right quaternions, then Kg = - g, Kg =- 7 (by 144) ; 
and the recent formula II. becomes, Kg’g = gq’, as in 170. 
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(3.) In general, that formula II. (of 192) may be thus written : 


Tete! a ee 
: a a pB 


where a, 3, y may denote any three vectors. 
(4.) Suppose then that, as in the annexed fig. 49, we have the two follow- 
ing relations of inverse similitude of triangles (118), 


A AOB &’ BOG, A BOE &’ DOB; 


and therefore (by 137) the two equations, 


Y_~B BL_xKE. 
B ease i < dx Bi 
we shall have, by IILI., 
ae 
) 
so that this third formula of inverse similitude is a consequence from the other 
two. 

(5.) If then (comp. 145, (6.) ) any two circles, whether in one plane or in 
space, ¢owch one another at a point B: and if from any point o, on the common 
tangent Bo, two secants OAC, OED be drawn, to these two circles; the four points 
of section, A, C, D, E, will be on one common circle: for such concircularity is an 
easy consequence (through equal angles, &c.), from the last ‘averse similitude. 

(6.) The same conclusion (respecting concircularity, &c.) may be otherwise 
and geometrically drawn, from the equality of the two rectangles, Aoc and Dox, 
each being equal to the square of the tangent 0B; which may serve as an 
instructive verification of the recent formula III., and as an example of the 
consistency of the results, to which calculations with quaternions conduct. 

(7.) It may be noticed that the construction would in general give three 
circles, although only one is drawn in the figure ; but that if the two triangles 
ABC and DBE be situated tn different planes, then these three circles, and of 
course the five points ABCDE, are situated on one common sphere. 

193. An important application of the foregoing general theory of Multi- 
plication and Division, is the case of Right Quaternions (182), taken in con- 
nexion with their Index- Vectors, or Indices (188). 

Considering division first, and employing the general formula of 106, let 
(3 and y be each 1 a; and let (’ and y’ be the respective indices of the two 
right quotients, g= 3:a, and g’=y:a. We shall thus have the two com- 
planarities, /3’ ||| (38, y, and y’ ||| 8, y (comp. 128), because the four lines , y, 


Fig. 49. 


é 
=K-, or A DOC &’ AOE; 
a 
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’, y’ are all perpendicular to a; and within their common plane it is easy to 
see, from definitions already given, that these four lines form a proportion of 
vectors, in the same sense in which a, (3, y, 6 did so, in the fourth section of 
the present Chapter: so that we may write the equation of quotients, 


2 Baa aD. 
In fact, we have (by 183, 185, 187) the following relations of /ength, 
PGC ES ela. by aby eda, and open (29) = ey 
while the relation of directions, expressed by the formula, 
U (7:8) =Uly:P), or Uy': Up’= Uy: UB, 


is easily established by means of the equations, 
ih , T ‘4 Fi AS 
DAES) ee LA, 318), 5 3 Fale Gen Grn 9 nay. ©. Gan Gre Gy ae Ble 


We arrive, then, at this general Theorem (comp. again 133): that ‘ the 
Quotient of any two Right Quaternions is equal to the Quotient of their Indices.’’* 

(1.) For example (comp. 150, 159, 181), the indices of the right versors 
i, J, k are the ares of those three versors, namely, the lines o1, oJ, ok; and we 
have the equal quotients, 


TCL =, OF BOT =k 00 Oi acc: 
(2.) In like manner, the indices of - 7, —/, - / are or’, 03’, ok’; and © 
t= 9 =O 201 =k = OF7 OF, Ko, 
(3.) In general the quotient of any two right versors is equal to the quotient 
of their axes; as the theory of representative arcs, and-of their poles, may easily 
serve to illustrate. 


194. As regards the multiplication of two right quaternions, in connexion 
with their indices, it may here suffice to observe that, by 106 and 107, the 


product y:a=(y: (3). (8:4) is equal (comp. 186) to the quotient, (y: 3): (a: 2); 


* We have thus a new point of agreement, or of connexion, between right quaternions, and their 
index-vectors, tending to justify the ultimate assumption (not yet made), of equality between the former 
and the latter [see 290]. In fact, we shall soon prove that the index of the sum (or difference), of any 
two right quotients (132), is equal to the swm (or difference) of their indices [see 206]; and shall find 
it convenient subsequently to interpret the product Ba of any two vectors, as being the guaternion- 
product (194) of the two right quaternions, of which those two lines are the indices (148): after 
which, the above-mentioned assumption of equality will appear natural, and be found to be useful. 
(Compare the Notes to pages 121, 137). [In 198 the notation Ig is proposed as an abridgment of 
‘‘ Index of q.’’] 
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whence it is easy to infer that “‘ the product, q’q, of any two Right Quaternions, 
is equal to the Quotient of the Index of the Multiplier, q, divided by the Index of 
the Reciprocal of the Multiplicand, q.” 

It follows that the plane, whether of the product or of the quotient of two 
right quaternions, coincides with the plane of their indices ; and therefore also 
with the plane of their axes ; because we have, generally, by principles already 
established, the transformation, 


if.9=5, then Index of g= Tq. Ax. ¢. 


SECTION 12. 


@n the Sum or Difference of any two Quaternions; and on the 
Sealar (or Scalar Part) of a Quaternion. 


195. The Addition of any given quaternion q’, considered as a geometrical 
quotient or fraction (101), to any other given quaternion q, considered also 
as a fraction, can always be accomplished by the first general formula of 
Art. 106,* when these two fractions have a common denominator ; and if they 
be not already given as having such, they can always be seduced so as to have 
one, by the process of Art. 120. And because the addition of any two lines 
was early seen to be a commutative operation (7,9), so that we have always 
y¥+PB= (B+ y, 1t follows (by 106) that the addition of any two quaternions 
is likewise a commutative operation, or in symbols, that 


bees fa oe a 
so that the Sum of any twot Quaternions has a Value, which is independent of 
their Order: and which (by what precedes) must be considered to be given, or 
at least known, or definite, when the two swmmand quaternions are given. It 
is easy also to see that the conjugate of any such sum is equal to the sum of the 
conjugates, or in symbols, that 
IT... K (9+ ¢) = Kq’ + Kg. 
(1.) The important formula last written becomes geometrically evident, 


when it is presented under the following form. Let onnc be any parallelo- 
gram, and let oa be any right line, drawn from one corner of it, but not 


* [This formula is a definition. ] 

¢ It will be found [in 207] that this result admits of being extended to the case of three (or more) 
quaternions; but, for the moment, we content ourselves with ¢wo. [As an example of non-commu- 
tative addition contrast Art. 180 (3.)] 
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generally in its plane. Let the three other corners, B, c, p, be reflected (in 
the sense of 145, (5.)) with respect to that line oa, into three new points, 
B’, c’, D’; or let the three lines ox, 00, op be reflected (in the sense of 138) 
with respect to the same line 0a ; which thus bisects at right angles the three 
joining lines, BB’, cc’, Dp’, as it does BB’ in fig. 86 [p. 115]. Then each of 
the dines os, oc, op, and therefore also the whole plune figure oppc, may be 
considered to have simply revolved round the line 0a as an avis, by a conical 
rotation through two right angles; and consequently the new figure ox’p’c’, like 
that o/d one oppo, must be a parallelogram. Thus (comp. 106, 137), we have 
OD’ = 0c’ + OB, Sa7+P', Sia= (7: 4)4+(0': a); 
and the recent formula II. is justified. 

(2.) Simple as this last reasoning is, and unnecessary as it appears to be to 
draw any new diagram to illustrate it, the reader’s attention may be once more 
invited to the great simplicity of expression, with which many important 
geometrical conceptions, respecting space of three dimensions, are stated in the 
present Calculus: and are thereby kept ready for future application, and for 
easy combination with other results of the same kind. Compare the remarks 
already made in 182, (6.) ; 145, (10.); 161; 179, (3.); 192, (6.); and some 
of the shortly following sub-articles to 196, respecting properties of an oblique 
cone with circular base. 

196. One of the most important cases of addition, is that of two conjugate 
summands, gq and Kq; of which it has been seen (in 140) that the swm is 
always a scalar. We propose now to denote the half of this sum by the 
symbol, Sq; thus writing generally, 


I...¢g+Kg=Kg+q= 289; 
or defining the new symbol Sq by the formula, 
Il... 8g = 3 (q+ Kg); or briefly, Il’...8 =4(1+ K). 


Hor reasons which will scon more fully appear, we shall also call this new 
quantity, Sg, the scalar part, or simply the Scauar, of the Quaternion, q; and 
shall therefore call the letter S, thus used, the Characteristic of the Operation 
of taking the Scalar of a quaternion. (Comp. 182, (6.); 187; 156; 187.) 
It follows that not only equal quaternions, but also conjugate quaternions, have 
equal scalars ; or in symbols, 


ITT... Se =8g,- if ¢&=¢; and IV...S8Kg=8¢9; 
[V".. -SK=S. 
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or briefly, 
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And because we have seen that Ky =+ 49, if g be a scalar (189), but that 
Kg =-4q, if g be a right quotient (144), we find that the scalar of a scalar (con- 
sidered as a degenerate quaternion, 131) is equal to that scalar ¢tse/f, but that the 
scalar of a right quaternion is zero. We may therefore now write (comp. 160) : 


Vir sy = oh ib-o be a sealer; Viet Seg — 80, 8 es os 


and Vil 2 Se © 0. af Lq=5: 


Again, because 0a’ in fig. 86 [p. 115] is multiplied by z, when os is multi- 
plied thereby, we may write, generally, 

VIII... Sxg = 28g, if x be any scalar; 
and therefore in particular (by 188), 


Lee lee 9) = 6 e O, 


Also because SItg = Sq, by IV, while KUg=U - by 158, we have the general 
equation, 3 
1 ‘ 3 a 
eu cokes aks. go = = 8U 
whence, by IX.., 


XI... 8y=Ty.8U 3 le oe” aU 
and therefore also, by 190, (V.), since Tq. r- =], 
Mil 6) ip See ee Xt SEN 
q qd a a 


The results of 142, combined with the recent definition I. or II., enable us to 
extend the recent formula VII., by writing, 


XIII... S¢ >, =, or < 0, according as 49 <, =, or > o 
and conversely, 


ROLY AG OF = uf according as Sq>, =, or < 0. 


[n fact, if we compare that definition I. with the formula of 140, and with 
fig. 36, we see at once that because, in that figure, 


S (oB : 0A) = 0A’: OA, 
we may write, generally, 


XV...Sq¢=Ty.coszqg; or XVI...S8Uq =coszg; 
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equations which will be found of great importance, as serving to connect 
quaternions with Trigonometry ; and which show that 


RVI 4 f= 2¢) at 807 = 8Ug: 


the angle Z q being still taken (as in 180), so as not to fall outside the limits 0 
and 7; whence also, 


AVIII...4¢=Z9, if Se =Se, and To’ = To, 


the angle of a quaternion being thus given, when the scalar and the tensor of that 
quaterrion are given, or known. Finally because, in the same figure 36 
(comp. 15, 103), the dine, 


OA = (0A’: 0A). 0A = 0A.S (0B: 0A), 
may be said to be the projection of oB on oA, since A’ is the foot of the perpen- 


dicular let fall from the point B upon this latter line oa, we may establish this 
other general formula: 


0.2 D.C rer ee S E .a = projection of [3 ona; 
a a 


a result which will be found to be of great utility, in investigatious respecting 
geometrical loci, and which may be also written thus: 


XX... Projection of B ona = Ua. TB. suB, 
a 


with other transformations deducible from principles stated above. It is 
scarcely necessary to remark that, on account of the sca/ar character of Sq, 
we have, generally, by 159, and 187, (8.), the expressions, 


ee Ug = 4s AAI. tog 12 0: 
while, for the same reason, we have always, by 139, the equation (comp. IV.), 


OM gue can, oO 7 ee 
and, by 131, 


XXIV...28¢=0, or =7, unless £9 = 53 


in which last case Sy = 0, by VII., and therefore 2 Sq is indeterminate :* 
USq becoming at the same time indeterminate, by 159, but TSg vanishing, by 
186, 187, 


* Compare the Note in page 120, to Art. 131. 
2A2 
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(1.) The equation, Sf -0, 


a 
is now seen to be equivalent to the formula, p La; and therefore to denote 
the same plane locus for P, as that which is represented by any one of the four 
other equations of 186, (6.); or by the equation, 


en = 1, of 187, (2.). 
OL 
(2.) The equation, 
Bee a cr go .g 
a 


a a 


expresses that Bp L oA; or that the points B and p have the same projection 
on 0A; or that the docus of p is the plane through B, perpendicular to the line oa. 


(3.) The equation, 
suf =suU e 


expresses (comp. 1382, (2.)) that Pp is on one sheet of a cone of revolution, with o 
for vertex, and oA for avis, and passing through the point B. 
(4.) The other sheet of the same cone is represented by this other equation, 
su£=-suU Be 
a a 
and. both shects jointly by the equation, 


(su a (su i 


Boe oe 
a a p 


(5.) The equation, 


expresses that the /ocus of p is the plane through a, perpendicular to the line oa; 
because it expresses (comp. XIX.) that the projection of op on oa is the line 
ieee 
= 0. 
a 


oa itself; or that the angle oaP is right; or that S 


(6.) On the other hand the equation, 

See ae ene 
p Pees 

expresses that the projection of o8 on op is op itself; or that the angle opp is 

right; or that the locus of P is that spheric surface which has the line op for 


a diameter. 
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(7.) Hence the system of the two equations, 
Sees gh _ L 
a p 


represents the circle, in which the sphere (6.), with op for a diameter, is cut by 
the plane (5.), with oa for the perpendicular let fall on it from o. 
(8.) And therefore this new equation, 


a op 
obtained by multiplying the two last, represents the Cyclic* Cone (or cone of 
the second order, but not generally of revolution\, which rests on this last circle 
(7.) as its base, and has the point o for its vertev. In fact, the equation 
(8.) is evidently satisfied, when the two equations (7.) are so; and therefore 
every point of the circular circumference, denoted by those two equations, must 
be a point of the locus, represented by the equation (8.). But the latter equa- 
tion remains unchanged, at least essentially, when p is changed to wp, x being 
any scalar; the locus (8.) is, therefore, some conical surface, with its vertex at 
the origin, 0; and consequently it can be none other than that particular cone 
(both ways prolonged), which rests (as above) on the given circular base (7.). 
(9.) The system of the ¢wo equations, 


go pea ee. 
Tees Y 


(in writing the first of which the point may be omitted), represents a conic 
section; namely that section, in which the cone (8.) is cut by the new plane, 
which has oc for the perpendicular let fall upon it, from the origin of 
vectors 0. 

(10.) Conversely, every plane ellipse (or other conte section) in space, of 
which the plane does not pass through the origin, may be represented by a 
system of two equations, of this last form (9.) ; because the cone which rests on 
any such conic as its base, and has its verter at any given point o, is known to 
be a cyclic cone. 

(11.) The curve (or rather the pair of curves), in which an oblique but cyclic 
cone (8.) is cut by a concentric sphere (that is to say, a cone resting on a circular 


* Historically speaking, the oblique cone with circular base may deserve to be named the Apollonian 
Cone, from Apollonius of Perga, in whose great work on Conics (kwvix@y), already referred to in a Note 
to page 130, the properties of swch a cone appear to have been first treated systematically ; although 
the cone of revolution had been studied by Euclid. But the designation ‘‘ eyclie cone’’ is shorter; and 
it seems more natural, in geometry, to speak of the above-mentioned oblique cone thus, for the purpose 
of marking its connexion with the circle, than to call it, as is now usually done, a cone of the seconw 
order, or of the second degree: although these phrases also have their advantages. 
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base by a sphere which has its centre at the vertex of that cone), has come, in 
modern times, to be called a Spherical Conic. And any such conic may, on 
the foregoing plan, be represented by the system of the two equations, 


the length of the radius of the sphere being here, for simplicity, supposed to 
be the unit of length. But, by writing Tp =a, where a may denote any 
constant and positive scalar, we can at once remove this last restriction, if it be 
thought useful or convenient to do so. | 


(12.) The equation (8.) may be written, by XII. or XII’., under the form 
(comp. 191, VII.): 


or briefly, 


a= pr = "la. US. endo — at? eto. Ua; 
a 
so that a’ and (3’ are here the lines oa’ and ox’, of Art. 188, and fig. 48. 
(13.) Hence the cone (8.) is cut, not only by the plane (5.) in the circle 
(7.), which is on the sphere (6.), but also by the (generally) new plane, 8 © = 1, 


in the (generally) new circle, in which this new plane cuts the (generally) new 


sphere,S — = 1; or in the circle which is represented by the system of the two 
equations, : 
Soe ec 
a p 


(14.) In the particular case when f || a (15.), so that the quotient B:a is a 
scalar, which must be positive and greater than unity, in order that the plane 
(5.) may (really) cut the sphere (6.), and therefore that the circle (7.) and the 
cone (8.) may be 7ea/, we may write 


BPea@a a>l, T(P:a)=@, aw=a P=P; 
and the circle (138.) coincides with the circle (7.). 


(15.) In the same case, the cone is one of revolution ; every point P of its 
circular dase (that is, of the circumference thereof) being at one constant distance 
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from the vertex 0, namely at a distance = aTa. For, in the case supposed, the 
equations (7.) give, by XII., 
N£-82:8-=1: so eauee =@; or Tp=atTa. 
Paget aR: p p 
(Compare 145, (12.), and 186, (5.).) 


(16.) Conversely, if the cone be one of revolution, the equations (7.) must 
conduct to a result of the form, 


a@=-N&=8?: go g2 : S=, or (comp. (2.)), gP ance 0; 
a p p 

which can only be by the line 6 — aa vanishing, or by our having B = a’a, as 
in (14.) ; since otherwise we should have, by XIV., pL 8 - aa, and all the 
points of the base would be situated i one plane passing through the vertex o, 
which (for any actual cone) would be absurd. 

(17.) Supposing, then, that we have not 3 || a, and therefore not a’ = a, 
PB’ = B, as in (14.), nor even a’ || a, 9’ || (3, we see that the cone (8.) is not a 
cone of revolution (or what is often called a right cone); but that it is, on the 
contrary, an oblique (or scalene) cone, although still a cyclic one. And we see 
that swch a cone is cut in two distinct series* of circular sections, by planes 
parallel to the two distinct (and mutually non-parallel) planes, (5.) and (13.) ; 
or to two new planes, drawn through the vertex o, which have been calledt the 
two Cyclic Planes of the cone, namely, the two following : 


go; S 
a 


while the two dines from the vertex, oa and os, which are perpendicular to these 
two planes respectively, may be said to be the two Cyclic Normals. 

(18.) Of these two dines, a and [3, the second has been seen to be a diumeter 
of the sphere (6.), which may be said to be circumscribed to the cone (8.), 
when that cone is considered as having the circle (7.) for its base; the second 
cyclic plane (17.) is therefore the tangent plane at the vertex of the cone, to that 
first circumscribed sphere (6.). 

(19.) The sphere (13.) may in like manner be said to be circumscribed to 


* These two series of sub-contrary (or antiparallel) but circular sections of a cyclic cone, appear to 
have been first discovered by Apollonius: see the Fifth Proposition of his First Book, in which he 
says, Kadrelodw dt H ToradTy Touy bwevayTia (page 22 of Halley’s Edition). 


t By M. Chasles, 
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the cone, if the latter be considered as resting on the new circle (13.), or as 
terminated by that circle as its new base; and the diameter of this new sphere 
is the line op’, or 3’, which has by (12.) the direction of the line a, or of the 
first cyclic normal (17.); so that (comp. (18.)) the first cyclic plane is the 
tangent plane at the vertex, to the second circumscribed sphere (13.). 

(20.) Any other sphere through the vertex, which touches the first cyclic 
plane, and which therefore has its diameter from the vertex = b’[3’, where Db’ is 
some scalar co-efficient, is represented by the equation, 


UAC ata cia 
p p 


it therefore cuts the cone in a circle, of which (by (12.)) the equation of the 
plane is 
See ore a oe 
a ba 
so that the perpendicular from the vertex is b’a’ || (comp. (5.)); and conse- 
quently this plane of section of sphere and cone is parallel to the second cyclic 
plane (17.). 
(21.) In like manner any sphere, such as 
b ; 
S ae 1, where 0 is any scalar, 

p 
which touches the second cyclic plane at the vertex, intersects the cone (8.) in a 
circle, of which the plane hag for equation, 


foam 
Se if 


and is therefore parallel to the first cyclic plane. 
(22.) The equation of the cone (by IX., X., XVI.) may also be thus 


written : 8 
Ue Sue = Te or cos Po tos Fe 

pier se) eee re tea eer 
it expresses, therefore, that the product of the cosines of the inclinations, of any 
variable side (p) of an oblique cyclic cone, to two fixed lines (a and 3), namely to 
the two cyclic normals (17.), is constant; or that the product of the sines of the 
inclinations, of the same variable side (or ray, p) of the cone, to two fixed planes, 
namely to the ¢wo cyclic planes, is thus a constant quantity. 
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(23.) The two great circles, in which the concentric sphere Tp = 1 is cut by 
the two cyclic planes, have been called the two Cyclic Arcs* of the Spherical 
Conic (11.), in which that sphere is cut by the cone. It follows (by (22.)) 
that the product of the sines of the (arcual) perpendiculars, let fall from any point 
P of a given spherical conic, on tts two cyclic ares, is constant. 

(24.) These properties of cyclic cones, and of spherical conics, are not put 
forward as new; but they are of importance enough, and have been here 
deduced with sufficient facility, to show that we are already in possession of a 
Calculus, with its own Rulest of Transformation, whereby one enunciation of a 
geometrical theorem, or problem, or construction, can be translated into 
several others, of which some may be clearer, or simpler, or more elegant 
than the one first proposed. 

197. Let a, 3, y be any three co-initial vectors, oa, &c., and let op = 6 
= y + 2, so that opnc is a parallelogram (6); then, if we write 


CG aa y:a=¢, and é6:a=¢"=¢ +4 (106), 


and suppose that B’, c’, p’ are the feet of perpendiculars let fall from the 
points B, c, D on the line oa, we shall have, by 196, XIX., the expressions, 


(om) =a8d,. iy aed eo ang 8 


But also op = cp, and therefore op’ = c’p’, the similar projections of equal lines 
being equal; hence (comp. 11) the sum of the projections of the lines [, y 
must be equal to the projection of the sum, or in symbols, 


OD’ = 00’ + OB, o=7+ 2, J :a= (7: a) + (9: a). 
Hence, generally, for any two quaternions, g and q’, we have the formula: 
Li 8 (gg) = Se +89 


or in words, the scalar of the sum is equal to the swm of the scalars. It is easy 
to extend this result to the case of any three (or more) quaternions, with their 
respective scalars; thus, if y” be a third arbitrary quaternion, we may write 


Sig’ + (¢+q)} =S8¢q’+S8 (7+ 9g) = 8" + (Sq’ + Sq); 


where, on account of the scalar character of the summands, the last paren- 
theses may be omitted. We may therefore write, generally, 


HH... 83¢:= S5¢, or brietly, -SS = 38; 


where & is used as a sign of Summation: and may say that the Operation of 


* By M. Chasles. t+ Comp. 145, (10.), &. 
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taking the Scalar of a Quaternion is a Distributive Operation (comp. 13). As 
to the general Subtraction of any one quaternion from any other, there is no 
difficulty in reducing it, by the method of Art. 120, to the second general 
formula of 106; nor in proving that the Scalar of the Difference* is always 
equal to the Difference of the Scalars. In symbols, 


a! Ill...8 (/-q) =8¢/ - 84; 
or briefly, 
TV. 7 Sag 5 Ae, SA — AS, 


when A is used as the characteristic of the operation of taking a difference, by 
subtracting one quaternion, or one scalar, from another. 

(1.) It has not yet been proved (comp. 195) that the Addition of any 
number of Quaternions, 9, 9’, 7”, .. 1s an associative and a commutative operation 
(comp. 9). But we see, already, that the scalar of the sum of any such set of 
quaternions has a value, which is independent of their order, and of the mode 
of grouping them. 

(2.) If the summands be all vight quaternions (132), the scalar of each 
separately vanishes, by 196, VII.; wherefore the scalar of their swm vanishes 
also, and that sum is consequently itse//, by 196, XIV., a right quaternion : 
a result which it is easy to verify. In fact, if 6 ta and y La, then y+ PB 
1 a, because a is then perpendicular to the plane of (3 and y; hence, by 106, 
the sum of any two right quaternions is a right quaternion, and therefore also the 
sum of any number of such quaternions. 

(3.) Whatever two quaternions g and g’ may be, we have always, as in 
algebra, the two identities (comp. 191, (7.) ): 


Vee og 9 en Ne eg) 


198. Without yet entering on the general theory of scalars of products or 
quotients of quaternions, we may observe here that because, by 196, XV., the 
scalar of a quaternion depends only on the tensor and the angle, and is independent 
of the axis, we are at liberty to write generally (comp. 173, 178, and 191, 


(1.), (6.)); ae | 
1S Gea ig ae Te... 8s 9:9) =89 3 


the two products, qq and ¢/q, having thus always equal scalars, although they 
have been seen to have unequal axes, for the general case of diplanarity (168, 
191). It may also be noticed that, in virtue of what was shown in 193, 


* Examples have already occurred in 196, (2.), (5.), (16.).. 


Arts, 197-199.] SCALAR OF A PRODUCT, QUOTIENT, OR SQUARE. 187 


respecting the quotient, and in 194 respecting the product, of any two right 
quaternions (182), in connexion with their indices (133), we may now estab- 
lish, for any swch quaternions, the formule : 


Pei) lo Oh Y oeg OR LZ A AKG): 
Ve 0 =O 9) = 8(Iy:T=)=-T/g. cos (Ax. 1 a ee 4 Br 


where the new symbol Iq is used, as a temporary abridgment, to denote the 
Index of the quaternion g, supposed here (as above) to be a right one. With 
the same supposition, we have therefore also these other and_ shorter 
formule : 
Veg .9)\e= COS 2 (Ae noe og) 
VI... SU9’¢ = - cos Z(Ax.¢: Ax.q); 


which may, by 126, XVI., be interpreted as expressing that, under the same 
condition of rectangularity of g and q/, 
Wile Coleg) = 2s 

VIII... 24¢q=a7-Z(Ax.d: Ax.g). 
In words, the Angie of the Quotient of two Right Quaternions is equal to the 
Angle of their Axes; but the Angle of the Product, of two such quaternions, 
is equal to the Supplement of the Angle of the Aves. There is no difficulty in 
proving these results otherwise, by constructions such as that employed in 
Art. 193; nor in illustrating them by the consideration of isosceles quad- 
rantal triangles, upon the surface of a sphere. 

199. Another important case of the scalar of a product is the case of the 
scalar of the square of a quaternion. On referring to Art. 149, and to fig. 42 
[p. 1383], we see that while we have always T (g’) = (T¢)’, as in 190, and 
U (q°) = (Ug)*, as in 161, we have also, | 


ie ors 2 (gelato eG, Bde (oy A pone 0 <5} 
but, by the adopted definitions of Z ¢ (180), and of Ax . g (127, 128), 


Tv 


Il... 2(@?)=2(r-Lq), Ax.(¢)--Ax.q, if L£9>5 


In each case, however, by 196, X VI., we may write, 
III. . . SU (q’) = cos z (g*) = c082 2g; 


a formula which holds even when Z q is 0, or = or 7, and which gives, 


IV... SU (¢’) = 2(SU¢)- 1. 


2B2 
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Hence, generally, the scalar of g* may be put under either of the two following 
forms: 
Vos) = lo" cos 2 29s WV ee Sig) eg) oe 

where we see that it would not be safe to omit the parentheses, without some 
convention previously made, and to write simply Sq’, without first deciding 
whether this last symbol shall be understood to signify the scalar of the square, 
or the square of the scalar of q: these two things being generally wnequal. The 
latter of them, however, occurring rather oftener than the former, it appears 
convenient to fix on 7?¢ as that which is to be understood by Sq’, while the other 
may occasionally be written with a point thus, S.q*; and then, with these 
conventions respecting notation,* we may write: 


VII. . . Sq? = (Se; Velie Sag ONG), 


But the square of the conjugate of any quaternion is easily seen to be the 
conjugate of the square; so that we have generally (comp. 190, II.) the 
formula : 
Tee ho ig ag) es es 

(1.) A quaternion, like a positive scalar, may be said to have in general 
two opposite square roots; because the squares of opposite quaternions are always 
equal (comp. (3.)). But of these two roots the principal (or simpler) one, and 
that which we shall denote by the symbol ,/q or \/q, and shall call by 
eminence the Square Root of q, is that which has its angle acute, and not 
obtuse. We shall therefore write, generally, 


DCN Vg ae war P Ax./q = Ax.q; 


with the reservation that, when 2 q = 0, or=7, this common avis of g and ./q¢ 
becomes (by 131, 149) an indeterminate unit-line. 


(2.) Hence, 
MI e 0, ee eo 


while this scalar of the square root of a quaternion may, by VI., be thus trans- 


formed : 
XIL...S fqg=/{4 (Ty + 8q)}; 


a formula which holds good, even at the limit 2g =z. 


* As, inthe Differential Calculus, it is usual to write dz? instead of (dz)*; while d (2?) is some- 
times written asd.z?. But as dx denotes a second differential, so it seems safest not to denote the 
square of Sg by the symbol Sg, which properly signifies SSg, or Sg, as in 196, VI.; the second 
scalar (like the second tensor, 187, (9.), or the second versor, 160) being equal to the first. Stillevery 
calculator will of course use his own discretion ; and the employment of the notation S*g for S (¢)?, 
as cos*# is often written for (cos x)*, may sometimes cause a saving of space. 
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(3.) The principle* (1.) that, in quaternions, as in algebra, the equation, 
Ales oy 9 
is an ¢dentity, may be illustrated by conceiving that, in fig. 42, a point B’ is 
determined by the equation ox’ = Bo; for then we shall have (comp. fig. 33, 
bis [p. 122]), 


‘\2 
OB oc 
(- g)?=(—) = — = @, because A aos’ & B’oc. 
OA OA 


200. Another useful connexion between sca/ai's and tensors (or norms) of 
quaternions may be derived as follows. In any plane triangle aos, we haveT 
the relation, 

(T.as)?=(T.0a)?-2(T.0a).(T. 08). cosaos+ (T. 08)’; 


in which the symbols T’. 0a, &c., denote (by 185, 186) the /engths of the sides 
oa, &c.; but if we still write g = oB: 0A, we have g —-1=aB: 0A; dividing 
therefore by (T'. 0a)’, the formula becomes (by 196, &c.), 


I... T(qg-1)?=1-2T¢.8Uq¢+T¢ = Ty’ - 28¢4+1; 
II...N(q-1) =Nq-28¢41. 


But qg is here a perfectly general quaternion; we may therefore change its 
sign, and write, 


III... T(1+¢=1+28¢+Tg?; IV...N (1+¢)=1+287+Neg. 


or 


And since it is easy to prove (by 106, 107) that 
ve (fs1)g=¢% 5 
whatever two quaternions g and q’ may be, while 
Vie: 81. Ny=8.Ky- Bg, 


we easily infer this other general formula, 
VIT...N (+9) = N+ 28. qKq’+Nq; 
which gives, if x be any scalar, 


VIII... N (g+2) = Nq + 228q + 2’. 


* Compare the Note to page 162. 
+ By the Second Book of Euclid, or by plane trigonometry. 
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(1.) Weare now prepared to effect, by rules* of transformation, some other 
passages from one mode of expression to another, of the kind which has been 
alluded to, and partly exemplified, in former sub-articles. ‘Take, for example. 
the formula, 


mO* * 1, of 187, (2.); 
pa 
or the equivalent formula, 
it (p v a) = T (o ee a), of 186, (6.) ; 


which has been seen, on geometrical grounds, to represent a certain locus, 
namely the plane through o, perpendicular to the line 0A; and therefore the 
same locus as that which is represented by the equation 


8° = 0, of 196, (1.), 


To pass now from the former equations to the latter, by calculation, we have 
only to denote the quotient o:a by g, and to observe that the first or second 
form, as just now cited, becomes then, - ae 


DGtl ata) se oN Gel) Ng); 
or finally, by II. and IV., 


which gives the third form of equation, as required. 


(2.) Conversely, from oie 0, we can return, by the same general for- 
a 
cial Ly ahd TV. to the equation N (e- 1) -n(P4 1}, or by 1c and 
a a 


6 T(@-1)-1(2 +1), emtoll(s- ge Tidsar orto T aa as above; 
° = 
and generally, 


S¢=0 gives T (g-1)=T(qg+1), or Titi =1; 


while the latter equations, in turn, involve, as has been seen, the former. 
(3.) Again, if we take the Apollonian Locus, 145, (8.), (9.), and employ 
the first of the two forms 186, (5.) of its equation, namely, 


T (ep - aa) = aT (p ~ a), 


* Compare 145, (10); and several subsequent sub-articles. 
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where @ is a given positive scalar different from unity, we may write it as 
Tiqg-@)=aT(q-1), oras N(g-a@)=aN(q-1); 
or by VIIL., | 
Nq - 2a@°8q + at = a@ (Ng - 28¢ + 1); 
or, after suppressing — 2a’ Sq, transposing, and dividing by a’ — 1, 
No= a>; sor, No.=o Na; or, To-alos 
which last is the second form 186, (5.), and is thus deduced from the first, by 
calculation alone, without any immediate appeal to geometry, or the construction 
of any diagram. 
(4.) Conversely if we take the equation, 


N® = a*, of 145, (12.), 
a 


which was there seen to represent the same locus, considered as a spheric 
surface, with o for centre, and aa for one of its radii, and write it as Ng = a’, 
we can then by calculation return to the form 

N@q-@)=@N(q-1), or Tq-—a’) =al Gq -1), : 
or finally, 

T (0 -— aa) = aT (p - a), as in 186, (5.); 

this first form of that sub-article being thus deduced from the second, namely 
from Tp = aTa, or ES =a. 

(5.) It is far from being the intention of the foregoing remarks, to dis- 
courage attention to the geometrical interpretation of the various forms of expres- 
sion, and general rules of transformation, which thus offer themselves in working 
with quaternions; on the contrary, one main object of the present Chapter 
has been to establish a firm geometrical basis, for all such forms and rules. 
But when such a foundation has once been laid, it is, as we see, not necessary 
that we should continually recur to the examination of it, in building up the 
superstructure. That each of the two forms, in 186, (5.), cnvolves the other may 
be proved, as above, by caleulution ; but it is interesting to inquire what is the 
meaning of this result: and in seeking to interpret it, we should be led anew 
to the theorem of the Apollonian Locus. 

(6.) The result (4.) of calculation, that 


N (¢-@) =@N (¢-1), if Na =@’, 
may be expressed under the form of an identity, as follows : 
IX...N(¢q-Ng) =N¢.N (¢-1]); 


in which g may be any quaternion, 
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(7.) Or, by 191, VII., because it will soon be seen that 

q(q-1)=¢ - 4, as in algebra, 
we may write it as this other identity : 
Xs HN (9 = No) = N (oe? — 9): 

(8.) If T (¢ - 1) =1, then 8 = = and conversely, the former equation 
follows from the latter; because each may be put under the form (comp. 
196, X11.) Nq = 28¢. 9 

(9.) Hence, if T (0 - a) = Ta, then 8 = = 1, and reciprocally. In fact 
(comp. 196, (6.)), each of these two equations expresses that the locus of P is 
the sphere which passes through 0, and has its centre at a; or which has 
oB = 2a for a diameter. 

(10.) By changing g to g + 1 in (8), we find that 


Wloe= st, then. 5 ai = 0, and reciprocally. 


(11.) Hence if Tp = Ta, then S ae = 0, and reciprocally; because (by 
P a 
106) 


poe -P—8 P48. (6-1): (E41). 
DT a a a a 


(12.) Hach of these two equations (11.) expresses that the locus of P is 
the sphere through a, which has its centre at o ; and their proved agreement 
is a recognition, by quaternions, of the elementary geometrical theorem, that 
the angle in a semicircle is a right angle. 


SECTION 13. 

@n the Right Part (or Vector Part) of a Quaternion; and on the 

Distributive Property of the Multiplication of Quaternions. 

201. A given vector op can always be decomposed, in one but in only one 
way, into two component vectors, of which it is the swm (6); and of which 
one, as OB’ in fig. 50, is parallel (15) to another given Br---- .B 
vector oA, while the other, as op” in the same figure, is we 
perpendicular to that given line 0a; namely, by letting 4 ; 
fall the perpendicular BB’ on 0A, and drawing 0B’ = B’B, | 
so that on’sB” shall be a rectangle. In other words, if 


a and (3 be any two given, actual, and co-initial vectors, 
it is always possible to deduce from them, in one definite way, two other 
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co-initial vectors, 8’ and 3”, which need not however both be actual (1); and 
which shall satisfy (comp. 6, 15, 129) the conditions, 
B=B'+B’=p"+8, Bla B’ La; 

P’ vanishing, when 3 1a; and 2” being null, when B || a; but both being 
(what we may call) determinate vector-functions of a and 3. And of these two 
functions, it is evident that 3’ is the orthographic projection of [3 on the line a; 
and that 2” is the corresponding projection of 3 on the piane through o, which 
is perpendicular to a. 

202. Hence it is easy to infer, that there is always one, but only one way, 
of decomposing a given quaternion, 

q=0B:0A=(P a, 

into two parts or summands (195), of which one shall be, as in 196, a scalar, 
while the other shall be a right quotient (132). Of these two parts, the former 
has been already called (196) the scalar part, or simply the Scalar of the 
Quaternion, and has been denoted by the symbol Sq; so that, with reference 
to the recent figure 50, we have 


Let OGe= SOBs OA) — OB TOA 108: ot (iy a) a: 
And we now propose to call the /atter part the Rieur Part* of the same 
quaternion, and to denote it by the new symbol 
Va; 
writing thus, in connexion with the same figure, 
$2 Vi SN (OR? OA) = OR OA Or (a) io eae 


The System of Notations, peculiar to the present Calculus, will thus have been 
completed ; and we shall have the following general Lurmula of Decomposition 
of a Quaternion into two Swmmands (comp. 188), of the Scalar and Right 
kinds : 

ITT... ¢=8¢+ V¢ = Va + 8a, 
or, briefly and symbolically, 

LVe...2 = 5+. Vo Va, 

(1.) In connexion with the same fig. 50, we may write also, 
V (oB : 0A) = B’B: OA, 


because, by construction, B’B = 0B”. 


* This Right Part, Vq, will come to be also called the Vector Part, or simply the Vector, of the 
Quaternion ; because it will be found possible and useful to identify such part with its own Index- 
Vector (133). Compare the Notes to pages 121, 137, 175 [and Art. 286]. 
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(2.) In like manner, for fig. 36 [p. 115], we have the equation, 
NV (OB: OA) = ABs OA. 
(3.) Under the recent conditions, 
We(6" a) = 0) and 3867 a) =; 
(4.) In general, it is evident that 
V...g=0, if S¢=0, and Vq=0; and reciprocally. | 
(5.) More generally, 
VI...q =, if Sq’=8g, and Vo¢'=Vq; with the converse. 
(6.) Also Niele. Va Ue ak, ee 8) Or. as 
or NOE ee Vi a) Ue ee | es 


the right part of a scalar being zero. 
(7.) On the other hand, 


ix 0 oy L953 


a right quaternion being tts own right part. 
203. We had (196, XIX.) a formula which may now be written thus, 


OB = (0B 4 OA) O40: Or e=8% 4, 


to express the projection of 0B on oA, or of the vector (3 on a; and we have 
evidently, by the definition of the new symbol Vg, the analogous formula, 


Ts OB = V- (OR ORV OAC sr pr=Ve a, 


to express the projection of 3 on the plane (through 0), which is drawn so as to 
be perpendicular to a; and which has been considered in several former sub- 
articles (comp. 186, (6.), and 196, (1.)}. It follows (by 186, &c.) that 


dB ere WS go ry . Ta = perpendicular distance of B from Oa 3 
this perpendicular being here considered with reference to its /ength alone, as 


the characteristic T of the tensor implies. It is to be observed that because 


the factor, ve in the recent formula II. for the projection 3”, is not a scalar, 


we must write that factor as a multiplier, and not as a multiplicand; although 
we were at liberty, in consequence of a general convention (15), respecting the 
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multiplication of vectors and scalars, to denote the other projection [3’ under the 
form, 


Goan Ce as (196, XIX.). 
(1.) The equation, 


expresses that the locus of Pp is the indefinite right line oa. 
(2.) The equation, 


ye say ee a Ge 
a a a 


expresses that the locus of P is the indefinite right line BB”, in fig. 50, which 
is drawn through the point B, parallel to the line oa. 
(3.) The equation 


emer eo, poe ceron a). 
a a a 


has been seen to express that the locus of Pp is the p/ane through B, perpendi- 
cular to the line 0a; if then we combine it with the recent equation (2.), we 
shall express that the point p is situated at the intersection of the two last 
mentioned loci; or that it coincides with the point B. | 

(4.) Accordingly, whether we take the two first or the two last of these 
recent forms (2.), (3.), namely, 


Vcme Goes hP gr gaye ae eee 
a ; a a 


a a a’ 
we can infer this position of the point Pp: in the first case by inferring, 
through 202, V., that p—P = (0, whence p —- 6 = 0, by 142; and in the second 


a 
case by inferring, through 202, VI., that . = a ; So that we have in each case 


(comp. 104), or as a consequence from each system, the equality p = , or 
op = 0B; or finally (comp. 20) the coincidence, P = B. 
(5.) The equation 


rye = tv, 
a a 


expresses that the locus of the point P is the cylindric surface of revolution, which 

passes through the point B, and has the line oa for its axis; for it expresses, by 

III., that the perpendicular distances of P and B, from this latter line, are equal. 
2C2 
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(6.) The system of the two equations, 
tve-Tve, 82-0, 
a a ¥ 


expresses that the locus of P is the (generally) elliptic section of the cylinder 
(5.), made by the plane through o, which is perpendicular to the line oc. 
(7.) If we employ an analogous decomposition of p, by supposing that 


p = p’ re ac p’ | a, pe” ae a, 


the three rectilinear or plane loci, (1.), (2.), (8.), may have their equations 
thus briefly written : 
Ol i es ey Jia Cer ee 1 Olean Ce 

while the combination of the two last of these gives p = (3, as in (4.). 

(8.) The equation of the cylindric locus, (5.), takes at the same time the 
form 

sae HE 

which last equation expresses that the projection P” of the point p, on the 
plane through o perpendicular to oa, falls somewhere on the circumference of 
a circle, with o for centre, and op” for radius: and this circle may accordingly 
be considered as the base of the right cylinder, in the sub-article last cited. 

204. From the mere circumstance that Vq is always a right quotient (132), 
whence UVq is a right versor (153), of which the plane (119), and the azis 
(127), coincide with those of g, several general consequences easily follow. 
Thus we have generally, by principles already established, the relations: 


eae =53 II... Ax.Vg=Ax.UVg=Ax.q; 
III... KVqg=-Vg, or KV=-V (144); 
EV SVG, On. SV 0 19G.. VLE. | 
V... (UVq)? =-1 (158, 159) ; 
and therefore, VI... (Vg)? =- (TVq)? =-NV¢q,* 


because, by the general decomposition (188) of a quaternion into factors, we 
have 


Vl N= Noo Ve: 
We have also (comp. 196, VI.), 
VIII... V8¢g=0, or VS=0(202, VII.); 


* Compare the Note to page 132. 
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IX... VVg=Vq, or Vi =VV=V (202, 1X.); 
and X... VK¢g=-Vq, or VK=-V, 


because conjugate quaternions have opposite right parts, by the definitions in 
137, 202, and by the construction of fig. 36 [p. 115]. For the same reason, 
we have this other general formula, 


XI... Kg=S¢-Vq, or K=S-V; 


g=Sq+Vq, or 1=8+YV, by 202, III., LV. ; 

hence not only, by addition, 

g+Kq=28q, or 1+K=2S8, as in 196, L., 
but also, by subtraction, 

Rleoeg = Ke 2 Vee or te a: 
whence the Characteristic, V, of the Operation of taking the Right Part of a 
Quaternion (comp. 182, (6); 1387; 156; 187; 196), may be defined by either 
of the two following symbolical equations : 

Mies. Vessl (202, Ly): MVS sy ed 1) 


whereof the former connects it with the characteristic S, and the latter with 
the characteristic KX; while the dependence of K on S and VY is expressed by 
the recent formula XI. ; and that of S on K by 196, II’. Again, if the line 
os, in fig. 50, be multiplied (15) by any scalar coefficient, the perpendicular 
BB is evidently multiplied by the same; hence, generally, 


but we had 


XV... Veg=2Vq, if x be any scalar ; 
and therefore, by 188, 191, 
RVI 2 Vg— lo Vug, and XV. ENG eed Vd. 


But the consideration of the right-angled triangle, ox’s, in the same figure, 


shows that 
| AVI 2 y= team Za, 


because, by 202, II., we have 
TV¥o=T (op 30s) =1 ..0B.4 1. 0A, 
and T.os’=T.0B.sin AOB; 


we arrive then thus at the following general and useful formula, connecting 
guaternions with trigonometry anew : 


XIX... TVU¢g=sng; 
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by combining which with the formula, 
SUgq = cos Zq (196, XVI), 


we arrive at the general relation : 

XX... (SUg)?+ (TVU¢g"=1; 
which may also (by XVII., and by 196, IX.) be written thus: 

XXI. . . (Sg)? + (LVg)?= (Ty)’; 
and might have beenimmediately deduced, without sines and cosines, from the 
right-angled triangle, by the property of the square of the hypotenuse, under 
the form, | 

(i op je+ (l2e B= (1-08) 
The same important relation may be expressed in various other ways; for 
example, we may write, 

XXII... N¢g=Ty’ =8¢ - Va’, 

where it is assumed, as an abridgment of notation (comp. 199, VII., VIII.), 


that 
RMIT NG (V0). ut that Na yg Vv (¢) 


the import of this last symbol remaining to be examined. And because, by 
the definition of a norm, and by the properties of Sq and Vg, 


RAV Neg so) bute. ARVN Vg =— Vo; 

we may write also, 

XXVIII... Ng=N (S¢+ Vg) =NS¢+NVoq; 
a result which is indeed included in the formula 200, VIIL., since that equa- 
tion gives, generally, 

XXVIIL...N(q+0)=Ny+Ne, if cq=53 
« being, as usual, any scalar. It may be added that because (by 106, 143) 
we have, as in algebra, the identity, 


XXIX...-(f+g)=-Y-4@ 


the opposite of the sum of any two quaternions being thus equal to the swm of 
the opposites, we may (by XI.) establish this other general formula: 


XXX...- Kg=Vq-8q; 


the opposite of the conjugate of any quaternion g having thus the same right 
part as that quaternion, but an opposite scalar part. 
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(1.) From the last formula it may be inferred, that 
if g =-Kg, then Vq’=+Vq, but S’=-89; 


and therefore that 
To =To,; and Ax,.¢ =AxX.9, but: 40 =27—-/¢- 


which two last relations might have been deduced from 138 and 148, without 
the introduction of the characteristics S and V. 
(2.) The equation, 


(ve) (vey, or (by XXVI), Nv2=NvF, 


like the equation of 203, (5.), expresses that the locus of P is the right 
cylinder, or cylinder of revolution, with oa for its axis, which passes through 


the point B. 
(3.) The system of the two equations, 


2 2 
ra)o(v8) abe 
a a Y 
like the corresponding system in 203, (6.), represents generally an edliptic 
section of the same right cylinder; but if it happened that y || a, the section 


then becomes circular. 
(4.) The system of the two equations, 


Sepia | (VE) = a1, with ¢>-1, w<l, 
a 


represents the circle,* in which the cylinder of revolution, with oa for axis, 
and with (1 —2*)?Ta for radius, is perpendicularly cut by a plane at a 
distance = +2T'a from 0; the vector of the centre of this circular section 
being za. 

(5.) While the scalar # increases (algebraically) from — 1 to 0, and thence 
to + 1, the connected scalar ,/(1 — x’) at first increases from 0 to 1, and then 
decreases from 1 to 0; the radius of the circle (4.) at the same time enlarging 
from zero to a maximum = la, and then again diminishing to zero; while the 
position of the centre of the circle varies continuously, in one constant direc- 
tion, from a first limit-point a’, if oa’ = — a, to the point a, as a second Limit. 


* By the word “circle,’’ in these pages, is usually meant a circumference, and not an area; and 
in like manner, the words ‘‘sphere,’’ *‘ cylinder,’’ ‘‘ cone,’’ &c., are usually here employed to denote 
’ Pp , ys ? ? ’ py 
surfaces, and not volumes, 
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(6.) The Jocus of all such circles is the sphere, with aa’ for a diameter, and 
therefore with o for centre; namely, the sphere which has already been repre- 


sented by the equation Tp = Ta of 186, (2.); or by T 7 = 1, of 187, (1.); or 


fs, : 
by § Fi = 0 of 200, (L1.); 


but which now presents itself under the new form, 


fo 


obtained by eliminating x between the two recent equations (4.). 

(7.) It is easy, however, to return from the last form to the second, and 
thence to the first, or to the third, by rules of calculation already established, 
or by the general relations between the symbols used. In fact, the last equa- 
tion (6.) may be written, by XXII., under the form, 


Nf - 1; whence TE = i by 190, VL. s 
and therefore also To = Ta, by 187, and 8 a = 0, by 200, (11.). 


(8.) Conversely, the sphere through a, with o for centre, might already 
have been seen, by the first definition and property of a norm, stated in 
145, (11.), to admit (comp. 145, (12.)) of being represented by the equation 


N& =1; and therefore, by XXITI., under the recent form (6.); in which if we 
a 
write z to denote the variable scalar 8, as in the first of the two equa- 
a 


tions (4.), we recover the second of those equations: and thus might be led 
to consider, as in (6.), the sphere in question as the Jocus of a variable circle, 
which is (as above) the intersection of a variable cylinder, with a variable plane 
perpendicular to its axis. 

(9.) The same sphere may also, by XX VIT., have its equation written thus, 


n(s2 + VE) a1; aa T(s2+v2)- 1. 
a a a a 


(10.) If, in each variable plane represented by the first equation (4.), we 
conceive the radius of the circle, or that of the variable cylinder, to be multi- 
plied by any constant and positive scalar a, the centre of the circle and the 
axis of the cylinder remaining unchanged, we shall pass thus to a new system 
of circles, represented by this new system of equations, 
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(11.) The /ocus of these new circles will evidently be a Spheroid of Revolu- 
tion; the centre of this new surface being the centre 0, and the avis of the 
same surface being the diameter aa’, of the sphere lately considered: which 
sphere is therefore either inscribed or circumscribed to the spheroid, according 
as the constant a@ > or < 1; because the radii of the new circles are in the first 
case greater, but in the second case less, than the radii of the old circles; or 
because the radius of the equator of the spheroid = a Ta, while the radius of 
the sphere = T'a. 

(12.) The equations of the two co-axal cylinders of revolution, which envelope 
respectively the sphere and spheroid (or are circumscribed thereto) are: 


(vey =-1, (ve) =-1; or NVf=1, NVfE =a; 
a a a 
or Tv e - i, TVe=a. 
a a 
(13.) The system of the two equations, 
S“= 2, (vs) =z*-1, with PB not || a, 


represents (comp. (3.)) a variable ellipse, if the scalar x be still treated as a 
variable. 


(14.) The result of the elimination of x between the two last equations, 
namely this new equation, 


(s8) - yy 5) 1; or NSS+NVE=1, by XXV., XXVL; 
or 


N (s oe le Sty Oxe e fanlly u(s - vs) et acivae 
represents the Jocus of all such ellipses (18.), and will be found to be an adequate 
representation, through quaternions, of the general E..rpsorp (with three un- 
equal axes): that celebrated surface being here referred to its centre, as the 
origin O of vectors to its points; and the six scalar (or algebraic) constants, 
which enter into the usual algebraic equation (by co-ordinates) of such a central 
ellipsou, being here virtually included in the two independent vectors, a and [3, 
which may be called its two Vector-Constants.* 


* It will be found, however, that other pairs of vector-constants, for the central ellipsoid, way 
occasionally be used with advantage. 
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(15.) The equation (comp. (12.)), 


p\ p | p 
(ve) =-], or aig ae or eG oe 
represents a cylinder of revolution, circumscribed to the ellipsoid, and touching it 
along the ellipse which answers to the value w = 0, in (18.); so that the plane 
of this ellipse of contact is represented by the equation, 


the normal to this plane being thus (comp. 196, (17.)) the vector a, or 0A; 
while the azis of the lately mentioned enveloping cylinder is [3, or oB. 

(16.) Postponing any further discussion of the recent quaternion equation 
of the ellipsoid (14.), it may be noted here that we have generally, by XXIL., 
the two following useful transformations for the squares, of the scalar Sq, and 
of the right part Vq, of any quaternion q: 


XXXII... 8g?=1y?+ Vg?; XXXII... Ve? = 89? - Te’. 


(17.) In referring briefly to these, and to the connected formula XXII, 
upon occasion, it may be somewhat safer to write, 


Se ye eee WV) 


than 8S? = T? + V*, &c.; because these last forms of notation, 8’, &c., have 
been otherwise interpreted already, in analogy to the known Functional Nota- 
tion, or Notation of the Calculus of Functions, or of Operations (comp. 187, (9.)) ; 
196, VI.; and 204, IX.). 
(18.) In pursuance of the same analogy, any scalar may be denoted by the 
general symbol, 
V0: 
because scalars are the only quaternions of which the right parts vanish. 
(19.) In like manner, a right quaternion, generally, may be denoted by the 
symbol, 
0s 


and since this includes (comp. 204, I.) the right part of any quaternion, we 
may establish this general symbolic transformation of a Quaternion : 


g=V70+8"0. 
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(20.) With this form of notation, we should have generally, at least for 
real* quaternions, the inequalities, 


(Vt0)s = 0s. 1520) 
so that a (geometrically real) Quaternion is generally of the form: 
Square-root of a Positive, plus Square-root of a Negative. 
(21.) The equations 196, XVI., and 204, XIX., give, as a new link between 
quaternions and trigonometry, the formula: 


DOOLEY stan 2g Vi gees oo = yg ge 


(22.) It may not be entirely in accordance with the theory of that Funce- 
tional (or Operational) Notation to which allusion has lately been made, but it 
will be found to be convenient in practice, to write this last result under one 
or other of the abridged forms: F 


| 


XXXIV. tan £g= =. g; ore MX RIV on. stan Ay (EY 28): 


which have the advantage of saving the repetition of the symbol of the quaternton, 
when that symbol happens to be a complew expression, and not, as here, a single 


letter, ¢. 
(23.) The transformation 194, for the index of a right quotient, gives 
generally, by II., for any quaternion g, the formule: 


DN AN 2 bVg Ve Axo SN Vi LUNG Bg: 
so that we may establish generally the symbolical | equation, 
D.@.@. Gia Weis LBA a 2 < 


(24.) And because Ax. (1: Vg)=-Ax.Vq, by 135, and therefore =- Ax . q, 
by II., we may write also, by XXXYV., 


DRM Nee del Ee VG yo Ax Ye 


* Compare Art. 149; and the Notes to pages 87, 135. 
t Compare the Note to Art. 199. 
{ Ata later stage [286] it will be found possible (comp. the Note to page 175, &c.), to write, 
generally, 
IVq= Vq, lUVqg = UV¢; 
and then (comp. the Note in page 120 to Art. 129) the recent equations, XXXVI., XXXVI’., will 
take these shorter forms [291]: 
Axig= UVgs.. Axoeru ¥. 
2D2 
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205. If any parallelogram ospc (comp. 197) be projected on the plane 


through 0, which is perpendicular to oa, the projected figure op”p’c 
(comp. 11) is still a parallelogram; so that 


OD — 00 FOB. (0), 0b G6 y O's 

and therefore, by 106, 

@ va=iy": a) + (0 <a). 
Hence, by 120, 202, for any two quaternions, g and q’, we have the general 
formula, 

tee Vilge ho) — ie VG 
with which it is easy to connect this other, 

II... V (¢- 9) = V¢' - V¢. 
Hence also, for any three quaternions, q, 9’, 7”; 

NE a) Nee NA eg NG) NG) 


and similarly for any greater number of summands: so that we may write 
generally (comp. 197, II.), . 


Ls Ne > Vo, orbrieny dil ey S SV: 


while the formula II. (comp. 197, IV.) may, in like manner, be thus written, 
ING so VO AVG, Ota ea A A 


the order of the terms added, and the mode of grouping them, in III., being 
as yet supposed to remain unaltered, although both those restrictions will 
soon be removed. We conclude then, that the characteristic V, of the operation 
of taking the right part (202, 204) of a quaternion, like the characteristic S of 
taking the scalar (1965, 197), and the characteristic IC of taking the conjugate 
(137, 195*), is a Distributive Symbol, or represents a distributive operation : 
whereas the characteristics, Ax., Z, N, U, ‘I’, of the operations of taking 
respectively the axis (128, 129), the angle (1380), the norm (145, (11.)), the 
versor (156), and the tensor (187), are not thus distributive symbols (comp. 
186, (10.), and 200, VII.); or do not operate upon a whole (or sum), by 
operating on its parts (or summands). 

(1.) We may now recover the symbolical equation K? = 1 (145), under the 
form (comp. 196, VI.; 202, IV.; and 204, IV., VIII., [X., XI.): 


VILE. .. K®=(§-V)'=S'-8V- VS+V'-S+ V-l. 


* Indeed, it has only been proved as yet (comp. 196, (1.) ), that K3g = 3Kg, for the case of two 
summands; but this result will soon be extended [207]. 
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(2.) In like manner we can recover each of the expressions for 8’, V? from 
the other, under the forms (comp. again 202, IV.) : 
VIL...8 =(1-V)?=1- 2V+ V?=1-V=S, as in 196, VL; 
VII... V’=(1-8)?=1-28 +8 =1- S=V, as in 204, IX.; 
or thus (comp. 196, IT’., and 204, XIV.), from the expressions for S and V in 


terms of K: 
VIII... S =} (1+ KP =}(1+ 2K + K*) = $(1+ K) =S; 


IX... W= 3 (1-K)=}(1- 2K + K’) = 3(1-K) = V. 
(3.) Similarly, 


p. Cae iia eee e gcaes a 
and XI... VS=;(1-K)(1+K) =3(1-K’) = 0, as in 204, VIII.* 


206. As regards the addition (or subtraction) of such right parts, Vq, Va’, 
or generally of any two right quaternions (1382), we may connect it with the 
addition (or subtraction) of their indices (133), as follows. Let ospc be again 
any parallelogram (197, 205), but let oa be now an unit-vector (129) per- 
pendicular to its plane; so that 


Ta =1, £(B:a)=2(y:a)=2(8:a)=5, S=4 +. 


Let op’v’c’ be another parallelogram in the same plane, obtained by a positive 
rotation of the former, through a right angle, round 0a as an axis; so that 


£(B':B)=2(y' 17) -20's eae 
A (So) AK yes) oe VO.) 


Then the three right quotients, 3:a, y:a, and 6:a, may represent any two 
right quaternions, q, g’, and their sum, g’ + g, which is always (by 197, (2.)) 
itself a right quaternion ; and the indices of these three right quotients are 
(comp. 133, 193) the three lines 3’, y’, 0, so that we may write, under the 
foregoing conditions of construction, 


B=I(B:a), y=Tyra), %=1(8:0). 


* [It may be instructive to the student to form symbolical equations analogous to those in 161 (3.) 
from the six symbols 8, V, K and T, U, R. He may compare the equations obtained from the distri- 
butive symbols 8, V and K, with those obtained from T, U and R, and may notice the pairs of 
symbols commutative in order of operation, kc. It is well to combine the symbols as in a multipli- 
cation table. ] 
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But this third index is (by the second parallelogram) the swm of the two 
former indices, or in symbols, 6’ = y’ + 8’; we may therefore write, 

Te lg Oy lg geo ik Lg = 53 
or in words the Index of the Sum* of any two Right Quaternions is equal to the 
Sum of their Indices. Hence, generally, for any two quaternions, g and q’, 
we have the formula, 

Lode) = EY ge LV a, 
because Vg, Vq’ are always right quotients (202, 204), and V (q’ + q) is always 
their swm (205, I.); so that the index of the right part of the sum of any two 
quaternions is the sum of the indices of the right parts. In like manner, there 
is no difficulty in proving that 


beg alg ee ee ag 
and generally, that 

IV...1V(¢-q) =IV¢ -IV¢; 
the Index of the Difference of any two right quotients, or of the right parts of 
any two quaternions, being thus equal to the Difference of the Indices.* We 
may then reduce the addition or subtraction of any two such quotients, or parts, 


. 
3 


wla 


to the addition or subtraction of their indices; a right quaternion being always 
(by 133) determined, when its index is given, or known. 

207. We see, then, that as the MuitrpLication of any two Quaternions was 
(in 191) reduced to (1st) the arithmetical operation of multiplying their tensors, 
and (lInd) the geometrical operation of multiplying their versors, which latter 
was constructed by a certain composition of rotations, and was represented (in 
either of two distinct but connected ways, 167, 175) by sides or angles of a 
spherical triangle: so the AppiTion of any two Quaternions may be reduced 
(by 197, I., and 206, II.) to, Ist, the algebraical addition of their scalar parts, 
considered as two positive or negative numbers (16.); and, IInd, the geome- 
trical addition of the indices of their right parts, considered as certain vectors (1.) : 
this latter Addition of Lines being performed according to the Jule of the 
Parallelogram (6.).¢ In like manner, as the general Division of Quaternions 


* Compare the Note to page 175. 

+ It does not fall within the plan of these Notes to allude often to the history of the subject; but 
it ought to be distinctly stated that this celebrated Rule, for what may be called Geometrical Addition 
of right lines, considered as analogous to composition of motions (or of forces), had occurred to several 
writers before the invention of the quaternions: although the method adopted, in the present and in 
a former work, of deducing that rule, by algebraical analogies, from the symbol 8 — A (1.) for the line ar, 
may possibly not have been anticipated. The reader may compare the Notes to the Preface to the 
author’s Volume of Lectures on Quaternions (Dublin, 1853). 
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was seen (in 191) to admit of being reduced to an arithmetical division of 
tensors, and a geometrical division of versors, so we may now (by 197, III., and 
206, IV.) reduce, generally, the Subtraction of Quaternions to (Ist) an alge- 
braical subtraction of scalars, and (IInd) a geometrical subtraction of vectors: 
this last operation being again constructed by a parallelogram, or even by a 
plane triangle (comp. Art. 4, and fig. 2). And because the swm of any given 
set of vectors was early seen to have a value (9.), which is independent of their 
order, and of the mode of grouping them, we may now infer that the Sum of 
any number of given Quaternions has, in like manner, a Va/ue (comp. 197, (I.)), 
which is tadependent of the Order, and of the Grouping of the Summands: or in 
other words, that the general Addition of Quaternions is a Commutative* and an 
Associative Operation. 


(1.) The formula, Viq = =Vq, of 205, III, 


is now seen to hold good, for any number of quaternions, independently of the 
arrangement of the terms in each of the two sums, and of the manner in 
which they may be associated. 

(2.) We can infer anew that 


K (7 +g) = K¢’ + Kg, as in 195, II., 
under the form of the equation or identity, 
S(t 9) -V (y+ 9) = (87 - Vy) + Be - Vo). 
(3.) More generally, it may be proved, in the same way, that 
K¢ = SKo.: or bretly; KS =k. 


whatever the number of the summands may be. 

208. As regards the quotient or product of the right parts, Vq and V¢, of 
any two quaternions, let ¢ and ¢’ denote the tensors of those two parts, and 
let « denote the angle of their indices, or of their axes, or the mutual énclination 
of the axes, or of the planes,t of the two quaternions g and ¢/ themselves, so 


that (by 204, XVIII.), 
t=TVqg=Tg.snZg, ¢=TVd/=To.sinz yd, 
and w= ZL (IVq: 1Vq) = 2 (Ax. ¢: Ax.g). 


* Compare the Note to page 176. 
t Two planes, of course, make with each other, in general, two unequal and supplementary angles : 
but we here suppose that these are mutually distinguished, by taking account of the aspect of each 


plane, as distinguished from the opposite aspect: which is most easily done (111), by considering the 
axes as above. 
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Then, by 1938, 194, and by 204, XXXV., XXXV’, | 
LoVe 2 VoHIV¢ : iVo=4 CEG TV o):. (Ax.¢ - Ax.-¢)3 


Ie ve Va Wve Tyas CD Vy EG) he he aN 


and therefore (comp. 198), with the temporary abridgments proposed above, 
TD ay Nig) tae con es LY Vg = V9) — 4 e082: 
Nive Si(V¢ . Vo) =—tireese: VI. SU (Vg... Vo) == cosas 
Vile wet Oo we Vg) =o VHIIL. 2. Z(Vd..Vq) = x = @: 
We have also generally (comp. 204, XVIII., XIX.), 
Eee EV CV Voy ait ee) (VG Voy ei oe 
Neko VN Vg) =e Sie ee eg Vg) = Ss 
aud in particular, 
RTL ee (Vo oy On ede ev Vd Vg) 0, 
if ¢’ ||] ¢ (128) ; 
because (comp. 191, (6.), and 204, VI.) the quotient or product of the right 
parts of two complanar quaternions (supposed here to be both non-scalar (108), 


so that ¢ and ¢’ are each > 0) degenerates (131) into a scalar, which may be 
thus expressed : 
ANi goVe Vos ere; ond  XViCw. Vo ve — 7 7-0; 
but 
XV... Ve: Vo=—7e, and AVILES. V¢ Vest, Uses: 


the first case being that of coincident, and the second case that of opposite axes. 
In the more gereral case of diplanarity (119), if we denote by 6 the unit-line 
which is perpendicular to both their axes, and therefore common to their two planes, 
or in which those planes intersect, and which is so directed that the rotation 
round it from Ax.q to Ax.¢ is positive (comp. 127, 128), the recent for- 
mule I., II., give easily, 


REX Ae VG ONG) =e oo AVG VG es 


and therefore (by IX., XJ., and by 204, XXX V.), the indices of the right parts, 
of the quotient and product of the right parts of any two diplanar quaternions, 
may be expressed as follows: 


XXI...IV (Vd: Vq) = + 8.7 sing; 
XXII. ..1V (V¢q’. Vg) =- 6. ¢é sine. 
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(1.) Let asc be any triangle upon the unit-sphere (128), of which the 
spherical angles and the corners may be denoted by the same letters a, B, c, 
while the sides shall as usual be denoted by a, 4, c; and let it be supposed 
that the rotation (comp. 177) round a from c to B, and therefore that round B 
from A to c, &e., is positive, as in fig. 43 [p. 144]. Then writing, as we have 
often done, 

g=(P:a, and ¢=y: 6, where a=0a, &., 
we easily obtain the following expressions for the three scalars ¢, ¢’, 7, and 
for the vector 6: 
é=sine; ¢=sinag; w=7-B; d=- ff. 


(2.) In fact we have here, 


, 


Tg=T/=1, Laq=e, L=a; 


whence ¢ and @’ are as just stated. Also if a’, B’, c’ be (as in 175) the positive 
poles of the three successive sides Bc, CA, AB, of the given triangle, and therefore 
the points a, B, c the negative poles (comp. 180, (2.)) of the new ares B’c’, ca’, 
A’B’, then 
AX: -7.— 00). Axag GA. 

but w and 6 are the angle and the azis of the quotient of pa two axes, or of 
the quaternion which is represented (162) by the arc c’a’; therefore # is, as 
above stated, the supplement of the angle », and 6 is dir ote to the point upon 
the sphere, which is diametrically opposite to the point B. 

(3.) Hence, by III. V. VII. VIII. IX. XI., for any triangle azc on the 
unit-sphere, with a= oa, &c., we have the formule: 


XXIII. ..8(V7 VE) = — sina cosee ¢ 00835 


ce 
XXIV...8(V 3 ve). + sin @ SiN ¢ COS B; 


KXV...2(VU:VE)<2-3; xxvi...2(V3.vE)- 


XXVIL... TV(V 


VE) — + sina cosee o sin B; 
a 


va 
Bs 
Y 
B- 


AXVIIT... TV (v vi 


)=+ sina sine sins. 
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(4.) Also, by XIX. XX. XXI. XXII., if the rotation round B from a 
to c be still positive, 


XXIX. .Ax.(VZ:72)-_8; XXX, Ax. (V3.VE)=+8; 


KOXT. es. Iv(v2 ve) = — 9 sin a cosecce sin B; 


6 
XNA rv(V3 VE) <4 8 sinasine sins, 
\ 


(5.) If, on the other hand, the rotation round 8 from a to c were negative, 
then writing for a moment ai=-—a, Bi1=-(, y:=-y, we should have a new 
and opposite triangle, A,BiC;, 11 which the rotation round B, from A, to c, would 
be positive, but the angle at B, equal in magnitude to that at B; so that by 
treating (as usual) all the angles of a spherical triangle as positive, we should 
have Bi=B, as well as ¢,=c, and a,=a; and therefore, for example, by XXXI., 


1 (ve aa e) = — (3, sin a cosec ¢ sin Bi, 


or IV(v3:vE)=+8 sin @ cosec ¢ sin B; 


the four formule: of (4.) would therefore still subsist, provided that, for this 
new direction of rotation in the given triangle, we were to change the sign of 
(3, in the second member of each. 

(6.) Abridging, generally IVq: Sq to (IV: 8) g, as TVq: Sg was abridged, 
in 204, XXXIV’, to (TV :S)q¢, we have by (5.), and by XXIV., XXXII, 
this other general formula, for any three unit-vectors a, (3, y, considered 
still as terminating at the corners of a spherical triangle asc: 


XXXII... (IV:8) (vE.vE)-xp ee 


the upper or the lower sign being taken, according as the rotation round B 
from a to c, or that round (3 from a to y, which might perhaps be denoted by 
the symbol aly, and which in quantity is equal to the spherical angle ps, is 
positive or negative. 

209. When the planes of any three quaternions gq, q’, 7’, considered as all 
passing through the origin o (119), contain any common line, those three may 
then be said to be Collinear* Quaternions; and because the aais of each is then 


* Quaternions of which the planes are paradlel to any common line may also be said to be collinear. 
Compare the first Note to page 116. 
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perpendicular to that line, it follows that the Awes of Collinear Quaternions are 
Complanar: while conversely, the complanarity of the aves insures the colli- 
nearity of the quaternions, because the perpendicular to the plane of the axes isa 
line common to the planes of the quaternions. 

(1.) Complanar quaternions are always collinear; but the converse propo- 
sition does not hold good, collinear quaternions being not necessarily com- 
planar. 

(2.) Collinear quaternions, considered as fractions (101), can always be 
reduced to a common denominator (120); and conversely, if three or more 
quaternions can be so reduced, as to appear under the form of fractions with 
a common denominator «, those quaternions must be collinear: because the 
line ¢ is then common to all their planes. 

(3.) Any two quaternions are collinear with any scalar ; the plane of a scalar 
being indeterminate* (131). 

(4.) Hence the scalar and right parts, Sq, Sq’, Va, Va’, of any two quater- 
nions, are always collinear with each other. 

(5.) The conjugates of collinear quaternions are themselves collinear. 

210. Let ¢, ¢’, 7” be any three collinear quaternions; and let a denote_a 
line common to their planes. Then we may determine (comp. 120) three 
other lines 3, y, 6, such that 


Z t/ a 
joey a oe re 53 
a 


a 


and thus may conclude that (as in algebra), 


I... +q)’=/¢"' + 99’: 


because, by 106, 107, 
ia aes 


(2+ 2\e. 148 : Bip Na A eel chs 

a ajo eS } oo. “Gea 0 

In like manner, at least under the same condition of collinearity,t it may be 
proved that 


ae jd (7 - q) "ae fy OF qq’. 
Operating by the characteristic K upon these two equations, and attending to 
192, II., and 195, II., we find that 


IIT. . . Kg”. (Kg + Kg) = Kg”. Ko’ + Ke”. Kg; 
IV... Kg”. (Kq’ - Kg) = Kg. Ke — Kg”. Kg; 
where (by 209, (5.)) the three conjugates of arbitrary collinears, Kg, Ky’, Ky’, 


* Compare the Note to page 117. 
+ It will soon be seen, however, that this condition is unnecessary. 
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may represent any three collinear quaternions. We have, therefore, with the 
same degree of generality as before, 
Vie TCO 9 (49493 NI og (GF -9) a9 Ve. 
If, then, g, 7’, 7”, 7” be any four collinear quaternions, we may establish the 
formula (again agreeing with algebra) : 
Ver ian ((’ +’) (+9) a 44+ 00 4+0'° C+ Go 
and similarly for any greater number, so that we may write briefly, 
NPE eo Sg eg sg. 0s 

where DP =UutGat-+ t+ Im SY =i t Pat+-.t+Q'ny 
and DG = Vig te Cdn + Poi te eet PnImy 
m and » being any positive whole numbers. In words (comp. 13.), the Multi- 
plication of Collinear* Quaternions is a Doubly Distributive Operation. 

(1.) Hence, by 209, (4.), and 202, III., we have this general transforma- 
tion, for the product of any two quaternions : 

IX. ../q=Sq/. 8q+ Vq’.8q+8q’. Vo+ Vo. Vo. 


(2.) Hence also, for the square of any quaternion, we have the transforma- 
tiont (comp. 126; 199, VII.; and 204, XXIII.) : 
X...g=S8¢?+ Be. Vo + Va’. 


(3.) Separating the scalar and right parts of this last expression, we find 
these other general formule : 


MIS eS ead Ve ee = ee Vos 
whence also, dividing by Tq’, we have 
RI SU ig) a(SUg) + OV Ue) se XIV oe V0 9) 28.09. V Ue: 


(4.) By supposing q’ = Kg, in IX., and therefore Sq’ = Sq, Vq’ =- Vq, and 
transposing the two conjugate and therefore complanar factors (comp. 191, 
(1.)}, we obtain this general transformation for a norm, or for the square of a 
tensor (comp. 190, V.; 202, III.; and 204, XI.): 

XY... T¢ =Ng=¢Kq= (S¢+ Vg) (Sq - Vg) =8¢’- Va"; 
which had indeed presented itself before (in 204, XXII.), but is now obtained 


* This distributive property of multiplication will soon be found (compare the last Note) to extend 
to the more general case, in which the quaternions are zo¢ collinear. 

+ [By means of the formule of 204 many different transformations involving K, 8, V, and T may 
be effected on a square or product. | 
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in a new way, and without any employment of sines, or cosines, or even of the 
well-known theorem respecting the square of the hypotenuse. 


(5.) Eliminating Vq’, by XV., from XI., and dividing by Tg’, we find 
that 
XVI...S.¢?=28¢?-T¢?; XVII... SU (9) =2 (SUg)?-1; 


agreeing with 199, VI. and IV., but obtained here without any use of the 
known formula for the cosine of the double of an angle. 
(6.) Taking the scalar and right parts of the expression IX., we obtain 
these other general expressions : 
XVIII. . . 8¢’¢ =8¢’. 87 +8 (V7.Vq) sx 
XIX... V¢'g=Vq’.8¢+ Vq.87+ V (Vy. Va); 


in the latter of which we may (by 126) transpose the two factors Vq’, Sq, or 


Vq, Sq’. We may also (by 206, 207) write, instead of XIX., this other 
formula : 


XIX’... IVq‘q=IV¢’. 8q+IVq. Se + 1V (VY. Va). 


(7.) If we suppose, in VII., that 7’ = Kg, 7” = Kq’, and transpose (comp. 
(4.)) the two complanar (because conjugate) factors, ¢ + q and K (q’ + q), we 
obtain the following general expression for the norm of a sum: 


; (G+ Q K+ q) =7¢K' + (Kd + 9¢'Kg+ ¢Kg; 
or briefly, 


XX... N (7+ g)=No’+ 28. qK¢’ + Ng, as in 200, VIL. ; 


because 
7(Kqg=K.qK¢, by 192, IL., and (1+K) . gK¢’ = 28. ¢Kqd, by 196, IT’. 


(8.) By changing ¢ to w in XX., or by forming the product of g + 7 and 
Kq +, where z is any scalar, we find that 


XXII... N (gt+2) =Nq + 2aSq + 2’, as in 200, VIII. ; 
whence, in particular, 


XXII’... N(q¢-1) =Nq-28¢ + 1, as in 200, IT. 


(9.) Changing g to B:a, and multiplying by the square of Ta, we get, 
for any two vectors, a and 3, the formula, 


XXII. ., T(G—a)?= Te? = 278 Ta. SU 5 eas 
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in which Ta’? denotes* (Ta)?; because (by 190, and by 196, IX.), 


w(E- )-nB=*. (=O ="), and gf. Psul 


(10.) Inany plane triangle, asc, with sides of which the /engths are as usual 
denoted by a, b, c, let the vertex c be taken as the origin o of vectors; then 
SNe rcrecs acter occurs Maric oe a uicey gay SU? cos; 
we recover therefore, from XXII., the fundamental formula of plane trigono- 
metry, under the form 

XXITI... & =a - 2ab cosc + 8 

(11.) It is important to observe that we have not here been arguing in a 
circle; because although, in Art. 200, we assumed, for the convenience of the 
student, a previous knowledge of the last written formula, in order to arrive 
more rapidly at certain applications, yet in these recent deductions from the 
distributive property VIII. of multiplication of (at least) collinear quaternions, 
we have founded nothing on the results of that former Article; and have 
made no use of any properties of oblique-angled triangles, or even of right- 
angled ones, since the theorem of the square of the hypotenuse has been 
virtually proved anew in (4.): nor is it necessary to the argument, that any 
properties of trigonometric functions should be known, beyond the mere defini- 
tion of a cosine, asacertain projecting factor, from which the formula 196, XVI. 
was derived, and which justifies us in writing cos c in the last equation (10.). 
The geometrical Examples, in the sub-articles to 200, may therefore be read 
again, and their validity be seen anew, without any appeal to even plane trigono- 
metry being now supposed. 

(12.) The formula XV. gives Sg = Tq? + Vq’, as in 204, XXXI.; and we 
know that Vq’, as being generally the square of a right quaternion, is equal to 
a negative scalar (comp. 204, VI.), so that 

DOAEVG 2 Vor < 0) alesse .9 = 0,408.2 or, 
in each of which two cases Vg = 0, by 202, (6.), and therefore its square 
vanishes ; hence, 

RAV 3 bo < los (8g) =, 


in every other case. 


* We are not yet at liberty to interpret the symbol Ta? as denoting also T (a”) ; because we have 
not yet assigned any meaning to the square of a vector, or generally to the product of two vectors. In 
the Third Book of these Elements [282 (3.)] it will be shown, that such a square or product can be 
interpreted as being a guaternion: and then it will be found (comp. 190), that 

T (a*) = (Ta)? = Ta’, 
whatever vector a may be. 
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(13.) It might therefore have been thus proved, without any use of the 
transformation SUg = cos Zg (196, XVI.), that (for any real quaternion g) we 
may have the inequalities, 7 


XXVI...8U¢<+1, SUg>-1, and S¢<+Te, 8S¢>-Te, 
unless it happen that 2 g=0, or = 7; SUq being = + 1, and Sy=+T9, in the 
first case; whereas SUqg =—-1, and Sq=- 9, in the second case. 

(14.) Since Tg? =Ng, and Tg. Ty’ =T.qKq =T.¢Kqg=Nq.T (7: 9g), while 
S.qKq’=S8.¢Kgq=N¢.8(¢7: 9), the formula XX. gives, by XXVI., 

XXVII... (Te +T¢)?-T (¢ +9)? =2 (T-S) cK¢ =2N¢.(T-S)(7:¢) >9, 
if we adopt the abridged notation, 
XXVIII...Ty-87=(T-S)gq, 
and suppose that the quotient q’: ¢ is not a positive scalar ; hence, 
XXL, lg + Tg Sig +9);* unless 9 97,2 and 2 Oe 

in which excepted case, each member of this last inequality becomes 
= (1 + 2) T¢. 


(15.) Writing g=(: a, 7=y: 4a, and multiplying by Ta, the formula 
XXIX. becomes, 
XXX hy + EGS Dy +3), unless y= a3, a 0 
in which latter case, but not in any other, we have Uy = UG (155). We 
therefore arrive anew at the results of 186, (9.), (10.), but without its having 
been necessary to consider any friangle, as was done in those former sub- 
articles. 


_ (16.) On the other hand, with a corresponding abridgment of notation, we 
have, by XXVI., 


XXXI...Tg+8¢=(T+S8)q¢>0, unless 2g=7; 
also, by XX., &e., 


XXXII... Tq +9)-(T¢ - Tq)? =2(T+8) cK¢’ =2N¢q. (T+S8) (7:9); 
hence, 
XXXITI... T(¢ +¢)>24(To’-Te), unless g¢=-2g, #>0; 


where either sign may be taken. 
(17.) And hence, on the plan of (15.), for any two vectors P, y, 


XXXIV...T (y+) >+(Ty-Tp), unless Uy =- UB, 


216 ELEMENTS OF QUATERNIONS. Epes ec? 


whichever sign he adopted ; but, on the contrary, 
XXXV...T(y+P)=+(Ty-Tp), # Uy=— UB, 


the upper or the lower sign being taken, according as Ty > or < TG: all 
which agrees with what was inferred, in 186, (11.), from geometrical conside- 
rations alone, combined with the definition of Ta. In fact, if we make 
3 = oB, y = 0c, and — y = ov’, then onc’ will be in general a plane triangle, in 
which the length of the side sc’ exceeds the difference of the lengths of the 
two other sides; but if it happen that the directions of the two lines os, oc’ 
coincide, or in other words that the lines ox, oc have opposite directions, then 
the difference of lengths of these two lines becomes eqgua/ to the length of the 
line BC’. 

(18.) With the representations of q and q, assigned in 208, (1.), by two 
sides of a spherical triangle aBc, we have the values, 


Sq = cos ¢, Sq’ = cos a, Sq =S(y:a) = cos db; 
the equation X VIII. gives therefore, by 208, XXIV., the fundamental formula 
of spherical trigonometry (comp. (10.) ), as follows : 
XXXVI... cosd = cosa cosc¢ + sina sinc COs B. 


(19.) To interpret, with reference to the same spherical triangle, the con- 
nected equation XIX., or XIX’, let it be now supposed, as in 208, (5.), that 
the rotation round B from ¢ to A is positive, so that B and B’ are situated at 
the same side of the are ca, if B’ be still, as in 208, (2.), the positive pole of 
that arc. Then writing a’ = 0a’, &., we have 

IVqg=y' sine; 1 gin ern a IVq‘q =—- P’ sind; 
and IV (Vq’. V¢) = - B sina sine sin B (comp. 208, (5.) ), 


with the recent values (18), for Sg and Sq’; thus the formula XIX’. becomes, 
by transposition of the two terms last written : 


XXXVITI... 6 sina sine sinB =a’ sina cose + 9’ sind+y’ sine cos a. 


(20.) Let p = op be any unit-vector; then, dividing each term of the last 
equation by p, and taking the scalar of each of the four quotients, we have, 
by 196, XVI., this new equation: 


XXXVIII. .. sin a sinc sin B cos PB = Sin @ cosc¢ cos PA’ + Sin 8 cos PB’ 


+ sin ¢ COs a cos PC}; 
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where a, 0, ¢ are as usual the sides of the spherical triangle anc, and a’, BY, c’ 
are still, as in 208, (2.), the positive poles of those sides; but P is an arbitrary 
point, upon the surface of the sphere. Also cos pa’, cos PB’, cos PC are 
evidently the sines of the arcual perpendiculars let fall from that point upon 
those sides ; being positive when P is, relatively to them, in the same hemi- 
spheres as the opposite corners of the triangle, but negative in the contrary 
case; so that cos aa’, &c., are positive, and are the sines of the three altitudes 
of the triangle. 

(21.) If we place P at B, two of these perpendiculars vanish, and the last 
formula becomes, by 208, XX VIII., 


XXXIX. .. sind cos BB’ =sin a since sin B = TVv(v2 ve); 
\ A 


such then is the quaternion expression for the product of the sine of the side 
cA, multiplied by the sine of the perpendicular let fall upon that side, from 
the opposite vertex B. 

(22.) Placing pat a, dividing by sina cosc, and then interchanging B and 
c, we get this other fundamental formula of spherical trigonometry, 


XL... cos AA’ = sine sin B = sin b sinc; 


and we see that this is included in the interpretation of the quaternion equa- 
tion XIX., or XIX’., as the formula XXXVI. was seen in (18.) to be the 
interpretation of the connected equation X VIII. 

(23.) By assigning other positions to p, other formule of spherical trigo- 
nometry may be deduced, from the recent equation XXXVIII. Thus if we 
suppose P to coincide with B’, and observe that (by the supplementary* 
triangle), 

BO=7-A, CA’ =7—-B, AB’ =7-O, 
while 
cOs BB = sind sinc =sine sina, by XL., 
we easily deduce the formula, 
XLI...sina@sincsin a sin B sin ¢ = sin B— cos¢ cOsC Sin A — COS @ COSA SINC; 


which obviously agrees, at the plane limit, with the elementary relation, 


AB + -C.—- ir 


* No previous knowledge of Spherical Trigonometry, properly so called, is here supposed; the 
supplementary relations of two polar triangles to each other forming rather a part, and a very elemen- 
tary one, of spherical geometry. 


HAMILTON’s ELEMENTS OF QUATERNIONS. 2F 


218 ELEMENTS OF QUATERNIONS. (II. 1. § 13. 


(24.) Again, by placing P at a’, the general equation becomes, 
XLII... sin a cos¢ = sin b cosc + sin ¢ cos a COS B} 
with the verification that, at the plane limit, 
a=b cosc + ¢ COSB. 


But we cannot here delay on such deductions, or verifications: although it 
appeared to be worth while to point out, that the whole of spherical trigono- 
metry may thus be developed, from the fundamental equation of multiplica- 
tion of quaternions (107), when that equation is operated on by the two 
characteristics S and V, and the results interpreted as above. 

211. It may next be proved, as follows, that the distributive formula I. of 
the last Article holds good, when the three quaternions, q, 9’, 7’, which enter 
into it, without being now necessarily collinear, are right ; in which case their 
reciprocals (135), and their swms (197, (2.)), will be right also. Let then 


, 44 Tv 
L4geLf=Lyf=5 W=1; 


and therefore, Pe ROR 
y= L(+ P)=5° 
We shall then have, by 106, 194, 206, 
(+ e)q=1Lar+y): ly, 
= (Ig”: Iq) + (Iy’: Ig) = 9a + ¥93 
and the distributive property in question is proved. 
(1.) By taking conjugates, as in 210, it is easy hence to infer, that the 


other distributive formula, 210, V., holds good for any three right quater- 
nions; or that 


gq’ +P =a’ +97, if 4qg=Lf=Lg 


1g SR 


a 
2 
(2.) For any three quaternions, we have therefore the two equations: 
(Vq" + Vq’). Va = Va’. Vo + Vo’. Va; 
Vag. (Vy + Vy) = Va. Ve" + Va. VY. 
(3.) The quaternions g, 4’, g” being still arbitrary, we have thus, by 
210/71 X.. 
(7+ 7) 9 = (89+ 87’) Sg + (Vat V7’) Sq + Va. (By Sq’) + (V9"Vy’/) Ve 
= (Sy’.8¢+ V9". 89+ Vq. 894+ Vq’.Vq) + (S97. 8g + V7’. Sg +V¢. 89+ V9’. V9) 
=19+993 
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so that the formula 210, I., and therefore also (by conjugates) the formula 
210, V., is valid generally. 

212. The General* Multiplication of Quaternions is therefore (comp. 13, 
210) a Doubly Distributive Operation; so that we may extend, to quaternions 
generally, the formula (comp. 210, VIII.), 


doe dg = Do Os 


however many the summands of each set may be, and whether they be, or be 
not, collinear (209), or right (211). 
(1.) Hence, as an extension of 210, XX., we have now, 


II... Ng = =Ng + 238¢K¢ ; 


where the second sign of summation refers to all possible binary combinations 


of the quaternions q, 7, .. 
(2.) And, as an extension of 210, XXIX., we have the inequality, 


TS Sly Seis 


unless a// the quaternions q, q’, . . bear scalar and positive ratios to each other, 
in which case the two members of this inequality become equal: so that the 
sum of the tensors, of any set of quaternions, is greater than the tensor of the 


sum, in every other case. 
(3.) In general, as an extension of 210, XXVILI., 


IV... (ST ¢)?- (Tq)? = 25 (TL - 8) gKy¢. 
(4.) The formule, 210, XVIII., XIX., admit easily of analogous ex- 


tensions. 
(5.) We have also (comp. 168) the general equation, 


V... (29)? - B(¢*) = B (99 + 79); 
in which, by 210, IX., 
VI... gq + oq = 2 (Sy. Sq + Vo. Sy’ + Vo’. 8¢ + S (Vo’.Vo)); 
because, by 208, we have generally 
VIL... V(V¢9’.Vq) =-V(V¢.V7); 
or VIII... V¢’qg=-Vo", if zg=L4q= 
(Comp. 191, (2.), and 204, X.) 


Tv 


oa 


* Compare the Notes to pages 211 and 212. [On page (35) of the Preface to the “ Lectures on 
Quaternions,’’ Hamilton refers to an early speculation of his (1831) on the multiplication of lines for 
which the product of sums was mot equal to the sum of products. When addition is not commutative, 
multiplication even by a scalar is not distributive. See 180 (3.)] 
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213. Besides the advantage which the Calculus of Quaternions gains, from 
the general establishment (212) of the Distributive Principle, or Distributive 
Property of Multiplication, by being, so far, assimilated to Algebra, in processes 
which are of continual occurrence, this principle or property will be found to 
be of great importance, in applications of that calculus to Geometry; and 
especially in questions respecting the (real or ideal*) intersections of right lines 
with spheres, or other surfaces of the second order, including contacts (real or 
ideal), as Zimits of such intersections. The following examples may serve to 
give some notion, how the general distributive principle admits of being 
applied to such questions: in some of which however the less general prin- 
ciple (210), respecting the multiplication of collinear quaternions (209), would 
be sufficient. And first we shall take the case of chords of a sphere, drawn 
from a given point upon its surface. 

(1.) From a point a, of a sphere with o for centre, let it be required to 
draw a chord ap, which shall be parallel to a 
given line 0B; or more fully, to assign the 
vector, p = oP, of the extremity of the chord so 
drawn, as a function of the two given vectors, 
a= 0A, and (3 = os; or rather of a and Uf, 
since it is evident that the length of the line B 
cannot affect the result of the construction, 
which fig. 51 may serve to illustrate. 

(2.) Since aP || o8, or p -a || 3, we may 
begin by writing the expression, 

1 ele | Be a af3 (15), 
which may be considered (comp. 23, 99) as a form of the equation of the right 


line Ap; and in which it remains to determine the scalar coefficient 7, so as to 
satisfy the equation of the sphere, 


Lo = Ta (186, (2.)). 
In short, we are to seek to satisfy the equation, 
T (a+ 2B) = Ta, 


by some scalar « which shall be (in general) different from zero ; and then to 
substitute this scalar in the expression p = a + #3, in order to determine the 
required vector p. 


* Compare the Notes to pages 87, 88, &c. 
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(3.) For this purpose, an obvious process is, after dividing both sides by 
TB, to square, and to employ the formula 210, XXI., which had indeed 
occurred before, as 200, VIII., but not then as a consequence of the distribu- 
tive property of multiplication. In this manner we are conducted to a 
quadratic equation, which admits of division by x, and gives then, 

a 


2 =-285; =a-2BS5; 
Ce ee gonna 


the problem (1.) being thus resolved, with the verification that ( may be 
replaced by Uf, in the resulting expression for p. 

(4.) As a mere exercise of calculation, we may vary the last process (3.), 
by dividing the last equation (2.) by Ta, instead of T3, and then going on 
as before. ‘This last procedure gives 

1=N(1 rab) = 1 + 08? oN a 
a a a 
and therefore 


C= ag ox = = -285 (by 196, XIT’.), as before. 


(5.) In general, by 196, IT’,, 
1-28 =-K; 
hence, by (3.), 


Sa Ga 
6 


a eectceae 


a new expression for p, in which it is not permitted generally, as it was in 
(3.), to treat the vector 3 as the multiplier,* instead of the multiplicand. 

(6.) It is now easy to see that the second equation of (2.) is satisfied ; for 
the expression (5.) for p gives (by 186, 187, &c.), 


To = T5: TP = Ta, 
as was required. 
(7.) ‘l'o interpret the solution (3.), let c in fig. 51 be the middle point of 
the chord ap, and let p be the foot of the perpendicular let fall from a on 0B ; 
then the expression (3.) for p gives, by 196, XIX., 


and finally, 


ca = 4(a-p) = BS= =on; 


and accordingly, ocap is a parallelogram. 


* Compare the Note to page 159. 
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(8.) To interpret the expression (5.), which gives 


3 = Ky or ~~ =K —, if oP’ =P0, 
we have only to observe (comp. 138) that the angle sop’ is bisected internally, 
or the supplementary angle aop externally, by the indefinite right line op 
(see again, fig. 51). 

(9.) Conversely, the geometrical considerations which have thus served in 
(7.) and (8.) to ¢nterpret or to verify the two forms of solution (3.), (5.), might 
have been employed to deduce those two forms, if we had not seen how to 
obtain them, by rules of calculation, from the proposed conditions of the 
question. (Comp. 145, (10.), &e.) 

(10.) It is evident, from the nature of that question, that a ought to be 
deducible from 3 and p, by exactly the same processes as those which have 
served us to deduce p from § anda. Accordingly, the form (3.) of p gives 


857-85) a= p +2885 = p - 28855 
and the form (5.) gives 


nee Nee 
cee el} Be 
And since the first form can be recovered from the second, we see that each 
leads us back to the parallelism, p — a || 3 (2.). 
(11.) The solution (3.) for # shows that 


Po. pO, PSA ie ae yO OR IE iy ok 


And the geometrical meaning of this result is obvious; namely, that a right 
line drawn at the extremity of a radius 0A of a sphere, so as to be perpendi- 
cular to that radius, does not (in strictness) intersect the sphere, but touches it : 
its second point of meeting the surface coinciding, in this case, as a limit, with 
the first. 

(12.) Hence we may infer thaf the plane represented by the equation, 


SSO or Se 
a a 


is the tangent plane (comp. 196, (5.)) to the sphere here considered, at the 
point a. 

(13.) Since (3 may be replaced by any vector parallel thereto, we may 
substitute for it y—a, if y =oc be the vector of any given point c upon the chord 
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AP, whether (as in fig. 51) the middle point, or not; we may therefore write, 
by (8.) and (5.), 
=a-2(y-«a)8 — 
Paes, 


214. In the examples of the foregoing Article, there was no room for the 
occurrence of imaginary roots of an equation, or for édeal intersections of line 
and surface. ‘TI'o give now a case in which such imaginary intersections may 
oceur, we shall proceed to consider the question of drawing a secant to a sphere, 
in a given direction, from a given external point; the recent figure 51 still 
serving us for illustration. 

(1.) Suppose then that « is the vector of any given point z, through 
which it is required to draw a chord or secant EP,P,, parallel to the same 
given line 3 as before. We have now, if po = oP,, 


po = & + Hf, Ta = Tp = T (¢ + %f3), 


Gi 427 Boe N = SN 0: 
Bonde ae 


n--85 fp) (7h 


a) being a new scalar; and similarly, if p, = oPy, 


pi=et+2,B, n=-85+ [i(P5) 4 (va) } 


by transformations* which will easily occur to any one who has read recent 
articles with attention. And the points Pp, P: will be together real, or 
together imaginary, according as the quantity under the radical sign is positive 
or negative; that is, according as we have one or other of the two following 
inequalities, 


ps on hy 
B B 


(2.) The equation (comp. 203, (5.) ), 


TVG-TR o (1 5) + (vs) - 0, 


represents a cylinder of revolution, with on for its axis, and with Ta for the 
radius of its base. If be a point of this cylindric surface, the quantity 


* It does not seem to be necessary, at the present stage, to supply so many references to former 
Articles, or sub-articles, as it has hitherto been thought useful to give; but such may still, from 
time to time, be given. 


224 ELEMENTS OF QUATERNIONS. [II. 1. § 13. 


under the radical sign (1.) vanishes; and the two roots a, x, of the quadratic 
become equal. In this case, then, the line through 8, which is parallel to OB, 
touches the given sphere; as is otherwise evident geometrically, since the 
cylinder envelopes the sphere (comp. 204, (12.)), and the line is one of its 
generatrices. If be internal to the cylinder, the intersections P,, P, are rea/; 
but if = be external to the same surface, those intersections are ideal, or 
imaginary. 
(3.) In this last case, if we make, for abridgment, 


e=-8% and t= |{(tv5)-(T5) 


sand ¢ being thus two given and real scalars, we may write, 


> 


M=8s—-tiy—1; m=s+t/-1; 


where ,/ — 1 is the old and ordinary imaginary symbol of Algebra, and is not 
invested here with any sort of Geometrical Interpretation.* We merely express 
thus the fact of calculation, that (with these meanings of the symbols a, [3, «, 
s and ¢) the formula Ta = T (e + 3), (1.), when treated by the rules of quater- 
nions, conducts to the quadratic equation, 


(e-s +f =0, 


which has no real root; the reason being that the right line through & is, in 
the present case, wholly external to the sphere, and therefore does not really 
intersect it at all; although, for the sake of generalization of language, we may 
agree to say, as usual, that the line intersects the sphere in ¢wo imaginary 
points. 

(4.) We must however agree, then, for consistency of symbolical expression, 
to consider these two ideal points as having determinate but imaginary vectors, 
namely, the two following : 


p=et+sB-tBY-1;  pHaetsP+BY/-1; 


in which it is easy to prove, Ist, that the real part « + s(3 is the vector ¢’ of the 
foot ¥’ of the perpendicular let fall from the centre o on the line through £ 
which is drawn (as above) parallel to op; and IInd, that the real tensor ¢TB 
of the coefficient of ,/ — 1 in the imaginary part of each expression, represents 
the length of a tangent x” to the sphere, drawn from that external point, or 
foot, E’. 


* Compare again the Note to page 87, and Art. 149. 
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(5.) In fact, if we write or’ = e’ = « + s3, we shall have 
BE=<e—-« =—s3= 6S 5 = projection of oF on 0B; 


which proves the Ist assertion (4.), whether the points P,, P, be real or 
imaginary. And because 


(v SV eNS-N(S+0)=N 5428540 7 | 
(25) (ap)-rg)-re (29) 


we have, for the case of imaginary intersections, 
pO a7 (hela) oe seg 
and the IInd assertion (4.) is justified. 
(6.) An expression of the form (4.), or of the following, 


eee eee | ke gk 
in which 3 and y are two real vectors, while f — 1 is the (scalar) cmaginary 
of algebra, and not a symbol for a geometrically real right versor (149, 153), 
may be said to be a Bivecror. 

(7.) In like manner, an expression of the form (3.), or# =s+t./ —1, 
where s and ¢ are ¢wo real scalars, but ,/ — 1 is still the ordinary imaginary 
of algebra, may be said by analogy to be a Biscatar. Imaginary roots of 
algebraic equations are thus, in general, discalars. 

(8.) And if a bivector (6.) be divided by a (real) vector, the quotient, 


, 


such as eee NN ea 


a a a 
in which q and q, are two real quaternions, but ,/ — 1 is, as before, imaginary, 
may be said to be a BiauaTERNIon.* 

215. The same distributive principle (212) may be employed in investiga- 
tions respecting circumscribed cones, and the tangents (real or ideal), which can 
be drawn to a given sphere from a given point. 

(1.) Instead of conceiving that 0, A, B are three given points, and that 
limits of position of the point E are sought, as in 214, (2.), which shall allow 
the points of intersection Po, P, to be real, we may suppose that o, a, © (which 
may be assumed to be collinear, without loss of generality, since a enters only 
by its tensor) are now the data of the question ; and that Jimits of direction of 


* Compare the second Note to page 133. [This word is used in a different sense by W. K. 
Clifford. | 
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the line op are to be assigned, which shall permit the same reality: EP :P; 
being still drawn parallel to os, as in 214, (1.). 
(2.) Dividing the equation Ta = T(e + x3) by Te, and squaring, we have 
NS=(N(1+02)~\1+ 2082 ryan 
3 E é é 
the quadratic in w may therefore be thus written, 


(or B osu EY a (1 <) + (vu ey. 


c é 


and its roots are real and unequal, or real and equal, or imaginary, according as 
a 
iene on 
c E 
that is, according as 
si. HOB = OF = Or okie on, 


(3.) If = be interior to the sphere, then Te< Ta, T(a:«)>1; but TVUg 
can never exceed unity (by 204, XIX., or by 210, XV., &c.) ; we have, there- 
fore, in this case, the first of the three recent alternatives, and the two roots of 
the quadratic are necessarily real and unequal, whatever the direction of (3 may 
be. Accordingly it is evident, geometrically, that every indefinite right line, 
drawn through an internal point, must cut the spheric surface in two distinct 
and real points. 

(4.) Ifthe point £ be superficial, so that Te = Ta, T (a: «) = 1, then the 
first alternative (2.) still exists, except at the limit for which 6 + «, and 
therefore TVU (3: «) = 1, in which case we have the second alternative. 
One root of the quadratic in xv is now = 0, for every direction of (3; and the 
other root, namely w = — 28 («: (3), is likewise always real, but vanishes for the 
case when the angle ros is right. In short, we have here the same system of 
chords and of tangents, from a point upon the surface, as in 213; the only 
difference being, that we now write & for A, or « fora. 

(5.) But finally, if & be an eternal point, so that Te > Ta, and T(a: «) <1, 
then TVU (3: «) may either fall short of this last tensor, or equal, or 
exceed it; so that any one of the three alternatives (2.) may come to exist, 
according to the varying direction of PB. 

(6.) To illustrate geometrically the law of passage from one such alter- 
native to another, we may observe that the equation 


or sin gop = |’. oa: T. on, 
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represents (when & is thus external) a real cone of revolution, with its vertex 
at the centre o of the sphere ; and according as the line os lies inside this cone, 
or on it, or outside it, the first or the second 
or the third of the three alternatives (2.) 
is to be adopted; or in other words, the 
line through r, drawn parallel (as before) _’ 
to oB, either cuts the sphere, or touches it, 
or does not (really) meetit at all. (Compare 
the annexed fig. 52.) 

(7.) If = be still an external point, the 
cone of tangents which can be drawn from it F’ 
to the sphere is rea/; and the equation of 
this enveloping or circumscribed cone, with 
its vertex at E, may be obtained from that 
of the recent cone (6.), by simply changing p to p — «; it is, therefore, or at 
least one form of it is, 


TVUC f-T*",; or sinozep=T.0a: T.Oo8. 
E € 


Fig. 52. 


(8.) In general, if g be any quaternion, and w any scalar, 
VU (g+a)=V¢:T(q¢+2); | 
the recent equation (7.) may therefore be thus written : 
mp le is)ie _ pe. 
fi ow € 
or Top.) ep = on 2 OR, 


if p’ be the foot of the perpendicular let fall from Pp on o£; and in fact the 
first quotient is evidently = sin orp. 
(9.) We may also write, 


Tv£-T2.1(2-1); or 0-(8 
3 E € y, 


6 (sf-N*) -(1-N2)(We_NS), 
€ € é é€ é€ 


as another form of the equation of the circumscribed cone. 
(10.) If then we make also 


Nook or NON] 
a E € 


to express that the point P is on the enveloped sphere, as well as on the enveloping 
262 
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cone, we find the following equation of the plane of contact, or of what is called 
the polar plane of the point 8, with respect to the given sphere: 


while the fact that it 7s a plane of contact* is exhibited by the occurrence of 
the exponent 2, or by its equation entering through its square. 
(11.) The vector, 


a 
“= 8£= N° OK 
E E 


is that of the point ’ in which the polar plane (10.) of & cuts perpendicularly 
the right line o£; and we see that 


eee ba Or <4) O08. tO = (Eb . OA), 


as was to be expected from elementary theorems, of spherical or even of plane 
geometry. 
(12.) The equation (10.), of the polar plane of £, may easily be thus trans- 
formed : 
§i-(82.NE-)NS, or S£-N2-0; 
p ae: p p 
it continues therefore to hold good, when « and p are interchanged. If then 
we take, as the vertex of a new enveloping cone, any point c external to the 
sphere, and situated on the polar plane Fr’.. of the former externai point zr, 
the new plane of contact, or the polar plane pp’. . of the new point c, will pass 
through the former vertex E: a geometrical relation of reciprocity, or of con- 
jugation, between the two points c and £, which is indeed well known, but 
which it appeared useful for our purpose to prove by quaternionst anew. 
(13.) In general, each of the two connected equations, 
So N= heen 
eee op 
which may also be thus written, 
1-(8£*.N2-)8.2K2, 1-8.2K5, 


s 
p a a a a 64 


* In fact a modern geometer would say, that we have here a case of two coincident planes of inter- 
section, merged into a single plane of contact. 

t In fact, it will easily be seen that the investigations in recent sub-articles are put forward, 
almost entirely, as exercises in the Language and Calculus of Quaternions, and not as offering any 
geometrical novelty of result. 
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may be said to be a form of the Equation of Conjugation between any two 
points P and P’ (not those so marked in fig. 52), of which the vectors satisfy 
it: because it expresses that those two points are, in a well-known sense, con- 
jugate to each other, with respect to the given sphere, Tp = Ta. 


(14.) If one of the two points, as p’, be given by its vector p’, while the 
other point Pp and vector p are variable, the equation then represents a plane 
locus; namely, what is still called the polar plane of the given point, whether 
that point be external or internal, or on the surface of the sphere. 


(15.) Let p, P’ be thus two conjugate points; and let it be proposed to 
find the points s, s’,in which the right line pr’ intersects the sphere. Assum- 
ing (comp. 25) that 

OS=c=xX+Y¥p, e+ye=l1, To = Ta, 


and attending to the equation of conjugation (18.), we have, by 210, XX., or 
by 200, VII., the following quadratic equation in y: 2, 


(e+y)?= N(oe 4 ye) =¢7Nf+ day + NE; 
a a a 
which gives 


(16.) Hence it is evident that, if the points of intersection s, s’ are to be 
real, one of the two points Pp, P’ must be interior, and the other must be 
exterior to the sphere; because, of the two norms here occurring, one must be 
greater and the other less than unity. And because the two roots of the 
quadratic, or the two values of y: 2, differ on/y by their signs, it follows 
(by 26) that the right line pp’ is harmonically divided (as indeed it is well 
known to be), at the two points s,.s’ at which it meets the sphere: or that in 


a notation already several times employed (25, 31, &c.), we have the harmonic 
JSormula, 


(psP’s’) = — 1. 


(17.) From a real but internal point Pp, we can still speak of a cone of 
tangents, as being drawn to the sphere: but if so, we must say that those 
tangents are ideal, or imaginary ;* and must consider them as terminating on 
an imaginary circle of contact; of which the real but wholly external plane is, 
by quaternions, as by modern geometry, recognised as being (comp. (14.) ) 
the polar plane of the supposed internal point. 


* Compare again the Note to page 88, and others formerly referred to. 
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216. Some readers may find it useful, or at least interesting, to see here 
a few examples of the application of the General Distributive Principle (212) 
of multiplication to the Hilipsoid, of which some forms of the Quaternion 
Equation were lately assigned (in 204, (14.)); especially as those forms have 
been found to conduct* to a Geometrical Construction, previously unknown, 
for that celebrated and important Surface : or rather to several such construc- 
tions. In what follows, it will be supposed that any such reader has made 
himself already sufficiently familiar with the chief formule of the preceding 
Articles ; and therefore comparatively few referencest will be given, at least 
upon the present subject. 


(1.) To prove, first, that the locus of the variable ellipse, 


eee (VS) =# su 204, (13.) 
a p 
which. locus is represented by the equation, 
Te (s ey : (v 5) ei 204, (14.) 
a 3 


the two constant vectors a, (3 being supposed to be real, and to be inclined to 
each other at some acute or obtuse (but not rightt) angle, 1s a sunface of the 
second order, in the sense that it is cut by an arbitrary rectilinear transversal 
in two (real or imaginary) points, and in no more than two, let us assume two 
points L, M, or their vectors A = OL, « = OM, as given ; and let us seek to deter- 
mine the points p (real or imaginary), in which the indefinite right line Lm 
intersects the locus 1I.; or rather the number of such intersections, which will 
be sufficient for the present purpose. 

YA + Su 

yt+s 


(2.) Making then p = (25), we have, for y: 2, the following quad- 


ratic equation, 


Ah ee Wea (WV 5 +aV 5) = (y + 8)'5 
a a B 3 


without proceeding to resolve which, we see already, by its mere degree, that 


* See the Proceedings of the Royal Irish Academy for the year 1846. 

¢ Compare the Note to page 223. 

t If B 1 a, the system I. represents (not an ellipse but) a pair of right lines, real or ideal, in 
which the cylinder of revolution, denoted by the second equation of that system, is cut by a plane 
parallel to its axis, and represented by the first equation. 
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the number sought is two; and therefore that the locus IT. is, as above stated, 
a surface of the second order. 
(3.) The equation II. remains unchanged, when - p is substituted for p; 
the surface has therefore a centre, and this centre is at the origin o of vectors. 
(4.) It has been seen that the equation of the surface may also be thus 
written : 


IV... 1(82+V4) <1; 204, (14.) 
a 


it gives therefore, for the reciprocal of the radius vector from the centre, the 


expression, 
dhe Ups vay. 
ven r-1(8— VE) 


and this expression has a real value, which never vanishes,* whatever real 
value may be assigned to the versor Up, that is, whatever direction may be 
assigned to p: the surface is therefore closed, and finite. 

(5.) Introducing two new constant and auxiliary vectors, determined by 
the two expressions, 


23 2 
ee cea cear ese 
which give (by 125) these other expressions, 
2a 2a 


- a, 


Oe gm a, 
we have | 
S68 
ANG eee re ee i ee 
a p if 'f 
: Case Bae Bas 
an a f 5 1 


and under these conditions, y is said to be the harmonic mean between the two 
former vectors, a and (3; and in like manner, 6 is the harmonic mean 
between a and — 3; while 2a is the corresponding mean between y, 6; and 
2( is so, between y and — 6. 

(6.) Under the same conditions, for any arbitrary vector p, we have the 
transformations, 


* It is to be remembered that we have excluded in (1.) the case where 8 1 a; in which case it 
can be shown that the equation II. represents an elliptic cylinder. 
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the equation LV. of the surface may therefore be thus written : 


be r(2 +KS\=1; OF this, ee T(§+K2)=1, 
Vee One ay 
the geometrical meaning of which new forms will soon be seen. 
(7.) The system of the two planes through the origin, which are respec- 
tively perpendicular to the new vectors y and 6, is represented by the 
equation, 7 


Xl 6 282-08 or Kul. ..(82)~ (84) 
yes a B/; 


combining which with the equation II. we get 


vane ea Py (ve) =n & or, XIV... Te=T 
‘ 1G B B? ; ae kD : 
These two diametral planes therefore cut the surface in two circular sections, 
with T for their common radius; and the normals y and 6, to the same two 
planes, may be called (comp. 196, (17.)) the cyclic normals of the surface ; 
while the planes themselves may be called its cyclic planes. 

(8.) Conversely, if we seek the intersection of the surface with the con- 
centric sphere XIV., of which the radius is T/3, we are conducted to the 
equation XII. of the system of the two cyclic planes, and therefore to the 
two circular sections (7.); so that every radius vector of the surface, Which is 
not drawn in one or other of these two planes, has a length either greater or 
less than the radius ‘I'B of the sphere. 

(9.) By all these marks, it is clear that the locus II., or 204, (14.), is 
(as above asserted) an Lilipsoid ; its centre being at the origin (3.), and its 
mean semiavis being = T3; while Uj3 has, by 204, (15.), the direction of 
the aais of a circumscribed cylinder of revolution, of which cylinder the radius is 
T3; and a is, by the last cited sub-article, perpendicular to the plane of the 
ellipse of contact. 

(10.) Those who are familiar with modern geometry, and who have 
caught the notations of quaternions, will easily see that this ellipsoid, IT. or 
IV., is a deformation of what may be called the mean sphere XIV., and is 
homologous thereto ; the infinitely distant point in the direction of 6 being a 
centre of homology, and either of the two planes XI. or XII. being a plane of 
homology corresponding. 

217. The recent form, X. or X’., of the quaternion equation of the ellip- 
soid admits of being interpreted in such a way as to conduct (comp. 216) to 
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a simple construction of that surface; which we shall first investigate by 
calculation, and then illustrate by geometry. 

(1.) Carrying on the Roman numerals from the sub-articles to 216, and 
observing that (by 190, &c.), 


PEN and Roel NS 
YOY Oe GeO 
the equation X. takes the form, 
ye -T (x aes P|: fake 
UWS Samy aed ings OS 
or 


KV a7 T(+ KS. 0} 
Tp p 


if we make : 
t K 
XVII. ae p52 = rn and Ty Pp 


when cand « are two new constant vectors, and ¢is a new constant scalar, 
which we shall suppose to be positive, but of which the value may be chosen 


at pleasure. 

(2.) The comparison of the forms X. and X’. shows that y and 6 may be 
interchanged, or that they enter symmetrically into the equation of the 
ellipsoid, although they may not at first seem to do so; it is therefore allowed 
to assume that 

XVIII...Ty>T8, and therefore that XVIIV’... Ti>Tk; 


for the supposition Ty = Té would give, by VI., 
T(B+a)=T(B-a), and .*. (by 186, (6.) &.) PB La, 


which latter case was excluded in 216, (1.). 
(3.) We have thus, 
Rix & Un Co: Uc Uy; 
ia t 


XX... Te = 3 ae i 


T 2 na TK? 7 2 ; 2 
i (as) (ar): 


(4.) Let asc be a plane triangle, such that 
Peers, Cb ty Cl. 


let: also AE = p. 
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Then if a sphere, which we shall call the diacentric sphere, be described round 
the point c as centre, with a radius = Tx, and 

therefore so as to pass through the centre a 
(here written instead of 0) of the ellipsoid, 

and if p be the point in which the line ax 

meets this sphere again, we shall have, by 

Rdedal Vy lisse,)s 


XXIII. . sop=-Ke.p, 
and therefore 


RO ee le 5 
p 


Vv 


40 


so that the equation X VI. becomes 
Ve et oe Ps Des 


Fig. 53. 


(5.) The point B is evternal to the diacentric sphere (4.), by the assump- 
tion (2.); a real tangent (or rather cone of tangents) to this sphere can 
therefore be drawn from that point; and if we select the length of such a 
tangent as the value (1.) of the scalar ¢, that is to say, if we make each 
member of the formula XXI. equal to unity, and denote by p’ the second 
intersection of the right line Bp with the sphere, as in fig. 53, we shall have 
(by Euclid III.) the elementary relation, 


DON 8 oo Dh ae aD 
whence follows this Geometrical Equation of the Ellipsoid, 
DR Ve AE oe BD: 


or in somewhat more familiar notation, 


XX VEL} ae = B- 
where au denotes the /ength of the line ax, and similarly for Bp’. 
(6.) The following very simple Rule of Construction (comp. the recent 
fig. 53) results therefore from our quaternion analysis :— 
From a fixed point a, on the surface of a given sphere, draw any chord av; 
let v’ be the second point of intersection of the same spheric surface with the secant 
Rp, drawn from a fixed external* point B; and take a radius vector Ak, equal in 


* It is merely to fix the conceptions, that the point B is here supposed to be external (5.); the 
calculations and the construction would be almost the same, if we assumed B to be an internal point, 
or Te < Te, Ty <-Tb. 
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length to the line pv’, and in direction either coincident with, or opposite to, the 
chord ap: the locus of the point © will be an ellipsoid, with a for tts centre, and 
with B for a point of its surface. 


(7.) Or thus— 


Tf, of a plane but variable quadrilateral aprn’, of which one side apis given in 
length and in position, the two diagonals ax, BD’ be equal to each other in length, 
and if their intersection p be always situated upon the surface of a given sphere, 
whereof the side av’ of the quadrilateral is a chord, then the opposite side BE ts a 
chord of a given ellipsoid. 


218. From either of the two foregoing statements, of the Rule of Con- 
struction for the Ellipsoid to which quaternions have conducted, many geome- 
trical consequences can easily be inferred, a few of which may be mentioned 
here, with their proofs by caleudation annexed : the present Calculus being, of 
course, still employed. 


(1.) That the corner B, of what may be called the Generating Triangle axnc, 
is in fact a point of the generated surface, with the construction 217, (6.), 
may be proved, by conceiving the variable chord ap of the given diacentric 
sphere to take the position ac; where a is the second intersection of the line 
AB with that spheric surface. 


(2.) If p be conceived to approach to a (instead of e), and therefore n’ to @ 
(instead of a), the direction of ak (or of ab) then tends to become tangential 
to the sphere at a, while the /ength of ax (or of Bp’) tends, by the construction, 
to become equal to the length of ne; the surface has therefore a diametral and 
circular section, in a plane which touches the diacentric sphere at a, and with 
a radius = BG. 


(3.) Conceive a circular section of the sphere through a, made by a plane 
perpendicular to nc; if p move along this circle, p’ will move along a parallel 
circle through a, and the length of sp’, or that of an, will again be equal to 
BG; such then is the radius of a second diametral and circular section of the 
ellipsoid, made by the lately mentioned plane. 


(4.) The construction gives us thus two cyclic planes through a; the per- 
pendiculars to which planes, or the two cyclic normals (216, (7.)) of the 
ellipsoid, are seen to have the directions of the two sides, ca, cB, of the 
generating triangle axe (1.). 


2H 2 
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(5.) Again, since the rectangle 


BA+ BG = BD + BD’ =BD- AE = double area of triangle aBE: sin BDE, 


we have the equation, 
XXVIII. .. perpendicular distance of = from aB = BG. sin BDE; 


the third side, as, of the generating triangle (1.), is therefore the awis of revo- 
lution of a cylinder, which envelops the ellipsoid, and of which the radius has 
the same length, Be, as the radius of each of the two diametral and circular 
sections. 

(6.) For the points of contact of ellipsoid and cylinder, we have the 
geometrical relation, 

XXIX...BpE=aright angle; or XXIX’... app=a right angle; 


the point p is therefore situated on a second spheric surface, which has the line 
AB for a diameter, and intersects the diacentric sphere in a circle, whereof the 
plane passes through a, and cuts the enveloping cylinder in an edlipse of contact 
(comp. 204, (15.), and 216, (9.)), of that cylinder with the ellipsoid. 

(7.) Let ac meet the diacentric sphere again in F, and let Br meet it again 
in F’ (as in fig. 53); the common plane of the last-mentioned circle and ellipse 
(6.) can then be easily proved to cut perpendicularly the plane of the gene- 
rating triangle asc in the line a¥’; so that the line F’B is normal to this plane 
of contact ; and therefore also (by conjugate diameters, &c.) to the ellipsoid, 


at B. 
(8.) These geometrical consequences of the construction (217), to which many 


others might be added, can all be shown to be consistent with, and confirmed 
by, the quaternion analysis from which that construction itself was derived. 
Thus, the two circular sections (2.), (3.) had presented themselves in 216, (7.) ; 
and their two cyclic normals (4.), or the sides ca, cp of the triangle, being 
(by 217, (4.)) the two vectors x, 4, have (by 217, (1.) or (3.)) the directions of 
the two former vectors y, 6; which again agrees with 216, (7.). 

(9.) Again, it will be found that the assumed relations between the ¢hree 
pairs of constant vectors, a, 33 y, 3 and z, x, any one of which pairs is sufficient 
to determine the ellipsoid, conduct to the following expressions (of which the 
investigation is left to the student, as an exercise) : 


} Y a ae snepeleeencaes 
eee Se ae 
: = ee! (tk) = BG; 


ea Ie 
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the letters B, Fr’, c referring here to fig. 53, while aByé retain their former 
meanings (216), and are not interpreted as vectors of the points ascp in that 
figure. Hence the recent geometrical inferences, that aB (or BG) is the axis 
of revolution of an enveloping cylinder (5.), and that ¥’B is normal to the 
plane of the ellipse of contact (7.), agree with the former conclusions (216, 
(9.), or 204, (15.)), that B is such an axis, and that a is such a normal. 

(10.) It is easy to prove, generally, that 


eee (q—1)(Kq+1) _ Ng-1 tas Noahs: 
q+1 ~ (¢+1)(Kg+1) N(g+1)’ g-1 N(q-1)’ 


e-x T?-T’ gC aged Wierd 
ata Gea OE ea Gey, 


whence 


whatever two vectors: and x may be. But we have here, 
NORTE ee en, DV ee 


the recent expressions (9.) for a and 6 become, therefore, 
| bape 5 
XXXIV. ..a=+( +n) 8 —— 5 rede Cel: Soares 
The last form 204, (14.), of the equation of the ellipsoid, may therefore be 
now thus written : 


XXXV...1(s DE ae eye 88) 1; 


etek 


Leta Usk Lek Cok 


in which the sign of the right part may be changed. And thus we verify by 
calculation the recent result (1.) of the construction, namely, that B is a point 
of the surface; for we see that the last equation is satisfied, when we suppose 


REKVI p i 


a value of p which evidently satisfies also the form 216, LV. 
(11.) From the form 216, IIJ., combined with the value XXXIV. of a, it 


is easy to infer that the plane, 


(bse 


ROVE eee a or MR VL ee 
a 


tr a aot 
which corresponds to the value x =1 in 216, I., touches the ellipsoid at the 
point 8, of which the vector p has been thus determined (10.); the normal to 
the surface, at that point, has therefore the direction of « + x, or of a, that is, 
of FB, or of F’B: so that the last geometrical inference (7.) is thus confirmed, 
by calculation with quaternions. 
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219. A few other consequences of the construction (217) may be here 
noted; especially as regards the geometrical determination of the three prin- 
cipal semiaxes of the ellipsoid, and the major and minor semiaxes of any 
elliptic and diametral section; together with the assigning of a certain system 
of spherical conics, of which the surface may be considered to be the locus. 

(1.) Let a, 4, ¢ denote the lengths of the greatest, the mean, and the least 
semiaxes of the ellipsoid, respectively; then if the side sc of the generating 
triangle cut the diacentric sphere in the points H and H’, the former lying 
(as in fig. 53) between the points B and c, we have the values, 


XXXVIII...a=3H’; b=BG; ¢=BH; 


so that the lengths of the sides of the triangle anc may be thus expressed, in 
terms of these semiaxes, 


XXXIX...b0=-T=*; G=Te-“*; t= TU-w) =; 
and we may write, 
ae oe eau Wee y - bea Tet a (eb 
Paes Seem We ee OY <0 Sele Ct Ks 


(2.) If, in the respective directions of the two supplementary chords au, 
AH of the sphere, or in the opposite directions, we set off lines a1, an, with 
the lengths of Buy’, BH, the points L, N, thus obtained, will be respectively a 
major and a minor summit of the surface. And if we erect, at the centre a of 
that surface a perpendicular am to the plane of the triangle, with a length = se, 
the point m (which will be common to the two circular sections, and will be 
situated on the enveloping cylinder) will be a mean summit thereof. 

(3.) Conceive that the sphere and ellipsoid are both cut by a plane through 
A, on Which the points B’ and c’ shall be supposed to be the projections of B 
and c; then c’ will be the centre of the circular section of the sphere; and if 
the line x’c’ cut this new circle in the points nD, D., of which p,; may be sup- 
posed to be the nearer to B’, the two supplementary chords ap,, AD, of the 
circle have the directions of the major and minor semiazes of the elliptic section 
of the ellipsoid ; while the lengths of those semiaxes are, respectively, 
BA.BG: BD,, and BA.BG: BDo; or BD’; and BD’, 2, if the secants BD, and BD, 
meet the sphere again in p’, and p’,. 

(4.) If these two semiaxes of the section be called a, and c, and if we still 
denote by ¢ the tangent from B to the sphere, we have thus, 


XL... BD, =f :a,=aca; Bpy= fs e,=a0cz'; 
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but if we denote by 7, and pz the inclinations of the plane of the section to the 
two cyclic planes of the ellipsoid, whereto ca and cx are perpendicular, so that 
the projections of these two sides of the triangle are 


(conan. sin p, = 3 (a—c) sin p,, 


5G ae 


vy = CB. SiN p, = 


ae 
2) 
3 (@ +) sin po, 


we have 
Mili ep. an a, = 4 eo a (a — c*) sin p; S10 P25 
whence follows the important formula, 
Shoo Se = (er = G7 sin yy; Sin: 


or in words, the known and useful theorem, that “ the difference of the inverse 
squares of the semiaxes, of a plane and diametral section of an ellipsoid, varies as 
the product of the sines of the inclinations of the cutting plane, to the two planes of 
circular section. 

(5.) As verifications, if the plane be that of the generating triangle aBc, 
we have 


but if the plane be perpendicular to either of the two sides, ca, cp, then either 
p, or p,=0, and c,=4a, 

(6.) If the ellipsoid be cut by any concentric sphere, distinct from the mean 
sphere XIV., so that 


XLV... aE=Tp = ae b, where 7 is a given positive scalar ; 
then 
XLVI...3sp=@" “ach, thatis, ~Ba; 
> = 


so that the /ocus of what may be called the guide-point p, through which, by 
the construction, the variable semidiameter az of the ellipsoid (or one of its 
prolongations) passes, and which is still at a constant distance from the given 
external point B,,is now again a circle of the diacentric sphere, but one of 
which the plane does not pass (as it did in 218, (3.)) through the centre a of 
the ellipsoid. The point = has therefore here, for one locus, the cyclic cone 
which has a for vertew, and rests on the last-mentioned circle as its base; and 
since it is also on the concentric sphere XLY., it must be on one or other of 
the two spherical conics, in which (comp. 196, (11.)) the cone and sphere last 
mentioned intersect, 
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(7.) The intersection of an ellipsoid with a concentric sphere is therefore, 
generally, a system of two such conics, varying with the value of the radius r, 
and becoming, as a limit, the system of the two circular sections, for the parti- 
cular value + =); and the ellipsoid itself may be considered as the Jocus of 
all such spherical conics, including those two circles. 


(8.) And we see, by (6.), that the two cyclic planes (comp. 196, (17.), &c.) 
of any one of the concentric cones, which rest on any such conic, coincide with 
the two cyclic planes of the ellipsoid: all this resulting, with the greatest ease, 
from the construction (217) to which quaternions had conducted. 


(9.) With respect to the figure 53, which was designed to illustrate that 
construction, the signification of the letters ABcDD’EFF’GHH’LN has been already 
explained. But as regards the other letters we may here add, Ist, that Nn’ is 
a second minor summit of the surface, so that an’=wNwa; IInd, that xk is a 
point in which the chord ar’, of what we may here call the diacentric circle 
AGF, intersects what may be called the principal ellipse,* or the section NBLEN’ 
of the ellipsoid, made by the plane of the greatest and least axes, that is by the 
plane of the generating triangle asc, so that the lengths of ax and BF are 
equal; IIIrd, that the tangent, vxv’, to this ellipse at this point, is parallel to 
the side aB of the triangle, or to the axis of revolution of the enveloping cylinder 
218, (5.), being in fact one side (or generatrix) of that cylinder; IVth, that 
AK, AB are thus two conjugate semidiameters of the ellipse, and therefore the 
tangent TBT’, at the point B of that ellipse, is parallel to the line aKF’, or per- 
pendicular to the line srr’; Vth, this latter line is thus the normal (comp. 218, 
(7.), (11.)} to the same elliptic section, and therefore also to the ellipsoid, at B ; 
ViIth, that the Jeast distance Kx’ between the parallels an, Kv, being = the 
radius 6 of the cylinder, is equal in length to the line Be, and also to each of 
the two semidiameters, as, as’ of the ellipse, which are radii of the two circular 
sections of the ellipsoid, in planes perpendicular to the plane of the figure; 
VIIth, that as touches the circle at A; and VIIIth, that the point s’ is on the 


chord a1 of that circle, which is drawn at right angles to the side sc of the 
- triangle. 


220. The reader will easily conceive that.the quaternion equation of the 
ellipsoid admits of being put under several other forms; among which, 


however, it may here suffice to mention one, and to assign its geometrical 
interpretation. 


* In the plane of what is called, by many modern geometers, the focal hyperbola of the ellipsoid. 
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(1.) For any three vectors, ¢, x, p, we have the transformations, 


XLVIL..N(2+K*)-Ni4N54 One 


ee: pep pp 
NON NN ee. Pe 
Kup eer) Dipl haa 
-N(iTS+K£9.)-n(Epis Kins) 
Peat pk Pook Fg ae 
-N (T= + ) -N (SEE SE), 
p p p p 
whence follows this other general transformation : 
/ : 
XLVIL..T(1+K*.p)=T(Us.T+K ===, p), 


(2.) If then we introduce two new auxiliary and constant vectors, «’ and «’, 
defined by the equations, 


RX. t= Une Ty. Kx =— Ure Te, 
which give 


belie Pas: Das Tr Sk weal ee ee 


we may write the equation XVI. (in 217) of the ellipsoid under the following 
precisely similar form : 


LL... ge=T(’+K".p)5 
Pp 


in which v’ and «’ have simply taken the places of « and x. 

(3.) Retaining then the centre a of the ellipsoid, construct a new diacentric 
sphere, with a new centre c’, and a new generating triangle, an’c’, where B’ is a 
new fixed external point, but the lengths of the sides are the same, by the con- 
ditions, 

LIT... ac=-«', o'B’=+', and therefore ap’=('-«’; 


[en se A 


draw any secant p’p’’p’” (instead of spn’), and set off a line Ax in the direction 
of av”, or in the opposite direction, with a length equal to that of sp’; the 
locus of the point & will be the same ellipsoid as before. 

(4.) The only inference which we shall here* draw from this new con- 
struction is, that there exists (as is known) a second enveloping cylinder of 


* If room shall allow, a few additional remarks may be made, on the relations of the constant 
vectors 1, x, &c., to the ellipsoid, and on some other constructions of that surface, when, in the 
following Book, its equation shall come to be put under the new form, T(ip+ px) =x«?—.2. [See 
404.] 
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revolution, and that its axis is the side ax’ of the new triangle ap’c’ ; but that 
the radius of this second cylinder is equal to that of the first, namely to the 
mean semiaxis, b, of the ellipsoid; and that the major semiazis, a, or the line 
AL in fig. 58, bisects the angle Bas’, between the two axes of revolution of these 
two circumscribed cylinders: the plane of the new ellipse of contact being 
geometrically determined by a process exactly similar to that employed in 
218, (7.); and being perpendicular to the new vector, ¢’ + x’, as the old plane 
of contact was (by 218, (11.) ) tor+k, 


SECTION 14. 


On the Reduction of the General Quaternion to a Standard 
Quadrinomial Form; with a First Proof of the Associative 
Principle of Multiplication of Quaternions. 


221. Retaining the significations (181) of the three rectangular unit-lines 
OI, 0J, OK, as the aves, and therefore also the indices (159), of three given 
right versors, 7, /, *, in three mutually rectangular planes, we can express the 
index 0Q of any other right quaternion, such as Vg, under the ¢rinomial form 
(comp. 62), 
I... IVg¢g=o0e=2. 01+ y.03 + 2.0K; 


where awyz are some three scalar coefficients, namely, the three rectangular 
co-ordinates of the extremity a of the index, with respect to the three axes 
OI, oJ, ok. Hence we may write also generally, by 206 and 126, 


IT... Va=ai+yj+ek=ix+jy + ke; 


and this last form, iv + yy + kz, may be said to be a Standard Trinomial Form, 
to which every right quaternion, or the right part Vq of any proposed quater- 
nion qg, can be (as above) reduced. If then we denote by w the scalar part, Sq, 
of the same general quaternion qg, we shall have, by 202, the following 
General Reduction of a Quaternion to a STANDARD QUADRINOMIAL F'oRM 
(183) : 

Ill. ..g=(8¢+ V¢g=) wt+te+yy + kz; 
in which the four scalars, wxyz, may be said to be the Pour Constituents of the 
Quaternion. And it is evident (comp. 202, (5.), and 133), that if we write 
in like manner, 

IV...g¢ =w' + ta + jy + ke, 
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where 7k denote the same three given right versors (181) as before, then the 
equation 
V... Y = 95 


between these two quaternions, q and q’, includes the four following scalar equations 
between the constituents : 


VI... =, a = x, y =; g=8; 


which is a new justification (comp. 112, 116) of the propriety of naming, as we 
have done throughout the present Chapter, the General Quotient of two Vectors 
(101) a QuaTERNION. 


222. When the Standard Quadrinomial Form (221) is adopted, we have 
then not only 
I...8¢g=, and Vg=itr+yjy + ke, 


as before, but also, by 204, XT., | 
IT... Kg = (Sq - Vq =) w - tw — jy — ks. 
And because the distributive property of multiplication of quaternions (212), 
combined with the Jaws of the symbols ijk (182), or with the General and 
Fundamental Formula of this whole Calculus (183), namely with the formula, 
ee ay ey ye (A) 
gives the transformation, 
Ill... (w+yjy + ks)? =- (+ y+), 
we have, by 204, &c., the following new expressions : 
IV...NVq = (TV¢)* =- Ve ae+ 7 +38?; 
V...TVg=VY(e+y? +); 
VI... UVg = (te +yy t+ he): J (e+ y+); 
VIL... Ng =T¢ =8¢' - Ve aw + 8 + 9 + 83; 
VIII... Tg= f(t ety +s); 
IX... Ug = (w+ te + jy + ka): (0+ 2 + y? + 82); 
X...8SUg=0: fwiwvty +s*); 
XI... VUq = (tv + jy + ks): of (w? + a? + y*? + 8°); 


XIL..TVUy= | fe tale es 


w+eryt+2 


212 
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(1.) To prove the recent formula III., we may arrange as follows the steps. 

of the multiplication (comp. again 182) : 
Vag =te+yy + ke, 
Vo =te+yjy + kez; 
w. Va=— 2 + key — jas; 
Jy -Nq=-y—khyz + ys, 
ks. Vq=-3 + Jeu — 132Y 3 
Ve=V¢q. Va=-e-¥ - 
(2.) We have, therefore, 
ALY... Go +gy +key =-—1, i ety +=]; 

a result to which we have already alluded,* in connexion with the partial 
indeterminateness of signification, in the present calculus, of the symbol /f — 1, 
when considered as denoting a right radial (149), or a right versor (153), of 
which the plane or the avis is arbitrary. 

(3.) If ¢” =qq, then No” = N¢ . Ng, by 191, (8); but if g=w+ &o, 
g=wu' + &., 7 =w"’ + &e., then 
w= ww — (eet+ yy + #3), 
a” = (wae + aw) + (y's - sy), 

“= (wy + yw) + (va — as), 

38" = (ws +e) +(ay—- yx); 


DG Bg 


x ZS 
iP el 


and conversely these four scalar equations are jointly equivalent to, and may 
be summed up in, the quaternion formula, 


XV... w+ il” + jy” + ka” = (w + i’ + py’ + ke’) (w + iw + gy + ke); 
we ought therefore, under these conditions XIV., to have the equation, 
XVI... wt a ty 48% = (wt erty ts) (w+ vty +2); 


which can in fact be verified by so easy an algebraical calculation, that its 
truth may be said to be obvious upon mere inspection, at least when the terms 
in the four quadrinomial expressions w” . . s” are arrangedf as above. 


a 
* Compare the first Note to page 133; and that to page 162. 
t+ From having somewhat otherwise arranged those terms, the author had some little trouble at 


first, in verifying that the twenty-four double products, in the expansion of w’” + &c., destroy each 
other, leaving only the sixteen products of squares, or that XVI. follows from XIV., when he was led 
to anticipate that result through quaternions, in the year 1843. He believes, however, that the algebraic 
theorem XVI., as distinguished from the quaternion formula XV., with which it is here connected, 
had been discovered by the celebrated EuLzr. 
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223. The principal wse which we shall here make of the standard quadri- 
nomial form (221) is to prove by it the general associative property of 
multiplication of quaternions; which can now with great ease be done, the 
distributive* property (212) of such multiplication having been already proved. 
In fact, if we write, as in 222, (38.), 

gq=w +m +yy + ka, 
Tl.. df = +i +yy + ke’, 
f= we tie” + yy” + ke”, 
without now assuming that the relation g” = qq, or any other relation, exists 
between the three quaternions q, 7’, g”, and inquire whether it be true that 
the associative formula, 


Deg Gad =) og, 


holds good, we see, by the distributive principle, that we have only to try 
whether this last formula is valid when the three quaternion factors q, 9’, q” 
are replaced, in any one common order on both sides of the equation, and 
with or without repetition, by the three given right versors yk; but this has 
already been proved, in Art. 183. We arrive then, thus, at the important 
conclusion, that the General Multiplication of Quaternions is an Associative 
Operation, as it had been previously seen (212) to be a Distributive one: 
although we had also found (168, 183, 191) that such Multiplication is not 
(in general) Commutative: or that the two products, q’q and qq’, are generally 
unequal. Wemay therefore omit the point (as in 183), and may denote each 
member of the equation II. by the symbol q’9q’¢. 

(1.) Let v = Vq, o = Vq, 0” = Vq’; so that », v’, o” are any three right 
quaternions, and therefore, by 191, (2.), and 196, 204, 


Ko'p = ov, Sov = 4(0'v + ov’), Vo'v = 3(v'0 - ov’). 
Let this last right quaternion be called 7, and let So’v =s,, so that vv=s,+0,; 
we shall then have the equations, 
2Vv"v, ae vv, Pt vv” ; ae v3, 62 sv" 


whence, by addition, 
2V0"%”v, = 0" . vv -v9. 0" 


LPOG 


= (vv + 00") v — vo! (00 + wr” 
= 208v’v” — 2v’Svo; 


* Ata later stage [II. 111. § 2], a sketch will be given of at least one proof of this Associative 
Principle of Multiplication, which will not presuppose the Distributwe Princivle. 
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and therefore generally, if v, v’, v” be still right, as above, 
Til... V. ov’ Vo'v = o'r” — v'80'2; 


a formula with which the student ought to make himself completely familiar, on 
account of its extensive utility. 
(2.) With the recent notations, 


V . 0800 = Vo"'s, =0"s, = 0 Ber ; 
we have therefore this other very useful formula, 
a ee V e v'v'v = wSv'v”’ . vSv’v + v'Svv’, 


where the point in the first member may often for simplicity be dispensed 
with ; and in which it is still supposed that 


(3.) The formula III. gives (by 206), 
V...1V. oe Vov=I0. Sov” - Iv’ . 8v"2; 


hence this last vector, which is evidently complanar with the two indices Iv and 
Iv’, is at the same time (by 208) perpendicular to the third index Iv”, and 
therefore (by (1.)) complanar with the third quaternion q”. 

(4.) With the recent notations, the vector, 


VI... Iv, = IVo'v = IV (Vr . Va), 


is (by 208, XXII.) a line perpendicular to both Iv and Iv’; or common to the 
planes of g and q’; being also such that the rotation round it from Iv’ to Iv is 
positive: while its length, 

EEG 00 LO OP WoL Ne Oe Or CLV CNG 25 V0); 


bears to the unit of length the same ratio, as that which the parallelogram under 
the indices, Iv and Iv’, bears to the unit of area. 
(5.) To interpret (comp. IV.) the scalar expression, 


VIL. . . 8v"v’o = 80"v, = 8 . vo’ Vv'2, 


(because Sv”’s = 0), we may employ the formula 208, V.; which gives the 
transformation, 


VITT. . . Soon = To” . To, . cos (7 - 2) ; 


where Tv” denotes the length of the line Iv’, and Tv, represents by (4.) the 
area (positively taken) of the parallelogram under Iv’ and Iv; while z is (by 
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208), the angle between the two indices Iv”, Iv. This angle will be odtuse, 
and therefore the cosine of its supplement will be positive, and equal to the 
sine of the inclination of the line Iv” to the plane of Iv and Iv’, if the rotation 
round Iv” from Iv’ to Iv be negative, that is, if the rotation round Iv from Iv’ 
to Iv” be positive; but that cosine will be equal the negative of this sine, if 
the direction of this rotation be reversed. We have therefore the important 


interpretation : 
IX... Sv’v’v = + volume of parallelepiped under Iv, Iv’, Iv” ; 


the upper or the lower sign being taken, according as the rotation round I», 
from Iv’ to Iv”, is positively or negatively directed. 

(6.) For example, we saw that the ternary products yk and kji have 
scalar values, namely, 


yk =—1, kji=+1 by 188, (1.), (2.); 
and accordingly the parallelepiped of indices becomes, in this case, an wnit-cube ; 
while the rotation round the index of 7, from that of y to that of k, is positive 
(181). 
(7.) In general, for any three right quaternions vv’v”, we have the formula, 
X... Svo'v’ =—8o'v2; 


and when the three indices are complanar, so that the volwme mentioned in IX. 
vanishes, then each of these two last scalars becomes zero; so that we may 
write, as a new Lormula of Complanarity ; 


RE Se 0 0'— 0, Eo || ly le (23) 5 


while, on the other hand, this scalar cannot vanish in any other case, if the 
quaternions (or their indices) be still supposed to be actual (1, 144); because 
it then represents an actual volume. 

(8.) Hence also we may establish the following Formula of Collinearity, 
for any three quaternions : 


DS EIR AY, Mees, oe 8 em Nae b amma OO A Bal A ee BAY 


that is, by 209, if the planes of g, q, 7’ have any common line. 
(9.) In general, if we employ the standard trinomial form, 221, II., namely, 


o=Va=ix+ sy + ke, v = te + &e, ve’ = tt’ + &e., 
the laws (182, 183) of the symbols 7, 7, & give the transformation, 
XIII... Sv’v’v = a” (sy -— y's) +o” (28 - 8x) + 8” (ya - wy); 


248 ELEMENTS OF QUATERNIONS. (II. 1. § 14. 


and accordingly this is the known expression for the volume (with a suitable 
sign) of the parallelepiped, which has the three lines op, op’, op” for three co- 
initial edges, if the rectangular co-ordinates* of the four corners, 0, P, P’, P’, 
be 000, xyz, v’y's’, a°’y’2"". 

(10.) Again, as another important consequence of the general associative 
property of multiplication, it may be here observed, that although products 
of more than two quaternions have not generally equal scalars, for ail possible 
permutations of the factors, since we have just seen a case X. in which such 
a change of arrangement produces a change of sign in the result, yet cyclical 
permutation is permitted, under the sign S; or in symbols, that for any three 
quaternions (and the result is easily extended to any greater number of such 
factors) the following formula holds good : 


PAV. Gs 0 49 = Neg.d. 
In fact, to prove this equality, we have only to write it thus, 
XIV’....8 (77.9) =8 (7. 99); 


and to remember that the scalar of the product of any two quaternions 
remains unaltered (198, I.), when the order of those two factors is changed. 
(11.) In like manner, by 192, II., it may be inferred that 


XV... Ky"y/y=K (y’. 9) = Ky’q. Kq’ = Ky. Ky. Ky’, 


with a corresponding result for any greater number of factors; whence by 
192, I., if Ig and II’g denote the products of any one set of quaternions taken 
in two opposite orders, we may write, 


OV Et ogra AVILES > Rilo =i Re. 
(12.) But if v be right, as above, then Kv = — 2, by 144; hence, 
XVIII... Kilv=+1l'o; XIX...SMv=+80'; XX... Vilv=F VII; 


upper or lower signs being taken, according as the number of the right factors 
is even or odd; and under the same conditions, 


XXII... Sllv =4 (Me+ II’) ;sx XXII... Vilvo= 4 (lv F I’e); 


as was lately exemplified (1.), for the case where the number is two. 


* This result may serve as an example of the manner in which guwaternions, although not based on 
any usual doctrine of co-ordinates, may yet be employed to deduce, or to recover, and often with great 
ease, important co-ordinate expressions. 
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(13.) For the case where that number is three, the four last formule give, 
XXIII... Sv’v’v = — Sov’v” = $ (von — wv'v") ; 
XXIV... Vo"'v’v=4 Voor" = 3 (v"v'v + wv”) ;sx 


results which obviously agree with X. and IV. 

224. For the case of Complanar Quaternions (119), the power of reducing 
each (120) to the form of a fraction (101) which shall have, at pleasure, for its 
denominator or for its numerator, any arbitrary line in the given plane, furnishes 
some peculiar facilities for proving the commutative and associative properties 
of Addition (207), and the distributive and associative properties of Multiplica- 
tion (212, 223); while, for this case of multiplication of quaternions, we have 
already seen (191, (1.)) that the commutative property also holds good, as it 
does in algebraic multiplication. It may therefore be not irrevelant nor 
useless to insert here a short Second Chapter on the subject of such com- 
planars: in treating briefly of which, while assuming as proved the existence 
of all the foregoing properties, we shall have an opportunity to say something 
of Powers and Roots and Logarithms; and of the connexion of Quaternions 
with Plane Trigonometry, and with Algebraical Equations. After which, in 
the Third and last Chapter of this Second Book, we propose to resume, for a 
short time, the consideration of Diplanar Quaternions ; and especially to show 
how the Associative Principle of Multiplication can be established, for them, 
without* employing the Distributive Principle. 


* Compare the Note to page 245. 
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CHAPTER II. 


ON COMPLANAR QUATERNIONS, OR QUOTIENTS OF VECTORS 
IN ONE PLANE; AND ON POWERS, ROOTS, AND LOGARITHMS 
OF QUATERNIONS. 


SECTION 1. 


On Complanar Proportion of Vectors; Fourth Proportional to 
Three, Third Proportional to Two, Mean Proportional, 
Square Root; General Reduction of a Quaternion in a 
Given Plane, to a Standard Binomial Form. 


225. The Quaternions of the present Chapter shall all be supposed to be 
vomplanar (119); their common plane being assumed to coincide with that of 
the given right versor 7 (181). And ail the lines, or vectors, such as a, 2, y, 
&¢., OF ay, a1, a2, &e., to be here employed, shall be conceived to be in that 
given plane of 7; so that we may write (by 123), for the purposes of this 
Chapter, the formule of complanarity : 


Gila lilg@’--- Iles alls Bills alll 4 &. 


226. Under these conditions, we can always (by 103, 117) interpret any 
symbol of the form (3 :a).-y, as denoting a dine 6 in the given plane; which 
line may also be denoted (125) by the symbol (vy: a) . 8, but noé* (comp. 103) 
by either of the two apparently equivalent symbols, ((3.y):a, (y-():a; so 
that we may write, 

ie es 
ee ara 
and may say that this line 8 is the Fourth Proportional to the three lines 
a, 3, y; or to the three lines a, y, 8; the two Means, 3 and y, of any such 


* In fact the symbols 8 .y, y. 8, or By, 7B, have not as yet received with us any interpretation ; 
and even when they shall come to be interpreted as representing certain quaternions, it will be found 


(comp. 168) that the two combinations, = y and pa have generally different significations. 
a a 
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Complanar Proportion of Four Vectors, admitting thus of being interchanged, 
as in algebra. Under the same conditions we may write also (by 125), 
cya ree tee 

so that (still as in algebra) the two Extremes, a and 6, of any such proportion 
of four lines a, (3, y, 6, may likewise change places among themselves: while 
we may also make the means become the extremes, if we at the same time 
change the extremes to means. More generally, if a, 3, y,6,¢... be any 
odd number of vectors in the given plane, we can always find another vector p 
in that plane, which shall satisfy the equation, 


18 ee a=P 


10 Pees gale pcs | Cera at Meat 
5B a=p, OF 3B p 
and when such a formula holds good, for any one arrangement of the nume- 
rator-lines a, y, &,... and of the denominator-lines p, (3, 6... it can easily be 


proved to hold good also for any other arrangement of the numerators, and 
any other arrangement of the denominators. Tor example, whatever four 
(complanar) vectors may be denoted by Pyéde, we have the transformations, 


IV... 35> 57: B= Re B= 5B 


Ves ee eee ye 


so that the two denominators also may change places. 

227. An interesting case of such proportion (226) is that in which the 
means coincide; so that only three distinct lines, such as a, (3, y, are involved : 
and that we have (comp. Art. 149, and fig. 42 [p. 183]) an equation of the 
form, 


L..y-P2 Bp, or a-F 8 


but not* y = BB:a, nora=(:y. In this case, it is said that the three lines 
ay form a Continued Proportion; of which a and y are now the Lztremes, 


and (3 is the Mean: this line being also said to be at Mean Proportional 


* Compare the Note to the foregoing Article. 

t We say, a mean proportional; because we shall shortly see that the opposite line, —B, is in the 
same sense another mean; although a rule will presently be given, for distinguishing between them, 
and for selecting one as that which may be called, by eminence, the mean proportional. 


2K 2 
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between the two others, a and y; while y is the Third Proportional to 
the two lines a and 3; and a is, at the same time, the third proportional to 
y and 3. Under the same conditions, we have 


I... B= 3 y= ai 


so that this mean, 3, between a and y, is also the fourth proportional (226) to 
itself, as first, and to those two other lines. We have also (comp. again 149), 


whence it is natural to write, 
ye ee 
i moet wb 
and therefore by (103), 


vote(s ae( 


although we are not here to write 9 = (ya)4, nor 3 = (ay). But because we 
have always, as in algebra (comp. 199, (3.) ), the equation or identity, (- ¢)’=¢’, 
we are equally well entitled to write, 


weft (BS -6-(ife-(e 


the symbol gq? denoting thus, in general, either of two opposite quaternions, 
whereof however one, namely that one of which the angle is acute, has been 
already selected in 199, (1.), as that which shall be called by us the Square 
Root of the quaternion g, and denoted by ./g. We may therefore establish 


the formula, 
V ts os 3 = a ie e rr + Me) . Y9 
i ae af 


if a, 3, y form, as above, a continued proportion; the upper signs being taken 
when (as in fig. 42) the angle aoc, between the extreme lines a, y, 18 bisected 
by the line os, or 3, ¢tsed/; but the lower signs, when that angle is bisected by 
the opposite line, — B, or when 3 bisects the vertically opposite angle (comp. 
again 199, (8.)): but the proportion of tensors, 

VU oy LG oro bar, 
and the resulting formulee 


XS ea pea Dae. by, D7 (ian ty, 
in each case holding good. And when we shall speak simply of the Mean 
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Proportional between two vectors, a and y, which make any acute, or right, or 
obtuse angle with each other, we shall always henceforth understand the 
Jormer of these two bisectors ; namely, the bisector op of that angle aoc itself, 
and not that of the opposite angle: thus taking upper signs, in the recent 
formula VII. 

(1.) At the limit when the angle aoc vanishes, so that Uy = Ua, then 
UB = each of these two unit-lines; and the mean proportional (3 has the same 
common direction as each of the two given extremes. ‘This comes to our 
agreeing to write, 


X.../1l=+4+1, and generally, X’..../(a) =+4, 


if a be any positive scalar. 

(2.) At the other limit, when aoc=7, or Uy =- Ua, the Jength of the 
mean proportional 3 is still determined by IX., as the geometric mean (in the 
usual sense) between the lengths of the two given extremes (comp. the two 
figures 41 [p. 132]); but, even with the supposed restriction (225) on the 
plane in which all the lines are situated, an ambiguity arises in this case, from 
the doubt which of the two opposite perpendiculars at 0, to the line aoc, is to be 
taken as the direction of the mean vector. To remove thisambiguity, we shall 
suppose that the rotation round the axis of 7 (to which avis all the lines con- 
sidered in this Chapter are, by 225, perpendicular), from the first line oa to 
the second line op, is in this case positive; which supposition is equivalent to 
writing, for present purposes, 


Dole Lea Os and 47 1) ta ee 


And thus the mean proportional between two vectors (in the given plane) 
becomes, in a// cases, determined: at least if their order (as first and third) be 
given. | 

(3.) If the restriction (225) on the common plane of the lines, were removed, 
we might then, on the recent plan (227), fix definitely the direction, as well as 
the length, of the mean os, in every case but one: this excepted case being that 
in which, as in (2.), the two given extremes, oA, oc, have exactly opposite 
directions; so that the angle (aoc = 7) between them has no one definite 
bisector. In this case, the sought point B would have no one determined 
position, but only a locus: namely the circumference of a circle, with o for 


* It is to be carefully observed that this square root of negative unity is not, in any sense, 
imaginary, nor even ambiguous, in its geometrical interpretation, but denotes a real and given right 
versor (181). 
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centre, and with a radius equal to the geometric mean between oa, oc, while 
its plane would be perpendicular to the given right line aoc. (Comp. again 
the figures 41; and the remarks in 148, 149, 153, 154, on the square of a 
right radial, or versor, and on the partially indeterminate character of the 
square root of a negative scalar, when interpreted, on the plan of this Calculus, 
as areal in geometry.) 

228. The quotient of any two complanar and right quaternions has been 
seen (191, (6.)) to be a scalar; since then we here suppose (225) that g ||| 7, we 
are at liberty to write, 


I... 8¢=2; Va:t=y}3 Vo=yi=wy; 


and consequently may establish the following Reduction of a Quaternion in the 
given plane (of ¢) to a Standard Binomial Form* (comp. 221): 


tt ee og, ne gi 


a and y being some ¢wo scalars, which may be called the two constituents (comp. 
again 221) of this binomial. And then an equation between two quaternions, 
considered as binomials of this form, such as the equation, 


Il...¢=q, or Il’...¢7%+%/ =27+y, 


breaks up (by 202, (5.) ) into two scalar equations between their respective 
constituents, namely, 


LV...% =@, y =Y; 


notwithstanding the geometrical reality of the right versor, ¢. 

(1.) On comparing the recent equations II., 1II., [V., with those marked 
as III., V., VI, in 221, we see that, in thus passing from general to complanar 
quaternions, we have merely suppressed the coefficients of j and k, as being for 
our present purpose, nui/; and have then written « and y, instead of w 
and «. 

(2.) As the word ‘“ binomial” has other meanings in algebra, it may be 
convenient to call the form II. a CoupLe; and the two constituent scalars x 
and y, of which the values serve to distinguish one such couple from another, 
may not unnaturally be said to be the Co-ordinates of that Couple, for a reason 
which it may be useful to state. 


* It is permitted, by 227, XI., to write this expression as x + yV—1; but the form z + iy is 
shorter, and perhaps less liable to any ambiguity of interpretation. 2 
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(3.) Conceive, then, that the plane of fig. 50 [p. 192] coincides with that 
of 7, and that positive rotation round Ax. 7 is, in that figure, directed towards 
the Jeft-hand; which may be reconciled with our general convention (127), by 
imagining that this awis of 7 is directed from o towards the back of the figure ; 
or below* it, if horizontal. This being assumed, and perpendiculars Bp’, BB” 
being let fall (as in the figure) on the indefinite line oa itself, and on a normal 
to that line at 0, which normal we may call oa’, and may suppose it to have 
a length equal to that of oa, with a left-handed rotation aoa’, so that 


Vis, ORF = 1-0 ON DION yy ¢ Vinee hoa, 
while PB’ = 0B’, and BP” = ox”, as in 201, andg = B: a, as in 202; 


then, on whichever side of the indefinite right line oa the point B may be 
situated, a comparison of the quaternion g with the binomial form II. will 
give the two equations, 


Wikewicce (0g) dec. OS NG a oo a a 

so that these two scalars, x and y, are precisely the two rectangular co-ordinates 
of the point B, referred to the two lines oA and oa’, as two rectangular unit- 
axes, of the ordinary (or Cartesian) kind. And since every other quaternion, 
g = + w/, in the given plane, can be reduced to the form y : a, or oc is tooa, 
where c is a point in that plane, which can be projected into o and c” in the 
same way (comp. 197, 205), we see that the two new scalars, or constituents, 
a and y’, are simply (for the same reason) the co-ordinates of the new point c, 
referred to the same pair of axes. 

(4.) It is evident (from the principles of the foregoing Chapter), that if 
we thus express as couples (2.) any two complanar quaternions, g and q’, we 
shall have the following general transformations for their swm, difference, and 
product : 

Wile om (ae eee iy eg) 
VIII... .g= (ee yy) +8 (wy + 2). 


(5.) Again, for any one such couple, g, we have (comp. 222) not only 
Sq =, and Vq = ty, as above, but also, 


IX... Kg=e-ty; X...Ngee+y; XL..Tg=V(e’+y); 


Sil eUe ne XML ..2-374 


ety? 


* Compare the second Note to page 111. 
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(6.) Hence, for the quotient of any two such couples, we have, 
VA . a’ “a iy’ = a” an ty” 

DOU acd ee ety ee 
watery, Yo =yu-wy. 


ol iy!” a Kg, 


(7.) The daw of the norms (191, (8.)), or the formula, Ngg = Nq’ . Ng, is 
expressed here (comp. 222, (3.)) by the well-known algebraic equation, or 
identity, 

KV... (2? + y”) (2? + 9’) = (we - yy)? + (wy + ya)’; 


in which wya’y’ may be any four scalars. 


SECTION 2. 


On Continued Proportion of Four or more Wectors; Whole 


Powers and Roots of Quaternions; and Roots of Unity. 


229. The conception of continued proportion (227) may easily be extended 
from the case of three to that of four or more (complanar) vectors; and thus 
a theory may be formed of cubes and higher whole powers of quaternions, with a 
correspondingly extended theory of roots of quaternions, including roots of 
scalais, and in particular of unity. Thus if we suppose that the four vectors 
af3yé form a continued proportion, expressed by the formule, 


i Ravage ae = ig whence II.. po ane (2) 

Y p a a a [3 a a 
(by an obvious extension of usual algebraic notation,) we may say that the 
quaternion 6: a is the cube, or the third power, of (3: a; and that the latter 
quaternion is, conversely, a cube-root (or third root) of the former ; which last 
relation may naturally be denoted by writing, 


LE he: es (= or 11, 26 = (=) “a (comp. 227, IV., V.). 


a 


230. But it is important to observe that as the equation q’ = Q, in which 
q is a sought and Q isa given quaternion, was found to be satisfied by two 
opposite quaternions g, of the form + ./Q (comp. 227, VII.), so the slightly 
less simple equation g* = Q is satisfied by three distinct and real quaternions, 
if Q be actual and real; whereof each, divided by either of the other two, 
gives for quotient a real quaternion, which is equal to one of the cube-roots of 
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positive unity. In fact, if we conceive (comp. the annexed fig. 54) that 3’ 
and 3” are two other but equally long vectors in the given plane, obtained 
from ($ by two successive and positive rotations, 
each through the third part of a circumference, so that B 


iy a ; ‘ 
IV... B= = BS 


p 
or Geos p 
and therefore 
Wid (Fy (FY aP e ee caie (FY. 
B B Brat 
we shall have 


Ace (Ey (5) (E)- : snd Vales (Eye : 


so that we are equally entitled, at this stage, to write, instead of III. or Fab igg 
these other equations : 


gt tae ee (=), p’ = (2\a3 


Vin oe (=); B"= (=) = 


a a a 


or 


231. A (real and actual) quaternion Q may thus be said to have three 
(real, actual, and) distinct cube-roots; of which however only one can have an 
angle less than siaty degrees; while none can have an angle equal to sixty 
degress, unless the proposed quaternion Q degenerates into a negative scalar. 
In every other case, one of the three cube-roots of Q, or one of the three values 
of the symbol Q!, may be considered as simpler than either of the other two, 
because it has a smaller angle (comp. 199, (1.)); and if we, for the present, 
denote this one, which we shall call the Principal Cube-Root of the quaternion 
Q, by the symbol ?/ Q, we shall thus be enabled to establish the formula of 
inequality, 


Vile ee Oe at Ol, 


232. At the limit, when Q degenerates, as above, into a negative scalar, 
one of its cube-roots is itse/f a negative scalar, and has therefore its angle = 7; 


while each of the two other roots has its angle = z In this case, among these 
two roots of which the angles are equal to each other, and are less than that 
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of the third, we shall consider as simpler, and therefore as principal, the one 
which answers (comp. 227, (2.) ) to a positive rotation through sixty degrees ; 
and so shall be led to write, 

De Ae aes and ae 


using thus the positive sign for the radical ,/3, by which 7 is multiplied in the 
expression IX. for 27/-—1; with the connected formula, 


ihe 5 (147/38), if a>0; 


although it might at first have seemed more natural to adopt as principal the 
scalar value, and to write thus, 


cas ates 


which latter is in fact one value of the symbol, (- 1). 

(1.) We have, however, on the present plan, as in arithmetic, 

Olin Cea des ane POO on i a A), 

(2.) The equations, 

: ies: ‘ 

XII... (=) Se (+) ra 
can be verified in calculation, by actual cubing, exactly as in algebra; the only 
difference being, as regards the conception of the subject, that although 7 
satisfies the equation 7? =— 1, it is regarded here as altogether real; namely, 
as a real right versor* (181). 

233. There is no difficulty in conceiving how the same general principles 
may be extended (comp. 229) to a continued proportion of n+ 1 complanar 
vectors, 

| Wee ac rey hrgreuerae ee 
when ” is a whole number greater than three; nor in interpreting, in con- 
nexion therewith, the equations, 


eee (2); ne ee (ys nee a= (=) . 
a a 


* This conception differs fundamentally from one which had occurred to several able writers, 
before the invention of the quaternions; and according to which the symbols 1 and  — 1 were inter- 
preted as representing a pair of equally long and mutually rectangular right lines, in a given plane. In 
Quaternions, no line is represented by the number, ONx, except as regards its length; the reason being, 
mainly, that we require, in the present Calculus, to be able to deal with al/ possible planes; and that 
no one right line 1s common to all such, 
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Denoting, for the moment, what we shall call the principal n root of a qua- 
ternion Q by the symbol %/Q, we have, on this plan (comp. 231, VIII.), 


Wee regis ay See ge 


Vie 2 1) ="; Vil 2 V7 2 1a 0: 
this last condition, namely that there shall be a positive (scalar) coefficient y of 
i, in the binomial (or couple) form « + ty (228), for the quaternion %/ - 1, thus 
serving to complete the determination of that principal n root of negative 
unity ; or of any other negative scalar, since - 1 may be changed to — a, if 
a> 0, in each of the two last formule. And as to the general n™ root of a 
quaternion, we may write, on the same principles, 


Vill... @= S16 470 


where the factor 1", representing the general n™ root of positive unity, has n 
different values, depending on the division of the circumference of a circle into 
n equal parts, in the way lately illustrated, for the case n = 3, by figure 54; 
and only differing from ordinary algebra by the reality here attributed to 2. 
In fact, each of these n‘* roots of unity is with us a real versor ; namely the 
quotient of two radii of a circle, which make with each other an angle, equal to 
the n™ part of some whole number of circumferences. 


(1.) We propose, however, to interpret the particular symbol i, as always 
denoting the principal value of the n™ root of 7; thus writing, 


pk 
LB CORR ae Et A a 


whence it will follow that when this root is expressed under the form of a 
couple (228), the two constituents x and y shall both be positive, and the 
quotient y: a shall have a smaller value than for any other couple w + ¢y (with 
constituents thus positive), of which the n™ power equals 7. 

(2.) For example, although the equation 


7 = (x a ty)* = 1, 
is satisfied by the two values, + (1 + ¢):4/2, we shall write definitely, 


1+i2 


Sf 2° 


X...#=+ fia 
(3.) And although the equation, 


g = (w+ ty) =4, 


2L2 
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is satisfied by the three distinct and real couples, (¢+ ,/8) : 2, and —7, we shall 
adopt only the one value, 


nas 


(4.) In general, we shall thus have the expression, 


i T 7 
wll ee = 60s — + ¢ sin ——* 
Qn Qn” 


which we shall occasionally abridge to the following: 
: ar is idee 
RY cee = cls 5 3 
ak 
and this root, i”, thus interpreted, denotes a versor, which turns any line on 
which it operates, through an angle equal to the n” part of a right angle, in 
the positive direction of rotation, round the given axis of 7. 
234. If m and n be any two positive whole numbers, and q any quaternion, 


the definition contained in the formula 283, IT., of the whole power, g", enables 
us to write, as in algebra, the two equations : 


fines gg” os gy : i eer Cal =e iia 


and we propose to extend the former to the case of nud/ and negative whole 
exponents, writing therefore, 


aS eee a ie Tee a aos 
and in particular, 


Via So ; = reciprocal* (134) of q. 


We shall also extend the formula II., by writing, 


1 ™m 


VI... (q")™ =" 


whether m be positive or negative; so that this last symbol, if m and n be 
still whole numbers, whereof n may be supposed to be positive, has as many 
distinct values as there are units in the denominator of its fractional exponent, 


™m™ 


when reduced to its least terms; among which values of g", we shall naturally 
consider as the principal one, that which is the m power of the principal n 
root (233) of q. 


* Compare the first Note to page 123. 
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(1.) For example, the symbol gq? denotes, on this plan, the square of any 
cube-root of q; it has therefore three distinct values, namely, the three values 
of the cube-root of the square of the same quaternion g; but among these we 
regard as principal, the square of the principal cube-root (231) of that proposed 
quaternion. 

(2.) Again, the symbol g? is interpreted, on the same plan, as denoting 
the square of any fourth root of g; but because (1*)?=12=+1, this square has 
only ¢wo distinct values, namely those of the square root g?, the fractional 
exponent # being thus reduced to its least terms; and among these the 
principal value is the square of the principal fourth root, which square is, at the 
same time, the principal square root (199, (1.), or 227) of the quaternion gq. 

(3.) The symbol g-* denotes, as in algebra, the reciprocal of a square-root 
of g; while g” denotes the reciprocal of the square, &c. 

(4.) If the exponent ¢, in a symbol of the form q’, be still a scalar, but a 
surd (or incommensurable), we may consider this surd exponent, t, as a limit, 
towards which a variable fraction tends: and the symbol itself may then be 
interpreted as the corresponding limit of a fractional power of a quaternion, 
which has however (in this case) indefinitely many values, and can therefore 
be of little or no wse, until a selection shall have been made, of one value of 
this surd power as principal, according to a law which will be best understood 
by the introduction of the conception of the amplitude of a quaternion, to 
which in the next section we shall proceed. 

(5.) Meanwhile (comp. 233, (4.)), we may already definitely interpret the 
symbol 2’ as denoting a versor, which turns any line in the given plane, 
through ¢ right angles, round Ax.?, in the positive or negative direction, 
according as this scalar exponent, t, whether rational or irrational, is itself 
positive or negative; and thus may establish the formula, 


ta Ae i 
14 po u : ee ee 
| VIL... i= cos 5 + isin 5 
or briefly (comp. 233, XII’.), 


Wide ita cis = 
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SECTION 8. 


@n the Amplitudes of Quaternions in a given Plane; and on 
Trigonometric Expressions for such Quaternions, and for 
their Powers. 


235. Using the binomial or couple form (228) for a quaternion in the 
plane of ¢ (225), if we introduce two new and real scalars, 7 and zs, whereof 
the former shall be supposed to be positive, and which are connected with the 
two former scalars w and y by the equations, 

Lee = c0se. yer ein eS 0, 
we shall then evidently have the formule (comp. 228, (5.)): 
ity. bo = (a ty) = 7: 
III... Ug=U (w+ ty) = coss+/ising; 


which last expression may be conveniently abridged (comp. 233, XII’., and 
234, VIII.) to the following: 


LV Ur cess BO tne, Vo. oe 701s: 


And the areual or angular quantity, z, may be called the Amplitude* of the 
quaternion g; this name being here preferred by us to “ Angle,”’ because we 
have already appropriated the latter name, and the corresponding symbol Zz q, 
to denote (130) an angle of the Euclidean kind, or at least one not exceeding, 
in either direction, the mits 0 and 7; whereas the amplitude, z, considered as 
obliged only to satisfy the equations I., may have any real and scalar value. 
We shall denote this amplitude, at least for the present, by the symbo/,t am.4q, 


* Compare the Note to Art. 130. 

¢ The symbol V was spoken of, in 202, as completing the system of notations peculiar to the present 
Calculus; and in fact, besides the three letters, i, 7, k, of which the laws are expressed by the funda- 
mental formula (A) of Art. 183, and which were originally (namely in the year 1848, and in the two 
following years) the only peculiar symbols of quaternions (see Note to page 160), that Calculus does not 
habitually employ, with peculiar significations, any more than the jive characteristics of operation, K, 
S, T, U, V, for conjugate, scalar, tensor, versor, and vector (or right part): although perhaps the mark 
N for norm, which in the present work has been adopted from the Theory of Numbers, will gradually 
come more into use than it has yet done, in connexion with quaternions also. As to the marks, Z, 
Ax., I, R, and now am. (or amy), for angle, axis, index, reciprocal, and amplitude, they are to be 
considered as chiefly available for the present exposition of the system, and as not often wanted, nor 
employed, in the subsequent practice thereof; and the same remark applies to the recent abridgment 
cis, for cos+isin; to some notations in the present section for powers and roots, serving to express 
the conception of one x* root, &c., as distinguished from another; and to the characteristic P, of 
what we shall call in the next section the ponential of a quaternion, though not requiring that 
notation afterwards. No apology need be made for employing the purely geometrical signs, 1, ||, |||, 
for perpendicularity, parallelism, and complanarity: although the /ast of them was perhaps first intro- 
duced by the present writer, who has found it frequently useful. 
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or simply, am g; and thus shall have the following formula, of connexion 
between amplitude and angie, 


Vie oe aM ir de gs 


the upper or the lower sign being taken, according as Ax.g=+Ax.¢; and x 
being any whole number, positive or negative or null. We may then write 
also (for any quaternion q |||?) the general transformations following: 


Wikies 0 sci OI ee be ig 01s ain o. 


(1.) Writing g=(:a, the amplitude am.gq, or am (3: a), is thus a scalar 
quantity, expressing (with its proper sign) the amount of rotation, round Ax. 7, 
from the line a to the line 9; and admitting, in general, of being increased or 
diminished by any whole number of circumferences, or of entire revolutions, when 
only the directions of the two lines, a and j3, in the given plane of 7, are given. 

(2.) But the particular quaternion, or right versor, 7 dtse/f, shall be con- 
sidered as having definitely, for its amplitude, one right angle; so that we shall 
establish the particular formula, 


a . T 
IX...am.i=Li=5- 


(3.) When, for any other given quaternion qg, the generally arbitrary 
integer nin VI. receives any one determined value, the corresponding value of 
the amplitude may be denoted by either of the two following temporary 
symbols,* which we here treat as equivalent to each other, 


aM,n.g, OY Lnq]3 
so that (with the same rule of signs as before) we may write, as a more definite 
formula than VI., the equation : 
Key naMy C= 2p = ears 2: 


and may say that this last quantity is the n* value of the amplitude of q; while 
the sero-value, am,q, may be called the principal amplitude (or the principal 
value of the amplitude). 

(4.) With these notations, and with the convention, am,(-1)=+7, we 
may write, 

AL. .cam,g=2,7=+ 4¢; 
XIT...am,a@=am,l=2,1=2n7, if a>O0; 
and 
XIII... am, (— a) =am, (- 1) = Zn (- 1) = (Qn +1), 

if a be still a positive scalar. 


* Compare the recent Note, respecting the notations employed. 
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236. From the foregoing definition of amplitude, and from the formerly 
established connexion of mu/tiplication of versors with composition of rotations 
(207), it is obvious that (within the given plane, and with abstraction made of 
tensors) multiplication and division of quaternions answer respectively to (alge- 
braical) addition and subtraction of amplitudes: so that, if the symbol am.q be 
interpreted in the general (or indefinite) sense of the equation 235, VI., we 
may write: 


I...am(q’.g)=amq’+amq; _ II...am(q’:¢)=am¢’-amgq; 


implying hereby that, in each formula, one of the values of the first member 
is among the values of the second member; but not here specifying which 
value. With the same generality of signification, it follows evidently that, 
for a product of any number of (complanar) quaternions, and for a whole power 
of any one quaternion, we have the analogous formule : 


tit. em lig=San¢g? “1V¥e ang = 7. am 7; 


where the exponent p may be any positive or negative integer, or zero. 

(1.) It was proved, in 191, II., that for any two quaternions, the formula 
Uq'q=U¢/.U¢q holds good; a result which, by the associative principle of 
multiplication (223), is easily extended to any number of quaternion factors 
(complanar or diplanar), with an analogous result for tensors: so that we 
may write, generally, 

Vie Ullig= tite VL ly — Lig. 


(2.) Confining ourselves to the first of these two equations, and combining 
it with IIT., and with 235, VII., we arrive at the important formula: 


VII... I cis am g (= WU¢ = Ullg = cis am Ig) = cis 2 am q; 
whence in particular (comp. IV.), 
VIII... (cis am g)? =cis(p.am q), 


at least if the exponent p be still any whole number. 
(3.) In these last formule, the amplitudes am.g, am.q’, &c., may repre- 
sent any angular quantities, z, x’, &e.; we may therefore write them thus, 


IX... . fH ciss = cis Sz; X... (cis 8)? = cis ps ; 


including thus, under abridged forms, some known and useful theorems, 
respecting cosines and sines of sums and multiples of arcs. 
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(4.) For example, if the number of factors of the form ciss be two, we 
have thus, 
TX’... 018 2’. cis 3 = cis (2° +8) ; Xe (C188) — cise. 
whence 
cos (2+ 3) = 8 (cis2’. cis3) = cos2’ cosz — sin 8’ sin 3; 
sin (2+ 8) =¢"V (cis 2’. clsz) = cos2’ sing + sin 2’ Coss; 
cos 22 = (cosz)?— (sing)’; sin2s=2 cosz sing; 


with similar results for more factors than two. 

(5.) Without expressly introducing the conception, or at least the notation 
of amplitude, we may derive the recent formula IX. and X., from the conside- 
ration of the power @ (234), as follows. That power of 7, with a scalar exponent, t, 
has been interpreted in 284, (5.), as a symbol satisfying an equation which 
may be written thus: 


RO Set = Cis 2, 1s 2 = tors 


or geometrically as a versor, which turns a line through t right angles, where ¢ 
may be any scalar. We see then at once, from this interpretation, that if t be 
either the same or any other scalar, the formula, 


a, a OO ee ae 


must hold good, as in algebra. And because the number of the factors 7 is 
easily seen to be arbitrary in this last formula, we may write also, 


XIV. . . (i)? = 12%, 


if p be any whole* number. But the two last formule may be changed by 
XI., to the equations IX. and X., which are therefore thus again obtained ; 
although the later forms, namely XIII. and XIV., are perhaps somewhat 
simpler: having indeed the appearance of being mere algebraical identities, 
although we see that their geometrical interpretations, as given above, are 
important. 

(6.) In connexion with the same interpretation XI. of the same useful 
symbol ¢’, it may be noticed here that 


DON sais Koti ee 


* It will soon be seen that there is a sense, although one not quite so definite, in which this 
formula holds good, even when the exponent » is fractional, or surd ; namely, that the second member 
is then one of the values of the first. 
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and that therefore, 
XVI. . 008 a8, ad (+07); 


XVIL «sin Fa Vit = h(i 6% 


(7.) Hence, by raising the double of each member of XVI. to any 
positive whole power p, halving, and substituting s for dtr, we get the 
equation, 

XVIII... 2>(cos s)?=§ (i + oP =} (iP + FP) + Sp (1) 4 PP) + Ge, 
p(p - 1) 
2 
with the usual rule for halving the coefficient of cos 0z, if p be an even 
integer ; and with analogous processes for obtaining the known expansions of 
2’. (sin s)?, for any positive whole value, even or odd, of y; and many other 


known results of the same kind. 
237. If p be still a whole number, we have thus the aoronnee: 


= cos ps + p cos (p—2) & + cos (p — 4) 3 + &e., 


I... g? = (rcis 2)? = r? cis ps = (Tq)? cis (p.amg); 


in which (comp. 190, 161) the two factors, of the tensor and versor kinds, 
may be thus written : 


Bee to lee ae Meet) = (Ug Uo? 


and any value (235) of the amplitude am.g may be taken, since ad/ will 
conduct to one common value of this whole power g?. And if, for I., we 
substitute this slightly different formula (comp. 238, (8.) ), 


, 


. (gn = Tq’. cis (p.amng), with p = = n’> 0, 


m’, n’, n being whole numbers whereof the first is supposed to be prime to the 
second, so that the exponent p is here a fraction in its least terms, with a positive 
denominator n’, while the factor 'T'g? is interpreted as a positive scalar (of which 
the positive or negative logarithm, in any given system, is equal to p x the 
logarithm of Ty), then the expression in the second member admits of n’ 
distinct values, answering to different values of n; which are precisely the n’ 
values (comp. 234) of the fractional power g’, on principles already established : 
the principal value of that power corresponding to the value n = 0. 

(1.) For any value of the integer n, we may say that the symbol (g’)n, 
defined by the formula IY., represents the n™ value of the power g?; such 
values, however, recurring periodically, when p is, as above, a fraction. 
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(2.) Abridging (1?), to 1”,, we have thus, generally, by 235, XII., 


VY... 1%, = cis 2pnz, if p be any fraction, 
a restriction which however we shall soon remove; and in particular, 
VI... Principal value of 12 = 1%) = 1. 
(3.) Thus, making successively p = 4, p = 4, we have 
VII... 13, = cis nz, 14,=+4+ 1, 14, =-1, 14,=+ 1, &.; 


VIIL. . . Ii, = cis “2%, acute a = TiY thal, bo. 


(4.) Denoting in like manner the n™” value of (- 1)? by the abridged 
symbol (— 1)?,, we have, on the same plan (comp. 235, XIII.), for any 
fractional* value of p, 

IX... (- 1)”, = cis p(2n+1)7; whence (comp. 282), 
on 


2 


1, 


xX... (— 1)4 = cis 57 +1, (-—1)4,= cis it, (-1%,=+4%, &&.; 


and 


5 eet ag Re sees, DE Sk a ee 
these three values of (— 1)4 recurring periodically. 
(5.) The formula IV. gives, generally, by V., the transformation, 


SB ea (q?)n = (q?)o cis Q2pnT i 1%, (9? )o3 


so that the n value of g? is equal to the principal value of that power of gq, 
multiplied by the corresponding value of the same power of positive unity; and 
it may be remarked, that if the dase a be any positive scalar, the principal p™ 
power, (a), is simply, by our definitions, the arithmetical value of a’. 

(6.) The n™ value of the p” power of any negative scalar, — a, is in like 
manner equal to the arithmetical p™ power of the positive opposite, + a, multi- 
plied by the corresponding value of the same power of negative unity ; or in 
symbols, 

XIII... (— a@)Pn = (— 1)?n (a?)o = (@)o cis p (Qn +1) 7. 

(7.) The formula IY., with its consequences V. VI. IX. XII. XIII., may 
be extended so as to include, as a limit, the case when the exponent p being still 
scalar, becomes tncommensurable, or surd; and although the number of values 
of the power g? becomes thus unlimited (comp. 234, (4.)), yet we can still 


* As before, this restriction is only a temporary one, 
2M 2 
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consider one of them as the principal value of this (now) surd power: namely 
the value, 
XIV... (9?)o = Tg”. cis (p am 9), 
which answers to the principal amplitude (2835, (8.)) of the proposed quater- 
nion q. 
238. We may therefore consider the symbol, 
q”, 
in which the base, g, is any quaternion, while the exponent, p, is any scalar, as 
being now fully interpreted; but no interpretation has been as yet assigned 
to this other symbol of the same kind, 
q”; 
in which both the base g, and the exponent q’, are supposed to be (generally) 
quaternions, although for the purposes of this Chapter complanar (225).* To 
do this, in a way which shall be completely consistent with the foregoing con- 
ventions and conclusions, or rather which shall tnclude and reproduce them, for 
the case where the new quaternion exponent, q’, degenerates (131) into a scalar, 
will be one main object of the following section: which however will also 
contain a theory of logarithms of quaternions, and of the connexion of both 
logarithms and powers with the properties of a certain function, which we 
shall call the ponential of a quaternion, and to consider which we next 


proceed. 


ee 


SECTION 4. 


On the Ponential and Logarithm of a Quaternion; and on Powers 
of Quaternions, with Quaternions for their Exponents. 


239. If we consider the polynomial function, 
I... P(g, m=1l4+q+ G++ - Gm, 


in which g is any quaternion, and m is any positive whole number, while it is 
supposed (for conciseness) that 


= q” i q™ 
UL... m= pe S—(- Sy} 


then it is not difficult to prove that however great, but finite and given, the 


* [For the general case see 316. ] 
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tensor Tq may be, a finite number m can be assigned, for which the inequality 
Te IR (a5) Ge) <4, iho > 8, 


shall be satisfied, however large the (positive whole) number » may be, and 
however small the (positive) scalar a, provided that this last is given. In other 
words, if we write (comp. 228), 


TV eg =a + ty, P (q, m) = Xn + t¥ ms 


a finite value of the number m can always be assigned, such that the follow- 
ing inequality, 


RAR Cie Oe a6 Samp s gh ea. 


shall hold good, however large the number », and however small (but given 
and > 0) the scalar a may be. It follows evidently that each of the two scalar 


series, or succession of scalar functions, 
2 


xe — x? 
oye feo 


Ad Oe Aan eee Pe. Ve Ut Oy io eS 


A Ee, Cea X,=1l+2, X,=1l+ae+ 


converges ultimately to a fixed and finite limit, whereof the one may be called 
X., or simply X, and the latter Y., or Y, and of which each is a certain 
Function of the two scalars, x and y. Writing then 


VIII... Q=X.+tY.= X+ iY, 


we must consider this qguaternion Q (namely the limit to which the following 
series of quaternions, 


2 
IX... P(g, 0)=1, PY l)=1+49, P(g, 2) =1+9+4,.. P (g,m),... 


converges ultimately) as being in like manner a certain function, which we 
shall call the ponential function, or simply the Ponential of g, in consequence of 
its possessing certain exponential properties; and which may be denoted by 
any one of the three symbols, 


Bg. co); or P(g)" of simply re, 
We have therefore the equation, 
xX... Ponential ofq=Q=Pa=1ligntgnt..+ de, 


with the signification II. of the term gm. 
(1.) In connexion with the convergence of this ponential series, or with the 
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inequality III., it may be remarked that if we write (comp. 235) r = Tg, and 
tm = Tam, we shall have, by 212, (2.), 


XI... T(P(g, m+n) -P(g,m)) SP (r, m+n) -P(r, m) ; 


it is sufficient then to prove that this last difference, or the sum of the » posi- 
tive terms, 7mi,++ “min, can be made<a. Nowif we take a number p> 2r-1, 
we shall have fpi1 < 3%'py “ps2 < 3% pu, &e., 80 that a finite number m> p> 2r-1 
can be assigned, such that r,, < a; and then, 


XII... P(r, mtn) - P(r, m) <a(224+ 27% 4..4+2") <a; 


the asserted inequality is therefore proved to exist. 
(2.) In general, if an ascending series, with positive coefficients, such as 


XIIT. .. Ag+ Aig + Arg? + &e., where A,>0, A,>0, &., 


be convergent when q is changed to a positive scalar, it will d fortiori converge, 
when q is a quaternion. 
240. Let g and g’ be any two complanar quaternions, and let g” be their 
sum, so that 
I...g=7t+q, ¢’ |i ila: 
then, as in algebra, with the signification 239, IT. of gm, and with correspond- 
ing significations of g’m and qm, we have 


aces (9° + q)™ 


a ae fo =O mIo t+ Cmidi + Um292 ++. + om) 


where % = qo = 1. Hence, writing again r= Tg, rm= Tym, and in like 
manner 7” = T9’, &c., the two differences, 

Til ek ey me bar) = ire 7, Mm), 
and LV te ee) ry eke Pas an), 
can be expanded as sums of positive terms of the form 7’y’.7, (one sum con- 
taining $m (m+ 1), and the other containing m (m+ 1) such terms)*; but, by 


239, L1IL., the swm of these two positive differences can be made less than any 
given small positive scalar a, since 


V...P(r+7, 2m)-P(r+7r,m) <a, if a>0, 


* [For the total number of terms in P (r+, m) is1+2+38+...4+(m+1)=4 (m+ 1) (m+ 2). 
On expansion of III. the series is seen to be 37"p-.7%p where p + p’> m, and there are (m+ 1)? 
— 4(m + 1) (m + 2) terms, all of which are positive: similarly for IV. From the expanded form of 
ITT. it is seen at once that 


T(P (q', m) «P(g, m) —P(g+q’, m) ) poe s Ue m). P(r, m)—P(r+1’, m).] 
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provided that the number m is taken large enough ; each difference, therefore, 
separately tends to 0,as m tends to 0; a tendency which must exist d fortiori, 
when the fensors, r, 1’, are replaced by the quaternions, q, q’. The function 
Pg is therefore subject to the Hxponential Law, 
Vio weg 49) = Po ge Pookd, at 9 ihe 
(1.) If we write (comp. 237, (5.) ), 
VII...Pl=ec, then VIII... Pe = (e)) = arithmetical value of &*; 


where ¢ is the known base of the natural system of logarithms, and z is any 
scalar. We shall henceforth write simply «* to denote this principal (or 
arithmetical) value of the x” power of «, and so shall have the simplified 
equation, 
VII... Pe =e. 
(2.) Already we have thus a motive for writing, generally, 
Lee bg ee 


but this formula is here to be considered merely as a definition of the sense in 
which we interpret this exponential symbol, «2; namely as what we have lately 
called the ponential function, Pg, considered as the sum of the infinite but 
converging series, 239, X. It will however be soon seen to be ¢ncluded in a 
more general definition (comp. 238) of the symbol q?’. 

(3.) For any scalar 7, we have by VIII. the transformation : 


X...2=1Px = natural logarithm of ponential of x. 


241. The exponential law (240) gives the following general decomposition 
of a ponential into factors, 


I... Py =P (x4 wy) = Pe. Piy; 


in which we have just seen that the factor Pz is a positive scalar. The other 
factor, Piy, is easily proved to be a versor, and therefore to be the versor of Pq, 
while Pw is the fensor of the same ponential; because we have in general, 


Leese Peg) = 20 St ands Le ee Kye RPG: 
since IV... (Kq)” = K (9) = (say) Kg" (comp. 199, [X.); 
and therefore, in particular (comp. 150, 158), 

Vey ee pei (ay) eb, or. Vinw Ni = 1, 
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We may therefore write (comp. 240, IX., X.), 
Nive.  TPo =PSq = Pet Vil 2 Bg = Eg 
IX... UPg=PVq= Puy = & = cis y (comp. 235, IV.) ; 


this last transformation being obtained from the two series, 
y° 
p. ie - SPiy = 1-5 + &e. = cos y; 
y* 
Mie ve =F Tog &e. = sin y. 


Hence the ponential Pg may be thus transformed : 
RA Pe Fe ay) = encis y: 

(1.) If we had not chosen to assume as known the series for cosine and. sine, 
nor to sedect (at first) any one unit of angle, such as that known one on which 
their validity depends, we might then have proceeded as follows. Writing 

XII... Piy=fy+igy, S(-y)=+fy o(-y) =- oy, 
we should have, by the exponential law (240), 

XIV... f(y+y) =8(Piy. Pi’) =sfy Sy - oy. oy’; 

AV Id) = ty fy + oy. oy’; 

and then the functional equation, which results, namely, 

XVI... Pty) thy -¥) = By -Sy, 
would show that 

XVII... fy = cos € x a right angle 


C 


whatever unit of angle may be adopted, provided that we determine the 
constant e by the condition, 

XVIII. . . ¢ = least positive root of the eg:sation fy (= SPiy) = 0; 
or nearly, 

XVIII’... c = 15708, as the study of the series* would show. 


* In fact, the value of the constant ¢ may be obtained to this degree of accuracy, by simple inter- 
polation between the two approximate values of the function /, 


f (1:5) =+ 0070737, — f (1°6) = — 0-029200 ; 


and of course there are artifices, not necessary to be mentioned here, by which a far more accurate 
value can be found 
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(2.) A. motive would thus arise for representing a right angle by this nume- 
rical constant, c; or for so selecting the angular unit, as to have the equation 
(7 still denoting two right angles), 


XIX... 7 = 2c= least positive root of the equation fy=-1; 
giving nearly, 
XIX’... w = 8°14159, as usual ;sx 
for thus we should reduce XVII. to the simpler form, 


XX... fy = COs ¥. 
(3.) As to the function gy, since 


XXI... (fy) + (py)? = Piy. P(- ty) = 1, 


it is evident that gy = +siny; and it is easy to prove that the upper sign is 
to be taken. In fact, it can be shown (without supposing any previous 
knowledge of cosines or sines) that ¢c is positive, and therefore that 


AX. gc= al, Or ee 
whence 


XXIV... gy=8.77* Ply = S8Pi (y-c) = f(y-o), 


and 


XXYV...Pi=fy+ifly-c). 


If then we replace ¢ by 3) we have 


AAVI... oy = cos (y -§) =siny; and XXVII... Piy =cisy, as in IX. 


(4.) The series X. XI. for cosine and sine might thus be deduced, instead 
of being asswmed as known: and since we have the limiting value, 


XXVIII... lim. y sin y = lim. y 7 VPiy = 1, 
y=0 y=0 


it follows that the unit of angle, which thus gives Piy = cis y, is (as usual) the 
angle subtended at the centre by the are equal to radius; or that the number 7 
(or 2c) is to 1, as the circumference is to the diameter of a circle. 

(5.) If any other angular unit had been, for any reason, chosen, then a right 
angle would of course be represented by a different number, aud not by 1:5708 
nearly ; but we should s¢z/7 have the transformation, 


XXIX. .. Piy = cis € x a right angle), 


though not the same series as before, for cos y and sin y. 


? 
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242. The usual unit being retained, we see, by 241, XII., that 
Toe ing =1,- and (il... eg 2m) = Po; 


if n be any whole number; it follows, then, that the cnverse ponential function, 
P-g, or what we may call the Imponential, of a given quaternion q, has inde- 
finitely many values, which may all be represented by the formula, 


TD ale ot Oe et aes 
and of which each satisfies the equation, 
Ve PP; 


while the one which corresponds to » = 0, may be called the Principal Impo- 
nential. It will be found that when the exponent p is any scalar, the definition 
already given (237, [V., XII.) for the n™ value of the p power of g enables us 
to establish the formula, 


Ve.» (?)n = P (pPag) 5 
and we now propose to extend this last formula, by a new definition, to the more 


general case (238), when the exponent is a quaternion q’: thus writing generally, 
for any two complanar quaternions, g and q’ the General Exponential Formula, 


Wier (q2’\n = (7 Pn) ; 


the principal value of q” being still conceived to correspond to n = 0, or to the 
principal amplitude of g (comp. 2985, (8.) ). 


(1.) For example, 
Nite (eo =P Pats) Po, because: Pye ale = 1; 
the ponential Pg, which we agreed, in 240, (2.), to denote simply by ¢%, is 


therefore now seen to be in fact, by our general definition, the principal value 


of that power, or exponential. 
(2.) With the same notations, 


VITI... =cisy, cosy= §(e%+ e¥), sin y = a (eY — t¥); 


these two last only differing from the usual imaginary expressions for cosine 
and sine, by the geometrical reality* of the versor 7. 


* Compare 232, (2.), and the Notes to pp. 253, 258. 
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(3.) The cosine and sine of a quaternion (in the given plane) may now be 
defined by the equations : 


TX. }2cos'g = 4 (e4% + 6%); es a sing = (7 — <2) ; 
and we may write (comp. 241, IX.), 
Dole. Ciscg 2 2 10. 
(4.) With this interpretation of cis g, the exponential properties, 236, IX., 
X., continue to hold good ; and we may write, 
KIT... (q%)n =P (7/1Tq) . P (tg amn 9) = (Ty)o” cis (y’ amy 9) ; 
a formula which evidently includes the corresponding one, 237, IV., for the 


nt* value of the p’* power of g, when p is scalar. 
(5.) The definitions III. and VI., combined with 235, XII., give generally, 


eT rend? (Ie i cir enc ee ge eg Gg 


this last equation including the formula 237, XII. 
(6.) The same definitions give, 


XV...Pp¥2%;  XVL..(@ oes 


which last equation agrees with a known interpretation of the symbol, 
gees | 
Ay aa 
considered as denoting in algebra a real quantity. 
(7.) The formula VI. may even be extended to the case where the exponent 
7 is a quaternion, which is not in the given plane of 1, and therefore not com- 
planar with the base q; thus we may write, 


NMevhiee. (s- Pot 2 ( z z) nas 


but it would be foreign (225) to the plan of this Chapter to enter into any 
further details, on the subject of the interpretation of the exponential symbol 
qv, for this case of diplanar quaternions, though we see that there would be no 
difficulty in treating it, after what has been shown respecting complanars. 
243. As regards the general logarithm q of a quaternion g (in the given 
plane), we may regard it as any quaternion which satisfies the equation, 


| RE ES os ROR 


aud in this view it is simply the Jmponential Pg, of which the n value is 
2N 2 
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expressed by the formula 242, III. But the principal imponential, which 
answers (as above) to » = 0, may be said to be the principal logarithm, or 
simply the Logarithm, of the quaternion g, and may be denoted by the symbol, 


Iq; 
so that we may write, 


iss cig = Po = 1l¢+ tam, 73 
or still more simply, 
Le lg 1 (T¢ Uy) = ile +109, 
because 1T'Ug = 11 = 0, and therefore, 
IT]. ..1lUg =¢am» g. 


We have thus the two general equations, 


TY: ... Slo —1l¢: Vo. vig —109: 


in which 1T¢ is still the scalar and natural logarithm of the positive scalar Tg. 
(1.) As examples (comp. 285, (2.), and (4.) ), 


VI... J¢ = din; NEE = Dye. 
(2.) The general logarithm of q may be denoted by any one of the symbols, 
log.g, or logg, or (log q)n, 
this last denoting the n* value; and then we shall have, 
VIII... (log g)n = 1g + 2inz. 
(3.) The formula, 
IX... log.¢g=log¢7/+logg, if 9 ||| 4, 
holds good, in the sense that every value of the first member is one of the 
values of the second (comp. 236). 
(4.) Principal value of qv = 3; and one value of log . g” = qlg. 
(5.) The quotient of two general logarithms, 
, ld’ + in’ 
D, Ges (log Q )n’ : (log as = Tq + Qinw’ 
may be said to be the general logarithm of the quaternion, q, to the complanar 
quaternion base, g; and we see that its expression involves* two arbitrary and 
independent integers, while its principal value may be defined to be lg’ : lg. 


* As the corresponding expression in algebra, according to Graves and Ohm. 
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SECTION 5. 


@n Finite* (or Polynomial) Equations of Algebraic Form, involving 
Complanar Quaternions; and on the Existence of » Real 
Quaternion Roots, of any such Equation of the x” Degree. 


244. We have seen (233) that an equation of the form, 
I..g*-Q=0, 


where 7 is any given positive integer, and Q is anyt given, real, and actual 
quaternion (144), has always n real, actual, and unequal quaternion roots, q, 


complanar with Q; namely, the » distinct and real values of the symbol Q” 
(223, VIII.), determined on a plan lately laid down. This result is, however, 
included in a much more general Theorem, respecting Quaternion Equations of 
Algebraic Form; namely, that if q, dy .+ dn be any n given, real, and com- 
planar quaternions, then the equation, 


If, 29" + gig’ + a0" 4. 2 + 9, 0; 


has always n real quaternion roots, q’, 7’, . . g™, and no more in the given plane ; 
of which roots it is possible however that some, or all may become equa/, in 
consequence of certain relations existing between the n given coefficients. 

245. As another statement of the same Theorem, if we write, 


Lic Pog” + hg ee Ua 


the coefficients q, . . gn being as before, we may say that every such polynomial 
function, Enq, is equal to a product of n real, complanar, and linear (or binomial) 
factors, of the form q — q; or that an equation of the form, 


Il... mg = (g-9') (9-9) -- @-9™); 
can be proved in all cases to exist: although we may not be able, with our 
present methods, to assign expressions for the roots, q,..q™, in terms of the 
coefficients Gis. . + Ine 


* By saying jinite equations, we merely intend to exclude here equations with infinitely many 
terms, such as Pg = 1, which has been seen (242) to have infinitely many roots, represented by the 
expression g = 2inm, where n may be any whole number. 

t It is true that we have supposed Q ||| ¢ (225) ; but nothing hinders us, in any other case, from 
substituting for 7 the versor UVQ, and then proceeding as before. 
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246. Or we may say that there is always a certain system of n real quater- 
nions q’, &e., ||| 7, which satisfies the system of equations, of known algebraic 


form 
tg’ +..4+qM=-q3 


ighe hic fy '+ fy” a i ei ag ae Gos 


G9 G -F3.=— G3; Ke, 


247. Or because the difference F,7— Fg’ 1s divisible by g — q’, as in algebra, 
under the supposed conditions of complanarity (224), it is sufficient to say 
that at least one real quaternion qf always exists (whether we can assign it or 
not), which satisfies the equation, 


IVa eg a0, 


with the foregoing form (245, I.) of the polynomial function F.* 

248. Or finally, because the theorem is evidently true for the case n = 1, 
while the case 244, I., has been considered, and the case g, = 0 is satisfied by 
the supposition g = 0, we may, without essential loss of generality, reduce 
the enunciation to the following : 

Every equation of the form,t 


I..gg-9) @-9").- @- 9") = @, 
in which 9’, 7’,.. and Q are any » real and given quaternions in the given 
plane, whereof at least Q and g’ may be supposed actual (144), is satisfied by 
at least one real, actual, and complanar quaternion, q [see 253 (1.) ]. 

249. Supposing that the m-1 last of the »-1 given quaternions 
g.. gq” vanish, but that the » — m first of them are actual, where m may be 
any whole number, from 1 to x -1, and introducing a new real, known, 
complanar, and actual quaternion g, which satisfies the condition, 


/Q 
IT..." =——; 
Jo (Y’.. hei 


* [Thus = =FPraag=g it d/igttqd2qy3+..+ dni, which is of the form 245,I. If 


then every equation of this form has a root, Fn1g” = 0, and q” is a second root of Fg. ] 

t+ The corresponding form, of the algebraical equation of the n** degree, was proposed by Mourey,y 
in his very ingenious and original little work, entitled La vraie théorie des Quuntités Negatives, et des 
Quantités prétendues Imaginaires (Paris, 1828). Suggestions also, towards the geometrical proof of the 
theorem in the text have been taken from the same work ; in which, however, the curve here called 
(in 251) an oval is not perhaps defined with sufficient precision: the inequality, here numbered as 
251, XII., being not employed. It is to be observed that Mourey’s book contains no hint of the 
present calculus, being confined, like the Double Algebra of Prof. De Morgan (London, 1849), and like 
the earlier work of Mr. Warren (Cambridge, 1828), to questions within the plane: whereas the very 
conception of the Quaternion involves, as we have seen, a reference to Tridimensional Space. 
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we may write thus the recent equation I., 


nee -(2) (§-1 ($-1)..(485-1) =: 
1 q) \g Ye ei 


and may (by 187, 159, 235) decompose it into the two following: 
PV yg ole oma Vy Wg he Ok UV Lg 2 OMG ee cDir 5 


in which p is some whole number (negatives and zero included). 

250. To give a more geometrical form to the equation, let A be any given 
or assumed line ||| 7, and let it be supposed that a, 3, .. and p, o, or OA, oB, 
... and op, os, are 2 — m+ 2 other lines in the same planes, and that ¢p is a 
known function of p, such that 


VIE: = 0A, BHq tas ene, o = QA, 


Deco) eae eee -(cey eae 
VIL... 9p = r= () Lee = oe 

the theorem to be proved may then be said to be, that whatever system of real 
points, 0, A, B,.. and s, in a given plane, and whatever positive whole number m, 
may be assumed, or given, there ts always at least one real point P, in the same 
plane, which satisfies the two conditions : 


and 


IX... T¢p =1; X...am¢gp = 2pr. 


251. Whatever value c||| 7 we may assume for the versor (or unit-vector) 
Up, there always exists at least one value of the tensor Tp, which satisfies the 
condition IX.; because the function Tp vanishes with Tp, and becomes 
infinite when Tp =o, having varied continuously (although perhaps with 
fluctuations) in the interval. Attending then only to the /east value (if there 
be more than one) of Tp, which thus renders Tgp equal to unity, we can 
conceive a real, unambiguous, and scalar function yu, which shall have the 
two following properties: 


XI... To (di) =1; RAT 3 EO rn) <b eee ee. 
And in this way the equation, or system of equations, 


Dl lege | wht, Ole Oo Ve 225 Up = ty T'p im hy, 


may be conceived to determine a real, finite, and plane closed curve, which we 
shall call generally an Ova/, and which shall have the two following pro- 
perties: Ist, every right line, or ray, drawn from the origin 0, in any arbitrary 
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direction within the plane, meets the curve once, but once only ; and IInd, no one 
of the n—m other given points A, B, . . ts on the oval, because ga = 43 =.. = 0.* 


252. This being laid down, let us conceive a point Pp to perform one circuit 
of the oval, moving in the positive direction relatively to the given interior 
point 0; so that, whatever the given direction of the line os may be, the 
amplitude am (p:o), if supposed to vary continuously,t will have increased by 
four right angles, or by 27, in the course of this one positive circuit; and conse- 
quently, the amplitude of the left-hand factor (9: 6)”, of gp, will have 
increased, at the same time, by 2m. Then, if the point a be also interior to 
the oval, so that the line oa must be prolonged to meet that curve, the ray ap 
will have likewise made one positive revolution, and the amplitude of the 
factor (o — a): a will have increased by 27. But if a be an exterior point, so 
that the finite line oa intersects the curve in a point m, and therefore never 
meets it again 1£ prolonged, although the prolongation of the opposite line ao 
must meet it once in some point Nn, then while the point Pp performs first what 
we may call the positive Aa/f-circuit from m to nN, and afterwards the other 
positive half-circuit from n to m again, the ray ap has only oscillated about its 
initial and final direction, namely that of the line ao, without ever attaining 
the opposite direction; in this case, therefore, the amplitude am (AP : 0A), if 
still supposed to vary continuously, has only fluctuated in its value, and has 
(upon the whole) undergone no change at all. And since precisely similar 
remarks apply to the other given points, B, &c., it follows that the amplitude, 
am op, of the product (VIII.) of all these factors, has (by 236) received a total 
increment = 2(m-+ t) a, if t be the number (perhaps zero) of given internal 
points, A, B,..; while the number m is (by 249) at least =1. Thus, while p 


* [A curve traced out by a point moving so that the product of powers of its distances from fixed 
points is equal to a constant parameter, consists of closed curves or ovals surrounding the fixed points 
and enclosing all ovals corresponding to smaller parameters. If the parameter is small, each oval 
encloses but one fixed point, but as it increases, two ovals will combine into a curve with a “ certain 
undulation’’ (254 (4.)). It is not generally true that a ray OP from one of the fixed points meets an 
undulatory oval only once. In this case OP will oscillate in its motion as P traces out the oval. But 
am. pp = m LZ POS + &(m— £ PAO) = const., defines a set of curves diverging like half-lines or rays 
from the fixed points, and approximating to straight lines at great distances from them. By the pro- 
perties of Conjugate Functions each of these curves which originates from O cuts at right angles each 
oval round O and does not meet it again. Near O, am. @p is nearly equal to m 4 POS pilus a con- 
stant. From this it appears that IX. and X. can always be satisfied, and that as P traces out an 
oval round O without oscillation, am . gp continually increases or diminishes without oscillation. The 
ovals are lines of magnetic force, and the orthogonal curves are traces of equipotential surfaces for a 
system of electric currents normal to the plane. ] 

t That is, so as not to receive any sudden increment, or decrement, of one or more whole circum- 
ferences (comp. 235, (1.) ). 
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performs (as above) one positive circuit, the amplitude am op has passed at least 
m times, and therefore at least once, through a value of the form 2pm; and con- 
sequently the condition X. has been at least once satisfied. But the other 
condition, IX., is satisfied throughout, by the supposed construction of the 
oval: there is therefore at least one real position Pp, upon that curve, for which 
op or fg = 13 so that, for this position of that point, the equation 249, ITI, 
and therefore also the equation 248, I., is satisfied. The theorem of Art. 248, 
and consequently also, by 247, the theorem of 244, with its transformations 
245 and 246, is therefore in this manner proved. 

253. This conclusion is so important, that it may be useful to illustrate 


the general reasoning, by applying it to the case of a quadratic equation, of 
the form, 


it 
I. = 2(5-1)=1 pee 
tq QV ge 3 ee ee eat 
ae 
Bee eee oi) ag, | 
oF $p ole 1 Os On 1 Fig. 55. 


We have now to prove (comp. 250, VIII.) that a (real) point Pp exists, which 
renders the fourth proportional (226) to the three lines oa, op, AP equal 
to a given line os, or As, if this latter be drawn = 0s; 
or which satisfies the following condition of similarity of 
triangles (118), 


ITT... Aaop co PaB; 


which includes the equation of rectangles, 


mee ee Fig. 55, bis. 
PV<5 . OP SAP = -Ok'r AB: i 


(Compare the annexed figures, 55, and 55, bis.) Conceive, then, that a conti- 
nuous curve* is described as a Jocus (or as 
part of the locus) of p, by means of this 
equality IV., with the additional condi- 
tion when necessary, that o shall be 
within it; in such a manner that when 
(as in fig. 56) a right line from o meets aie 

the general or total Jocus in several points, M, M’, Nn’, we reject all but the 


* This curve of the fourth degree is the well-known Cassinian ; but when it breaks up, as in 


fig. 56, into two separate ovals, we here retain, as the oval of the proof, only the one round 0, rejecting 
for the present that round a. 
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point m which is nearest to 0, as not belonging (comp. 251, XII.) to the oval 
here considered. ‘Then while p moves upon that oval, in the positive direction 
relatively to 0, from m to n, and from n to M again, so that the ray op per- 
forms one positive revolution, and the amplitude of the factor op : os increases 
continuously by 27, the ray ap performs in like manner one positive revolu- 
tion, or (on the whole) does not revolve at all, and the amplitude of the factor 
AP: OA increases by 27 or by 0, according as the point a is interior or exterior 
to the oval. In the one case, therefore, the amplitude am ¢p of the product 
increases by 4m (as in fig. 55, bis); and in the other case, it increases by 27 
(as in fig. 56) ; so that in cach case, it passes at least once through a value of 
the form 2p, whatever its initial value may have been. Hence, for at least 
one real position, P, upon the oval, we have 


V...amgp=2pr, and therefore VI...Ud¢p=1; 
but ag Ml ae T¢p aah 


throughout, by the construction, or by the equation of the Jocus IV.; the 
geometrical condition gp =1 (II.) is therefore satisfied by at least one real vector 
p; and consequently the quadratic equation fq = 1 (1.) is satisfied by at least 
one real quaternion root, g =p: (250, VII.). But the recent form I. has the 
same generality as the earlier form, 


VIL... reg =¢4+79+G= 09 (comp. 245), 


where g, and g, are any two given, real, actual, and complanar quaternions ; 
thus there is always a real quaternion g’ in the given plane, which satisfies 


the equation, | 
VIIV. .. reg’ = 97+ N19 + G = 0 (comp. 247) ; 


subtracting, therefore, and dividing by q — q’, as in algebra (comp. 224), we 
obtain the following depressed or linear equation q, 


IX...g+¢+m%=0, or IX’...g=q’=-¢-4 (comp. 246). 


The quadratic VIII. has therefore a second real quaternion root, ¢” related in this 
manner to the first; and because the quadratic function F.q (comp. again 245) 
is thus decomposable into two /inear factors, or can be put under the form, 


b. ane Fog = (g o 7) (g ~ q)s 


it cannot vanish for any third real quaternion, g; so that (comp. 244) the quad- 
ratic equation has xo more than two such real roots, 
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(1.) The cubic equation may therefore be put under the form (comp. 248), 
XG = P+ H+ HI+ =9(9-V)(G-P)+G=95 
it has therefore one real root, say q', by the general proof (252), which has been 
above illustrated by the case of the quadratic equation; subtracting therefore 
(comp. 247) the equation F,g'=0, and dividing by g-4q', we can depress the 


cubic to a quadratic, which will have two new real roots, g* and g“; and thus 

the cubic function may be put under the form, 
XI...ng=(9-9)(9-7)(y-9")s 

which cannot vanish for any fourth real value of q; the cubic equation X. 

has therefore no more than three real quaternion roots (comp. 244): and similarly 

for equations of higher degrees. 

(2.) The existence of two real roots g of the quadratic I., or of two real 
vectors, p and p’, which satisfy the equation II., might have been geometrically 
anticipated, from the recently proved increase = 4a of amplitude ¢p, in the 
course of one circuit, for the case of fig. 55, dis, in consequence of which there 
must be two real positions, p and P’, on the one oval of that figure, of which each 
satisfies the condition of similarity III.; and for the case of fig. 56, from the 
consideration that the second (or lighter) oval, which in this case exists, although 
not employed above, is related to a exactly as the first (or dark) oval of the 
figure is related to 0; so that, to the real position p on the first, there must 
correspond another real position P’, upon the second. 

(3.) As regards the daw of this correspondence, if the equation II. be put 


under the form, 
pee (2) : (2) - me. 
a a a 


XIII... p=qa, wemay write XIV...qg=-1, g@=-c:a, 


and if we now write 


for comparison with the form VIII.; and then the recent relation IX’. (or 
246) between the two roots will take the form of the following relation 
between vectors, 
AYV...pt+p=a; or XY’...0rP’=p =a-p=PA; 
so that the point p’ completes (as in the cited figures) the parallelogram oPar’, 
and the line pr’ is bisected by the middle point c of oa. Accordingly, with 
this position of p’, we have (comp. III.) the similarity, and (comp. IJ. and 
226) the equation, 
XVI...Aaor’a P’aB; XVII... pp’ =9(a-p) =gp=1. 
202 
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(4.) The other relation between the two roots of the quadratic VIIL., 

namely (comp. 246), 
AVI. ..¢¢’=q@, gives XIX... e p =-G; 
a 

and accordingly, the line o, or os, is a fourth proportional to the three lines 
OA, OP, and AP, or a, p, and — p’. 

(5.) The actual solution, by calculation, of the quadratic equation VIII. in 
complanar quaternions, 1s performed exactly as in algebra; the formula being, 


XX...g=- an tV/ (En"- m), 
in which, however, the square root is to be interpreted as a real quaternion, on 
principles already laid down. 

(6.) Cubie and biqguadratic equations, with quaternion coefficients of the 
kind considered in 244, are in like manner resolved by the known formule of 
algebra; but we have now (as has been proved) three real (quaternion) roots 
for the former, and four such real roots for the latter. 

254. The following is another mode of presenting the geometrical reason- 
ings of the foregoing Article, without expressly introducing the notation or 
conception of amplitude. The equation gp = 1 of 253 being written as 
follows, 


I...0=xp=" (p—a), or II...To=Txp, and III...Us=Uyp, 


we may thus regard the vector o as a known function of the vector p, or the 
point sas a function of the point P; in the sense that, while o and a are fixed, 
pand s vary together: although it may (and does) happen, that s may return 
to a former position without Pp having similarly returned. Now the essential 
property of the oval (253) may be said to be this: that it is the locus of the 
points PB nearest to o, for which the tensor Typ has a gwen value, say 6; namely 
the given value of To, or of os, when the point s, like o and a, is given. If then 
we conceive the point P to move, as before, along the oval, and the point s also 
to move, according to the Jaw expressed by the recent formula I., this /atter 
point must move (by II.) on the circumference of a given circle (comp. again 
fig. 56), with the given origin o for centre; and the theorem is, that in so 
moving, $ will pass, at least once, through every position on that circle, while P 
performs one circuit of the oval. And ¢his may be proved by observing that 
(by III.) the angular motion of the radius os is equal to the sum of the angular 
motions of the two rays, op and ap; but this latter swm amounts to eight right 
angles for the case of fig. 55, bis, and to four right angles for the case of fig. 56 ; 
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the radius os, and the point s, must therefore have revolved twice in the first 
case, and once in the second case, which proves the theorem in question. 

(1.) In the first of these two cases, namely when 4 is an interior point, 
each of the three angular velocities is positive throughout, and the mean angular 
velocity of the radius os is double of that of each of the two rays op, av. Butin 
the second case, when A is exterior, the mean angular velocity of the ray aP is 
zero; and we might for a moment doubt, whether the sometimes negative velocity 
of that ray might not, for parts of the circuit, exceed the always positive velocity 
of the ray op, and so cause the radius os to move backwards, for a while. This 
cannot be, however; for if we conceive P to describe, like p’, a circuit of the 
other (or lighter) oval, in fig. 56, the point s (if still dependent on it by the 
law I.) would again traverse the whole of the same circumference as before ; 
if then it could ever fluctuate in its motion, it would pass more than twice 
through some given series of real positions on that circle, during the successive 
description of the two ovals by Pp; and thus, within certain limiting values of 
the coefficients, the quadratic equation would have more than two real roots: a 
result which has been proved to be impossible.* 

(2.) While s thus describes a circle round 0, we may conceive the con- 
nected point B to describe an equal circle round a; and in the case at least of 
fig. 56, it is easy to prove geometrically, from the constant equality (253, IV.) 
of the rectangles op. ap and oa. aB, that these ¢wo circles (with t’u and rv’ 
as diameters), and the two ovals (with mn and m’N’ as axes), have two common 
tangents, parallel to the line oa, which connects what we may call the two given 
foci (or focal points), o and a: the new or third circle, which is described on 
this focal interval oa as diameter, passing through the four points of contact on 
the ovals, as the figure may serve to exhibit. 

(3.) To prove the same things by quaternions, we shall find it convenient 
to change the origin (18), for the sake of symmetry, to the central point C; 
and thus to denote now ce by p, and ca by a, writing also ca=Ta=a, and 
representing still the radius of each of the two equal circles by 6. We shall 
then have, as the joint equation of the system of the two ovals, the following : 

Noes . T(p +a) .T(p-a) = 200 ; 
Ol. p 


b 
VV... Dig'— 1) =2¢," if g=~ and oa 


a 


But because we have generally (by 199, 204, &c.) the transformations, 
VI...8.q@?=289?- Tg? =T¢? + 2V¢q' = 2N8¢ - Ng =Ng-2NVzq, 


* [See the Note to 251, page 280. | 
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the square of the equation V. may (by 210, (8.)) be written under either of 
the two following forms: 


VII... (Nq¢-1)?+4NVq=4c; VIII... (Nq+1)?- 4N8q = 4c’; 


whereof the first shows that the maximum value of T'Vq is c, at least if 2c <1, 
as happens for this case of fig.56; and that this maximum corresponds to the 
value Tg=1, or Tp=a: results which, when interpreted, reproduce those of 
the preceding sub-article. 

(4.) When 2c>1, it is permitted to suppose Sg=0, NVg=Ng=2c-1; 
and then we have only one continuous oval, as in the case of fig. 55, bis; but 
if c <1, though > 4, there exists a certain wndulation in the form of the curve 
(not represented in that figure), TVq being a minimum for Sq=0, or for 
p La, but becoming (as before) a maximum when Tq =1, and vanishing 
when Sq’= 2c +1, namely at the two summits M, N, where the oval meets the 
axis. 

(5.) In the intermediate case, when 2¢ = 1, the Cassinian curve LV. becomes 
(as is known) a demniscata; of which the quaternion equation may, by V., be 
written (comp. 200, (8.)) under any one of the following forms: 


TX bg 1) ss or ke... Ng’ = 28.975 “or, aE Tg = 280... 9°; 
or finally, 
XII... Tp? = 2Ta? cos 22°; 
a 


which last, when written as 


XIV’... cp’ = 20a’. cos 2acp, 


agrees evidently with known results. 
(6.) This corresponds to the case when 


Md eee 


Z and XIV...p=p’=+ «in 253, XIL., 


2 

that quadratic equation having thus its roots egual; and in general, for all 
degrees, cases of equal roots answer to some interesting peculiarities of form of 
the ovals, on which we cannot here delay. 

(7.) It may, however, be remarked, in passing, that if we remove the 
restriction that the vector p, or cp, shall be in a given plane (225), drawn 
through the line which connects the ¢wo foci, o and A, the recent equation V, 
will then represent the surface (or surfaces) generated by the revolution of the 
oval (or ovals), or lemniscata, about that line oa as an awis. 
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255. If we look back, for a moment, on the formula of similarity, 
253, III., we shall see that it involves not merely an equality of rectangles, 
253, IV., but also an equality of angles, aop and pas; so that the 
angle oaB represents (in the figures 55) a given difference of the base angles 
AoP, PAO of the triangle oap: but to construct a triangle, by means of such 
a given difference, combined with a given base, and a given rectangle of sides, 
is a known problem of elementary geometry. To solve it briefly, as an 
exercise, by guaternions, let the given base be the line aa’, 
with o for its middle point, as in the annexed figure 57 ; 
let Baa’ represent the given difference of base angles, 
paa’— Aa’p; and let oa. an be equal to the given rect- 
angle of sides, ap. a’P. We shall then have the similarity 
and equation, 


I... Aoa’P & PAB; Tie, Seer 
a p-a 


whence it follows by the simplest calculations, that 


ut...{2) = (241)(2-1)+1-8-2 41-8, 


a a 


or that p is a mean proportional (227) between a and (3. Draw, therefore, 
a line op, which shall be in length a geometric mean between the two given 
lines, oA, oB, and shall also bisect their angle AoB; its extremity will be the 
required vertex, P, of the sought triangle aa’P: a result of the quaternion . 
analysis, which geometrical synthesis* easily confirms. 

(1.) The equation III. is however satisfied also (comp. 227) by the opposite 
vector, OP’ = PO, or p =—p; and because 3 = (p: a). p, we have. 


so that the four following triangles are similar (the two first of them indeed 
being equal) : 


V...AA‘oP’ & AOP & POB KHAP’B: 
>] 


as geometry again would confirm. 
(2.) The angles ap’s, Bra, are therefore supplementary, their sum being 
equal to the sum of the angles in the triangle oar; whence it follows that 


* In fact, the two triangles I. are similar, as required, because their angles at o and P are equal, 
and the sides about them are proportional. 
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the four points A, P, B, P’ are concircular :* or in other words, the quadrilateral 
APBP’ is inscriptible in a circle, of which (we may add) the centre c is on the 
circle oAB (see again fig. 57), because the angle aos is double of the angle 
AP’B, by what has been already proved. 

(3.) Quadratic equations in quaternions may also be employed in the 
solution of many other geometrical problems; for example, to decompose a 
given vector into two others, which shall have a given geometrical mean, &e. 


SECTION 6. 


On the »?- » Imaginary (or Symbolical) Roots of a Quaternion 
Equation of the nn” Degree, with coefficients of the kind 
considered in the foregoing Section. 


256. The polynomial function Fg (245), like the quaternions g, q, . - Yn 
on which it depends, may always be reduced to the form of a couple (228) ; 
and thus we may establish the transformation (comp. 239), 


I... Bag = F, (@ + ty) = Xn+tYn = Ga (a, y) + tale, 9), 


X, and Y,, or G, and H,, being two known, real, finite, and scalar functions 
of the two sought scalars, x and y; which functions, relatively to them, are 
each of the x” dimension, but which involve also, though only in the /irst 
dimension, the 2n given and real scalars, t, Yi, +. + ny Yn And since the one 
quaternion (or couple) equation, F,g = 0, is equivalent (by 228, IV.) to the 
system of the two scalar equations, 


[X= 0 ee Oo Wl Ge eg) = 0, 


we see (by what has been stated in 244, and proved in 252) that such a 
system, of two equations of the n™ dimension, can always be satisfied by n 
systems (or patis) of real scalars, and by not more than n, such as, 


Dina tos eto ais al), y™ 5 


* Geometrically, the construction gives at once the similarity, 
AAoP« PpoB, whence / BPA=OPA+PAO= POA’; 
and if we complete the parallelogram apa’p’, the new similarity, 
A oA’P « OP’B, gives 2 AP’B=0A'P + A’PO = AOP; 
thus the opposite angles BPA, aP’B are supplementary, and the quadrilateral apnr’ is inscriptible. It 


will be shown, in a shortly subsequent section [261, (6.)], that these four points, a, P, B, P’, form a 
harmonic group upon their common circle. 
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although it may happen that two or more of these systems shall coincide with 
(or become equal to) each other. 


(1.) If « and y be treated as co-ordinates (comp. 228, (8.)), the two 
equations II. or III. represent a system of two curves, in the given plane; and 
then the theorem is, that these two curves intersect each other (generally*) in n 
real points, and in no more: although two or more of these » points may 
happen to coincide with each other. 

(2.) Let 4 denote, as a temporary abridgment, the o/d or ordinary imaginary, 
/ —1, of algebra, considered as an uninterpreted symbol, and as not equal to 
any real versor, such as ¢ (comp. 181, and 214, (8.) ), but as following the rudes 
of scalars, especially as regards the commutative property of multiplication (126) ; 
so that 


V0 +1 = 0, and ~ Viow: deans: bub Vil. A pot a: 


(3.) Let g denote still a real quaternion, or real couple, « + ty; and with 
the meaning just now proposed of h, let [q] denote the connected but 
imaginary algebraic quantity, or bi-scalar (214, (7.)), «+ hy; so that 


VIL. ...g=@448y,. but IX... [gl =a dy; 


and let any biquaternion (214, (8.)), or (as we may fere call it) BI-couPLE, of 
the form [7] +7¢[¢”], be said to be complanar with 7; with the old notation 
(123) of complanarity. 

(4.) Then, for the polynomial equation in real and complanar quaternions, 
Fig = 0 (244, 245), we may be led to substitute the following connected alge- 
braical equation, of the same degree, n, and involving real scalars similarly : 


X... [Fig] =[¢]* + fm] (e+. + [en] = 0; 


which, after the reductions depending on the substitution V. of - 1 for 1’, 
receives the form, 


lv [ig y= kat hh, =0% 


where X, and Y,, are the same real and scalar functions as in I. 
(5.) But we have seen in II., that these two real functions can be made to 
vanish together, by selecting any one of n real pairs LY. of scalar values, « and y ; 


* Cases of equal roots may cause points of intersection, which are generally imaginary, to become 
real, but coincident with each other, and with former real roots: for instance the hyperbola, 2? — y? = a, 
is intersected in two real and distinct points, by the pair of right lines xy = 0, if the scalar a> or <0; 


but for the case a = 0, the two pairs of lines, a? — y? = 0 and wy = 0, may be considered to have four 
coincident intersections at the origin. 
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the General Algebraical Equation X., of the n™ Degree, has therefore n Real or 
Imaginary Roots,* of the Form «+y./ —1; and it has no more than n such 
roots. 

(6.) Elimination of y, between the two equations IT. or III., conducts 
generally to an algebraic equation in #, of the degree n?; which equation has 
therefore n’? algebraic roots (5.), real or imaginary ; namely, by what has been 
lately proved, n real and scalar roots a’,..«), with real and scalar values 
y’,~.y™ (comp. IV.) of y to correspond; and n(n — 1) other roots, with the 
same number of corresponding values of y, which may be thus denoted, 


RE eer. ei IE yO Le. (ytd) 


and which are either themselves ¢maginary (or bi-scalar, 214, (7.) ), or at least 
correspond, by the supposed elimination, to imaginary or bi-scalar values of 
y; since if ##) and y("), for example, could both be real, the quaternion 
equation F,,g=0, would then have an (n+1)st real root, of the form, 
gq") = a") + 7), contrary to what has been proved (252). 

257. On the whole, then, it results that the equation F,¢ = 0 in complanar 
quaternions, of the n‘* degree, with real coefficients, while it admits of only 
n real quaternion roots, 


I... 9, 9%. - gi) (244, &e.), 


is symbolically satisfied also (comp. 214, (3.) ) by n(n — 1) imaginary quaternion 
roots, or by n? — n bi-quaternions (214, (8.)), or bi-couples (256, (3.) ), which 
may be thus denoted, 


IT... [¢], .. [o"]; 
and of which the first, for example, has the form, 
iG ieee { gy] = [ete] ts i [yo | = op (nt) ie hay, (m8) a 4 (ye) + hg) ; 


where #"*#), w (#), y (+), and y,() are four real scalars, but h isthe imaginary 
of algebra (256, (2.) ). 


* This celebrated Theorem of Algebra has long been known, and has been proved in other ways ; 
but it seemed necessary, or at least useful, for the purpose of the present work, to prove it anew, in 
connexion with Quaternions : or rather to establish the theorem (244, 252), to which in the present 
Calculus it corresponds. Compare the Note to page 278. 
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(1.) There must, for instance, be n(n - 1) imaginary n roots of unity, in 
the given plane of i (comp. 256, (8.)), besides the n real roots already deter- 
mined (233, 237); and accordingly in the case n = 2, we have the four 
following square-roots of 1 ||| 7, two real and two imaginary : 


LV ea +hi, -hi; 
for, by 256, (2.), we have 
V...(¢4) =f =(-1)-Derl 


And the two imaginary roots of the quadratic equation Fig = 0, which generally 
exist, at least as symbols (214, (3.) ), may be obtained by multiplying the square- 
root in the formula 253, XX. by Ai; so that in the particular case, when that 
radical vanishes, the four roots of the equation become rea/ and equal: sero 
having thus only itself for a square-root. 


(2.) Again, if we write (comp. 237, (3.) ), 


Agi By ey ar 
VI...g=1k)= —— g=1,= a ’ 


so that 1, g, g’ are the three real cube-roots of positive unity, in the given 
plane; and if we write also, 


VIL... 0 =[] = Ena ioe 


so that # and @° are (as usual) the two ordinary (or algebraical) imaginary cube- 
roots of unity; then the nine cube-roots of 1 (||| 7) are the following: | 


With. 15 ¢,07°;".0, 0°) 00,\ug sO 9, dig. 


whereof the first is a real scalar; the two next are real couples, or quaternions 
\\[¢; the two following are imaginary scalars, or biscalars; and the four that 
remain are imaginary couples, or bi-couples, or biquaternions. 


(3.) The sixteen fourth roots of unity (||| 7) are: 
TIX...41; +4; +h3 thi; +3(1 4A) (144); 


the three ambiguous signs in the last expression being all independent of 
each other. 


2P 2 
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(4.) Imaginary roots, of this sort, are sometimes useful, or rather necessary, 
in calculations respecting ‘deal intersections,* and ideal contacts, in geometry : 
although in what remains of the present Volume, we shall have little or no 
occasion to employ them. 

(5.) We may, however, here observe, that when the restriction (225) on 
the plane of the quaternion g is removed, the General Quaternion Equation of 
the n** Degree admits, by the foregoing principles, no fewer than n‘ Roots, 
real or imaginary ; because, when that general equation is reduced, by 221, to 
the Standard Quadrinomial Form, 


Miya We ka 


it breaks up (comp. 221, VI.) into a System of Four Scalar Equations, each 
(generally) of the n™ dimension, in w, w,y, 2; namely, 


Mi a a 7, 


and if x, y, be eliminated between these four, the result is (generally) a 
scalar (or algebraical) equation of the degree n‘*, relatively to the remaining 
constituent, w; which therefore has n‘* (algebraical) values, real or imaginary : 
and similarly for the three other constituents, x, y, 3, of the sought quater- 
nion g. 

(6.) It may even happen, when no plane is given, that the number of roots 
(or solutions) of a finiteT equation in quaternions shall become infinite; as has 
been seen to be the case for the equation g* = — 1 (149, 154), even when we 
confine ourselves to what we have considered as real roots. If tmaginary roots 
be admitted, we may write, sti// more generally, besides the two bi-scalar values, 
+ h, the expression, 


XIT...(-Lit=v0+h', Sv=S80=S8o'=0, No-No’=1; 


ve and v being thus any two real and right quaternions, in rectangular planes, 
provided that the norm of the first exceeds that of the second by unity. 

(7.) And in like manner, besides the ¢wo real and scalar values, + 1, we 
have this general symbolical expression for a square root of positive unity, 
with merely the difference of the norms reversed : 


XII... lé=0+hv, Sv=S8e’=S8e’=0, Ne’ -Noj=l. 


* Comp. Art. 214, and the Notes there referred to. 
t+ Compare the Note to page 277. 
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SECTION 7. 


@n the Reciprocal of a Wector, and on Harmonic Means of 
Weetors; with Remarks on the Anharmonic Quaternion 
of a Group of Four Points, and on Conditions of Con- 
circularity. 


258. When two vectors, a and a’, are so related that 


I...a’=-—Ua:Ta, andtherefore II...a=- Ud’: Ta, 
ES sane = 1 and EVe. 4s Oa + eo 0. 


we shall say that each of these two vectors is the Reciprocal* of the other ; 
and shall (at least for the present) denote this relation between them, by 
writing 


or that 


. a = Ra, Ore Vales a= Ra’; 
so that for every vector a, and every right quotient v, 
VII... Ra =-— Ua: Ta; VES. ee ne ae 


IX... RIv = IR» (comp. 161, (8.), and 204, XXXYV’.). 


and 


259. One of the most important properties of such reciprocals is contained 
in the following theorem : 

If any two vectors od, oB, have oa’, op’ for their reciprocals, then (comp. 
fig. 58) the right line a’B’ is parallel to the tangent op, at the A 
origin 0, to the circle oAB; and the two triangles, OAB, OB’ A’, 
are inversely similar (118). Or in symbols, 


I,..ifoa =R.oa, and. op’ = R.op, 


then 


A OAB ’ OBA’. CoB x 
Fig. 58. 


(1.) Of course, under the same conditions, the tangent at o to the circle 
oa’B’ is parallel to the line as. 

(2.) The angles Bao and op’a’ or Bop being equal, the fourth proportional 
(226) to AB, AO, and op, or to BA, OA, and os, has the direction of op, or the 
direction opposite to that of a’B’; and its /ength is easily proved to be the 


* Accordingly, under these conditions, we shall afterwards denote this reciprocal of a vector a by 
the symbol a-1 ; but we postpone the use of this notation, until we shall be prepared to connect it with 
a general theory of products and powers of vectors. Compare 234, V., and the first Note to page 123. 
And as regards the temporary use of the characteristic R, compare the second Note to page 262. 
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reciprocal (or inverse) of the length of the same line a’s’, because the similar 
triangles give, 

II... (oA: BA) . 0B = (oB’: a’B’) . 0B = 1: a’B, 
it being remembered that 

Tile om soe on on) ls 
we may therefore write, 

TV: .. GA eA) on = Rae or Vo, zp B= B (RB - Ra), 
(3.) Changing a and £ to their reciprocals, the last formula becomes, 


VI... R(6 - a) “ao eg BA or VII... (0a’: Ba’). on’ = B.. AB. 


whatever two vectors a and 3 may be. 


(4.) The inverse similarity I. gives also, generally, the relation, 
VIII... K -=——\- 
a 


(5.) Since, then, by 195, II., or 207, (2.), 
Ra + RB tg Ra? 
RB RB fa) 


Ex: KEi1-KE2¢, we have X... 
a 


the lower signs agreeing with VI. 
(6.) In general, the reciprocals of opposite vectors are themselves opposite ; 
or in symbols, 


XI... R(-a) =- Ra. 
(7.) More generally, 
Re haa na, 


if « be any scalar. 

(8.) Taking lower signs in X., changing a to y, dividing, and taking con- 
jugates, we find for any three vectors a, 3, y (complanar or diplanar) the 
formula : B 

Ry. Bi. Ry R(G-a)\ a y-fP OA Be 
XML .. KRY55 -K (gp glo: Ra )-g sa AB CO 
if a = oA, SB = oB, and y = 0¢, as usual. 

(9.) If then we extend, to any four points of space, the notation (25.), 


interpreting each of these two fuctor-quotients as a quaternion, and defining that 
their product (in this order) is the anharmonic quaternion function, or simply the 
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Anharmonic, of the Group of four points A, B, Cc, D, or of the (plane or gauche) 
Quadrilateral ancp, we shall have the following general and useful formula of 
transformation : 
Ry - RGB BC’ 
\= K —+—_—_ = K —> 
DON cs HOARC IK Ra - RG K ao 
where 0A’, oB’, oc’ are supposed to be reciprocals of OA, OB, 0c. 
(10.) With this notation XIV., we have generally, and not merely for 


collinear groups (35.), the relations : 
XVI... (ascp) + (acBp) =1; Peedi ox (ABcD) . (ADcB) = 1. 


(11.) Let 0, a, B, c, D be any five points, and oa’, .. op’ the reciprocals of 
OA,.. 0D; we shall then have, by XV., 


fel, sm A 


BA 


XVIII... — | =K (ocsa), Sea 6 (oADC) ; 
B’C DA 


and therefore, 


XIX. .. K (a’z’c’p’) = (oadc) (ocBa) = — (oADCBA), 


if we agree to write generally, for any six points, the formula,* 
XX... (ABCDEF) = —.—.—> 


(12.) If then the five points 0 . . p be complanar (225), we have, by 226, 
and by XIV., 


ROT... Kee BOD) = (ABCD), Or OGL... (A.B C)) = (ABCD) = 


the anharmonic quaternion (ascp) being thus changed to its conjugate, when the 
four rays OA, . . oD are changed to their reciprocals. 

260. Another very important consequence from the definition (258) of 
reciprocals of vectors, or from the recent theorem (259), may be expressed as 
follows : es 

If any three coinitial vectors, oA, OB, 0c, be chords of one common circle, then 
(see again fig. 58) their three coinitial reciprocals, 0a’, 0B’, 00’, are termino- 


* There is a convenience in calling, generally, this product of three quotients, (ABCDEF), the 
evolutionary quaternion, or simply the Evolutionary, of the Group of Six Points, A..F, or (if they be 
not collinear) of the plane or gauche Hexagon ancpeEr : because the equation, 


(aBca Bc’) = — 1, 
expresses either Ist, that the three pairs of points, AA’, BB’, cc’, form a collinear involution (26.) of a 
well-known kind; or IInd, that those three pairs, or the three corresponding diagonals of the 
hexagon, compose a complanar or a homospheric Involution, of a new kind suggested by quaternions 
(comp. 261, (11.) ). 
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collinear (24): or, in other words, if the four points 0, A, B, c be concircular, 
then the three points a’, B’, c’ are situated on one right line. 

And conversely, #f three coinitial vectors, oa’, op’, oc’, thus terminate on 
one right line, then their three coinitial reciprocals, oA, OB, Oc, are chords of 
one circle; the tangent to which circle, at the origin, is parallel to the right 
line; while the anharmonic function (259, (9.)), of the inscribed quadrilateral 
OABC, reduces itself to a scalar quotient of segments of that line (which there- 
fore is its own conjugate, by 139): namely, 


di, (OARC) = RO CRA = (Oo AB © )—(0. OANC), 


if the symbol be used here to denote the point at infinity on the right line 
A’B’c’; and if, in thus employing the notation (35) for the anharmonic of a 
plane pencil, we consider the null chord, 00, as having the direction* of the 
tangent, OD. 

(1.) If p = or be the variable vector of a point P upon the circle oa, the 
quaternion equation of that circle may be thus written: 


II... Ro =RB+e2(Ra-RP), where III... w= (oasp) ; 


the coefficient x being thus a variable scalar (comp. 99, I.), which depends on 
the variable position of the point P on the circumference. 


(2.) Or we may write, 
tRa + uRGB 
t+u 


? 


a eee 


as another form of the equation of the same circle 0aB; with which may use- 
fully be contrasted the earlier form (comp. 25.), of the equation of the dine an, 
ta + uf3 

t+u 


(3.) Or, dividing the second member of IY. by the first, and taking con- 
jugates, we have for the circle, 


oo 


a 


A's ee eee Ve ye while VII.. we deo a 
6 ae 
for the right line. 
(4.) Or we may write, by IL., 


Rp - RB , Rp - Re - RB _ -1 
VILL ..Vige=pg-0: or VIE... 55 - V0; 


this latter symbol, by 204, (18.), denoting any scalar. 


* Compare the remarks in the Note to page 140, respecting the possible determinateness of 
signification of the symbol U0, when the zero denotes a line, which vanishes according to a law, 
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(5.) Or still more briefly, 
EXe a V(OABP) — 05 00 EX” <a (oABr) = VO, 


(6.) If the four points o, a, B, c be still concircular, and if P be any fifth 
point in their plane, while P0,,.. Pc, are the reciprocals of Ppo,.. Pc, then 
by 259, XXI., we have the relation, 


X... (0:4:3:¢;) = K (oasc) = (oasc) = V0; 


the four new points 0, .. c, are therefore generally concircular. | 
(7.) If, however, the point P be again placed on the circle oaxc, those four 
new points are (by the present Article) collinear; being the intersections of 
the pencil Pp . oaBc with a parallel to the tangent at ep. In this case, therefore, 
we have the equation, 
XI... (P.OABC) = (0:4;B,0;) = (OABC) ; 


so that the constant anharmonic of the pencil (35) is thus seen to be equal to 
what we have defined (259, (9.)) to be the anharmonic of the group. 

(8.) And because the anharmonic of a circular group is a scalar, it is equal 
(by 187, (8.)) to its own ¢ensor, either positively or negatively taken: we may 
therefore write, for any inscribed quadrilateral oasc, the formula, 


XII... (oasc) = + T (oasc) = = (oa. Bc)! (AB. CO), 


=F a quotient of rectangles of opposite sides ; the upper or the lower sign being 
taken, according as the point B’ falls, or does not fall, between the points a’ 
and c’: that is, according as the quadrilateral oaxBc is an wncrossed or a crossed 


one. 
(9.) Hence it is easy to infer that for any circular group 0, A, B, C, we 


have the equation, 
D2 dd bare perigee cee, 


the upper sign being taken when the succession oaBc is a direct one, that is, 
when the quadrilateral oaxnc is uncrossed; and the lower sign, in the contrary 
case, namely, when the succession is (what may be called) indirect, or when 
the quadrilateral is crossed: while conversely this equation XIII. is sufficient 
to prove, whenever it occurs, that the anharmonic (0ABc) is a negative or a 
positive scalar, and therefore by (5.) that the group is circular (if not linear), 
as above. 

(10.) If a, B, c, D, & be any five homospheric points (or points upon the 
surface of one sphere), and if o be any stxth point of space, while 0a’, .. oF’ 
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are the reciprocals of oa, .. o£, then the five new points a’.. 8 are generally 
homospheric (with each other) ; but if o happens to be on the sphere aBcvE, 
then a’. . ©’ are complanar, their common plane being parallel to the tangent 
plane to the given sphere at o: with resulting anharmonic relations, on which 
we cannot here delay. 

261. An interesting case of the foregoing theory is that when the generally 
scalar anharmonic of a circu/ar group becomes equal to negative unity: in which 
case (comp. 26), the group is said to be harmonic. A few remarks upon such 
circular and harmonic groups may here be briefly made: the student being 
left to fill up hints for himself, as what must be now to him an easy exercise 
of calculation. | 

(1.) For such a group (comp. again fig. 58), we have thus the equation, 


I... (oasc)=-1; and therefore II... a's’ = 3; 
or IIT... RG =3(Ra+ Ry); 


and under this condition, we shall say (comp. 216, (5.) ) that the Vector 3 is 
the Harmonic Mean between the two vectors, a and y. 

(2.) Dividing, and taking conjugates (comp. 260, (3.), and 216, (5.) ), we 
thus obtain the equation, 


La Sa ‘ ee 
pees Ton or Ne. b= y= a; 
or 
VI... B=—y=7a, if VIL..e=3(y+a); 


e thus denoting here the vector ox (fig. 58) of the middle point of the chord 
ac. We may then say that the harmonic mean between any two lines is (as 
in algebra) the fourth proportional to their semisum, and to themselves. 

(3.) Geometrically, we have thus the similar triangles, 


VIII... A aos zoe; Vals <A AOR OB0Cs 


whence, either because the angles opa and oca, or because the angles oac and 
onc are equal, we may infer (comp. 260, (5.) ) that, when the equation I. is 
satisfied, the four points 0, A, B, c, if not collinear, are concircular. 

(4.) We have also the similarities, 


TX... AoEcaces, and IX’... AOEA & AEB; 
or the equations, 


eg eee Man. cade Xe Pee 


5 Alana oe a-e€ a 
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in fact we have, by VI. and VII., 


Mice oe eo. xi... P-#(-1-E.1-22). (1-9). 


3 c cage ae ce é 


(5.) Hence the line xc, in fig. 58, is the mean proportional (227) between 
the linesro and EB; or in words, the semisum (o£), the semidifference (xc), 
and the excess (BE) of the semisum over the harmonic mean (0B), form (as in 
algebra) a continued proportion (227). 

(6.) Conversely, if any three coinitial vectors, Eo, Ec, EB, form thus a con- 
tinued proportion, and if we take za = cx, then the four points oazc will 
compose a circular and harmonic group; for example, the points apsr’ of 
fig. 57 are arranged so as to form such a group.* 

(7.) It iseasy to prove that, for the inscribed quadrilateral oasc of fig. 58, 
the rectangles under opposite sides are each equal to half of the rectangle under 
_ the diagonals; which geometrical relation answers to either of the two anhar- 
monic equations (comp. 259, (10.) ): 


Pel OPAC ta RO ie OCAB) once 


(8.) Hence, or in other ways, it may be inferred that these diagonals, 
OB, AC, are conjugate chords of the circle to which they belong: in the sense 
that each passes through the pole of the other, and that thus the line ps is the 
second tangent from the point p, in which the chord ac prolonged intersects 
the tangent at o. 

(9.) Under the same conditions, it is easy to prove, either by quaternions 
or by geometry, that we have the harmonic equations: 


XIV... (ABco) = (Bcoa) = (coaB) =-1; 


so that ac is the harmonic mean between ap and ao; Bo is such a mean 
between Bc and BA; and ca between co and cp. 

(10.) In any such group, any two opposite points (or opposite corners of the 
quadrilateral), as for example o and B, may be said to be harmonically conju- 
gate to each other, with respect to the two other points, A and c; and we see that 
when these ¢wo points a and c are given, then to every third point o (whether 
in a given plane, or in space) there always corresponds a fourth point B, which 
is in this sense conjugate to that third point: this fourth point being always 
complanar with the three points a, c, 0, and being even concircudar with them, 


* Compare the Note to 255, (2.). In fig. 58, the centre of the circle oaBc is concircular with the 
three points 0, E, B. 
: 2Q2 
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unless they happen to be collinear with each other; in which extreme (or 
limiting) case, the fourth point B is still determined, but is now collinear with 
the others (as in 26, &c.). 

(11.) When, after thus selecting two* points, a and c, or treating them as 
given or fixed, we determine (10.) the harmonic conjugates B, B’, B’”, with respect 
to them, of any three assumed points, 0, 0’, 0”, then the three pairs of points, 
0, B; 0, B’; 0”, B’, may be said to form an Jnvolution,t either on the right 
line Ac, (in which case it will only be one of an already well-known kind), or 
in a plane through that line, or even generally in space: and the two points 
A, C may in all these cases be said to be the two Double Points (or Foci) of this 
Involution. But the field thus opened, for geometrical investigation by 
Quaternions, is far too extensive to be more than mentioned here. 

(12.) We shall therefore only at present add, that the conception of the 
harmonic mean between two vectors may easily be extended to any number of 
such, and need not be limited to the plane: since we may define that n is the 
harmonic mean of the n arbitrary vectors a,..an, when it satisfies the 
equation, 


XV...Rn=—(Ra+..+Ra); or XVI... Ry=2Ra 


(13.) Finally, as regards the notation Ra, and the definition (258) of the 
reciprocal of a vector, it may be observed that if we had chosen to define 
reciprocal vectors as having similar (instead of opposite) directions, we should 
indeed have had the positive sign in the equation 258, VII.; but should 
have been obliged to write, instead of 258, [X., the much less simple formula, 


Rio = — I[Rw. 


* There is a sense in which the geometrical process here spoken of can be applied, even when 
the two fixed points, or foci, are imaginary. Compare the Géométrie Supérieure of M. Chasles, 
page 136. 

+ Compare the Note to 259, (11.). 
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CHAPTER IIL 


ON DIPLANAR QUATERNIONS, OR QUOTIENTS OF VECTORS IN 
SPACE: AND ESPECIALLY ON THE ASSOCIATIVE PRINCIPLE 


OF MULTIPLICATION OF SUCH QUATERNIONS. 


SECTION 1. 


On some Enunciations of the Associative Property, or Principle, 
of Multiplication of Diplanar Quaternions. 


262. In the preceding chapter we have confined ourselves almost entirely, 
as had been proposed (224, 225), to the considerations of quaternions in a 
given plane (that of 7); alluding only, in some instances, to possible exten- 
sions* of results so obtained. But we must now return to consider, as in the 
First Chapter of this Second Book, the subject of General Quotients of Vectors : 
and especially their Associative Multiplication (223), which has hitherto been 
only proved in connexion with the Distributive Principle (212), and with the 
Laws of the Symbols, i, 7, k (188). And first we shall give a few geometrical 
enunciations of that associative principle, which shall be independent of the 
distributive one, and in which it will be sufficient to consider (comp. 191) the 
multiplication of versors; because the multiplication of tensors is evidently an 
associative operation, as corresponding simply to arithmetical multiplication, 
or to the composition of ratios in geometry.t We shall therefore suppose, 
throughout the present chapter, that g, 7, s are some three given but arbitrary 
versors, in three given and distinct planes ;¢ and our object will be to throw some 


* As in 227, (8.); 242, (7.); 254, (7.); 257, (6.) and (7.); 259, (8.), (9.),.(10.), (11.) ; 260, 
(10.) ; and 261, (11.) and (12.). 

ft Or, more generally, for any three pairs of magnitudes, each pair separately being homogeneous. 

} Ifthe factors g, 7, s were complanar, we could always (by 120) put them under the forms, 


B a ae 
GF a? dead B o > 
and then should have (comp. 183, (1.)) the two equal ternary products, 
sr Pe eee ee 0] 
Bat erie 


so that in this case (comp. 224) the associative property would be proved without any difficulty. 
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additional light, by new enunciations in this section, and by new demon- 
strations in the next, onthe very important, although very simple, Associative 
Formula (223, II.), which may be written thus: 


Le cctea— oro: 
or thus, more fully, 


A ee se es 8 a Ad I Se ly PM 8X8 Ge ee 
7, 8, and ¢ being here three new and derived versors, in three new and derived. 
planes. 
263. Already we may see that this Associative Theorem of Multiplication, 
in all its forms, has an essential reference to a System of Six Planes, namely 
the planes of these siz versors, 


DE On Te Oe a On OTe Wag oy eres 8 ey bs 


on the judicious selection and arrangement of which, the clearness and 
elegance of every geometrical statement or proof of the theorem must very 
much depend: while the versor character of the factors (in the only part of 
the theorem for which proof is required) suggests a reference to a Sphere, 
namely to what we have called the wnit-sphere (128). And the three following 
arrangements of the six planes appear to be the most natural and simple that 
can be considered: namely, Ist, the arrangement in which the planes all pass 
through the centre of the sphere; IInd, that in which they all touch its surface ; 
and I[Ird, that in which they are the six faces of an inscribed solid. We 
proceed to consider successively these three arrangements. 

264. When the first arrangement (263) is adopted, it is natural to employ 
ares of great circles, as representatives of the versors, on the plan of Art. 162. 
Representing thus the factor g by the are as, and 7 by the successive are BC, 
we represent (167) their product rq, or s’, by ac; or by any equal are (165), 
such as DE, in fig. 59, may be supposed to be. Again, representing s by EF, 
we shall have pr as the representative of the 
ternary product s.rq, or ss’, or t, taken in one 
order of association. To represent the other ter- 
nary product, s7.q, or gg, we may first deter- 
mine three new points, Gc, H, 1, by arcual 
equations (165), between eu, Bc, and between 
HI, EF, so that Bc, EF intersect in H, as the 
arcs representing s’ and s had intersected in x; and then, after thus finding 
an arc GI which represents sr or g’, may determine three other points K, L, M, 
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by equations between Kr, AB, and between LM, G1, so that these two new arcs, 
KL, LM, represent g and q’, and that an, G1 intersect in L; for in this way we 
shall have an arc, namely Km, which represents g’¢ as required. And the 
theorem then is, that this last arc Km is equal to the former are pF, in the full 
sense of Art. 165; or that when (as under the foregoing conditions of con- 
struction) the five arcual equations, 


I...n AB=n KL, OBC=NGH, OEF=HI, nN AC=ODE, GI=9 LM, 
exist, then this sixth equation of the same kind ts satisfied also, 
ihe a DE. — eRe 


the two points, K and M, being both on the same great circle as the two pre- 
viously determined points, D and F; or Dp and o being on the great circle 
through Fr and kK: and the two arcs, p¥ and xm, of that great circle, or the 
two dotted arcs, pK, FM in the figure, being equally long, and similarly 
directed (165). 

(1.) Or, after determining the nine points A..1s8o0 as to satisfy the three 
middle equations I., we might determine the ¢hree other points kK, L, M, without 
any other arcual equations, as intersections of the three pairs of arcs AB, DF; 
AB, G1; DF, GI; and then the theorem would be, that (if these three last points 
be suitably distinguished from their own opposites upon the sphere) the two 
extreme equations I., and the equation II., are satisfied. 

(2.) The same geometrical theorem may also be thus enunciated: Jf the 
Jirst, third, and fifth sides (KL, GH, ED) of a spherical hexagon KLGHED be respec- 
tively and arcually equal (165) to the first, second, and third sides (AB, BC, CA) of 
a spherical triangle anc, then the second, fourth, and sixth sides (LG, HE, DK) of 
the same hexagon are equal to the three successive sides (M1, IF, FM) of another 
spherical triangle MIF. 

(3.) It may be also said, that if five successive sides (KL,..ED) of one 
spherical hexagon be respectively and arcually equal to the five successive 
diagonals (AB, MI, BC, IF, CA) of another such hexagon (AmBIcF), then the 
sixth side (DK) of the first is equal to the sith diagonal (FM) of the second. 

(4.) Or, if we adopt the conception mentioned in 180, (3.), of an arcual 
sum, and denote such a sum by inserting + between the symbols of the two 
summands, that of the added are being written to the deft-han’/, we may state 
the theorem, in connexion with the recent fig. 59, by the formula: 


Ill...npr+anBA=nEF+0 BC, if nDA=n EC; 


where B and F may denote any two points upon the sphere. 
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(5.) We may also express* the same principle, although somewhat less 
simply, as follows (see again fig. 59, and compare sub-art. (2.)): 


IV...if nEpD+nGH+oKL=0, then nDK+nHE+n1LE=0, 


(6.) If, for a moment, we agree to write (comp. Art. 1), 
No. nh An on 
we may then express the recent statement IV. a little more lucidly thus: 


Re err Sire aie rs ue pe 
VI...if pD-E+H-G+L-K=0, then K-D+E-H+G-L=0. 


, 


(7.) Or still more simply, if, ~’, ~ be supposed to denote any three 
diplanar arcs, which are to be added according to the rule (180, (8.)) above 
referred to, the theorem may be said to be, that 


VII... (0” + 0) oA Ae (A + n) 3 


or in words, that Addition of Arcs on a Sphere is an Associative Operation. 

(8.) Conversely, if any independent demonstration be given, of the truth 
of any one of the foregoing statements, considered as expressing a theorem of 
spherical geometry,t a new proof will thereby be furnished, of the associative 
property of multiplication of quaternions. 

265. In the second arrangement (263) of the six planes, instead of repre- 
senting the three given versors, and their partial or total products, by arcs, it 
is natural to represent them (174, II.) by angles on the sphere. Conceive then 
that the two versors, g and 7, are repre- 
sented, in fig. 60, by the two spherical 
angles, EAB and ABE; and therefore (175) 
that their product, rq or s’, is represented 
by the external vertical angle at ©, of the 
triangle aBE. Let the second versor r be 
also represented by the angle rBc, and the 
third versor s by scr; then the other 
binary product, sr or 9, will be repre- 
sented by the external angle at Fr, of the new triangle scr. Again, to 
represent the first ternary product, t=ss’=s.rg, we have only to take the 


* Some of these formule and figures, in connexion with the associative principle, are taken, 
though for the most part with modifications, from the author’s Sixth Lecture on Quaternions, in 
which that whole subject is very fully treated. Comp. the Note to page 160. 

t Such a demonstration, namely a deduction of the equation II. from the five equations I., by 
known properties of spherical conics, will be briefly given in the ensuing section. 
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external angle at p of the triangle xcp, if p be a point determined by the 
two conditions, that the angle rcp shall be equal to scr, and DEC supple- 
mentary to BEA. On the other hand, if we conceive a point pv’ determined 
by the conditions that p’ar shall be equal to EAB, and arp’ supplementary to 
crB, then the external angle at v’, of the triangle arp’, will represent the 
second ternary product, gg =sr.q, which (by the associative principle) must 
be equal to the first. Conceiving then that ep is prolonged to e, and Fp’ to H, 
the two spherical angles, coc and av’H, must be equal in all respects; their 
vertices D and v’ cotnciding, and the rotations (174, 177) which they represent 
being not only equal in amount, but also similarly directed. Or, to express the 
same thing otherwise, we may enwnciate (262) the Associative Principle by 
saying, that when the three angular equations, 


J... ABE=FBC, BCF=ECD, DEC=7- BEA, 
are satisfied, then these three other equations, 
IT...DAF=EAB, FDA=CDE, AFD =7 — CFB, 


are satisfied also. For not only is this theorem of spherical geometry a con- 
sequence of the associative principle of mu/tiplication of quaternions, but con- 
versely any independent demonstration* of the theorem is, at the same time, 
a proof of the principle. 

266. The third arrangement (263) of the six planes may be illustrated 
by conceiving a gauche hexagon, av’ca’sc’, to be inscribed in a sphere, in such 
a manner that the intersection p of the three planes, 
CAB’, B’CA’, A’BC’, is on the surface; and therefore that Oe a 
the three small circles, denoted by these three last 
triliteral symbols, concur in one point p; while the 
second intersection of the two other small circles, 
AB’C, CA’B, may be denoted by the letter p’, as in the Yy 
annexed fig. 61. Let it be also for simplicity at © BX A 
first supposed, that (as in the figure) the five circular 
SUCCESSIONS, 


Fig. 61. 
4. CAB D, -AB GD... BOA Dy. CAcBD, A BC Ds 


are all direct; or that the five inscribed quadrilaterals, denoted by these symbols 


* Such as we shall sketch, in the following section, with the help of the known properties of the 
spherical conics. Compare the Note to the foregoing Article. 
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I., are all wncrossed ones. Then (by 260, (9.)) it is allowed to introduce 
three versors, q, 7, 8, each having two expressions, as follows : 


id o , , 
B’D AB DA CA 
II...g=U—=+U—;3; r=U——=+0 —; 
DC AC B’D CB 

14 7. 

cD BD 

s=U —= —} 


although (by the cited sub-article) the last members of these three formules 
should receive the negative sign, if the first, third, and fourth of the successions 
I. were to become indirect, or if the corresponding quadrilaterals were crossed 
ones. We have thus (by 191) the derived expressions, 


Wis 39 = 0 a ee ae 


DA A’B cD’ DA. 
DC BC CB’ AB’ 
whereof, however, the two versors in the first formula would differ in their 
signs, if the fifth succession I. were indirect ; and those in the second 


formula, if the second succession were such. Hence, 
lA , 
1 eee t= os 3.rg-U—; {¢=sr.g=U 3 
and since, by the associative principle, these two last versors are to be equal, 
it follows that, under the supposed conditions of construction, the four points, 
B, O', A, D, compose a circular and direct succession; or that the quadrilateral, 
BC AD ,"is plane, inscriptible,* and uncrossed. 

267. It is easy, by suitable changes of sign, to adapt the recent reasoning 
to the case where some or all of the successions I. are indirect; and thus to 
infer, from the associative principle, this theorem of spherical geometry: uf 
AB‘ca’BC’ be a spherical hexagon, such that the three small circles CAB’, B’CA’, ABC’ 
concur in one point D, then, Ist, the three other small circles, AB’C, CA’B, BCA, concur 
in another point, p’; and IInd, of the six circular successions, 266, I., and Bc’an’, 
the number-of those which are indirect is always even (including seo). And 
conversely, any independent demonstrationt of this geometrical theorem 
will be a new proof of the associative principle. 

268. The same fertile principle of associative multiplication may be 
enunciated in other ways, without limiting the factors to be versors, and 


* Of course, since the four points Bc’ap’ are known to be homospheric (comp. 260, (10.) ), the 
inscriptibility of the quadrilateral in a circle would follow from its being plane, if the latter were 
otherwise proved: but it is here deduced from the equality of the two versors IV., on the plan of 
260, (9.). 

+ An elementary proof, by stereographic projection, will be proposed in the following section. 
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without introducing the conception of a sphere. Thus we may say (comp. 
264, (2.) ), that ifo . aBcbEF (comp. 35) be any pencil of six rays in space, 
and o.a’B’c’ any pencil of three rays, and if the three angles aon, cop, EoF of 
the first pencil be respectively equal to the angles B’oc’, c’oa’, a’op’ of the 
second, then another pencil of three rays, 0. a”B’C’, can be assigned, such 
that the three other angles Boc, Dox, FoA of the first pencil shall be equal to 
the angles B’0c”, c’0a”, A” oB” of the third: equality of angles (with one vertex) 
being here understood (comp. 165) to include complanarity, and similarity of 
direction of rotations. 

(1.) Again (comp. 264, (4.)), we may establish the following formula, in 
which the four vectors ayo form a complanar proportion (226), but « and Z 
are any two lines in space: 


er 
for, under this last condition, we have (comp. 125), 
i Gees peck 
y £96 V6 oo 0 ae 
(2.) Another enunciation of the associative principle is the following : 


The apo 2 oe LF S 


for if we determine (120) six new vectors, n6x, and «Au, so that 


oe ey oe whence ue 
ee ae ei ree 
TY : and 
Noe Feo 
\ le Sees ak 


we shall have the transformations, 
A Noe Xx i eee Pes eae ars 
MOE SE SOs OT BN Oe" or a 
(3.) Conversely, the assertion that this last equation or proportion VI. is 
true, whenever the twelve vectors a. . u are connected by the five proportions 
IY., is a form of enunciation of the associative principle; for it conducts 
(comp. LY. and Y.) to the equation, 
Rehan a At 7 : 
Wit. eke ar at least if «||| x, 0; 
but, even with this last restriction, the three factor-quotients in VII. may 
represent any three quaternions. 


2R2 
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SECTION 2. 


On some Geometrical Proofs of the Associative Property of Multi- 
plication of Quaternions, which are independent of the 
Distributive* Principle. 


269. We propose, in this section, to furnish three geometrical Demonstra- 
tions of the Associative Principle, in connexion with the three figures (59-61) 
which were employed in the last section for its Enunciation; and with the 
three arrangements of six planes, which were described in Art. 263. The two 
first of these proofs will suppose the knowledge of a few properties of spherical 
conics (196, (11.) ); but the third will only employ the doctrine of stereographic 
projection, and will therefore be of a more strictly elementary character. The 
Principle itself is, however, of such great importance in this Calculus, that its 
nature and its evidence can scarcely be put in too many different points of 
view. 

270. The only properties of a spherical conic, which we shall in this 
Article assume as known,f are the three following: Ist, that through any 
three given points on a given sphere, which are not on a great circle, a conic 
can be described (consisting generally of two opposite ovals), which shall have 
a given great circle for one of its two cyclic arcs; IInd, that if a transversal are 
cut both these arcs, and the conic, the intercepts (suitably measured) on this 
transversal are equal; and IIIrd, that if the vertex of a spherical angle move 
along the conic, while its legs pass always through two fixed points thereof, those 
legs intercept a constant interval, upon each cyclic are, separately taken. 
Admitting these three properties, we see that if, in fig. 59, we conceive a 
spherical conic to be described, so as to pass through the three points B, F, H, 


* Compare 224 and 262; and the Note to page 245. 

t The reader may consult the Translation (Dublin, 1841, pp. 46, 50, 55) by the present Dean 
Graves, of two Memoirs by M. Chasles, on Cones of the Second Degree, and 
Spherical Conics. [Ifacone have one system of cyclic sections parallel 
to APB, on inversion from 0, the vertex of the cone, it is seen to have a 
second system parallel to the tangent plane at o to the sphere through the 
vertex and the circle aps. In the figure the circle os is the section of 
this sphere by the plane through two edges of the cone oa and oz, while 
oc (parallel to as) and oc’ (tangent to oax) are the traces of the cyclic 
planes. c’oB = BAO = Z oc proves the IInd property. Again, if oa’ 
and op’ are the traces on the cyclic plane parallel to aps by the planes Poa 
and Pos respectively, 2 APB = Z A’oB’, 0A’ being parallel to pA and op’ to 
pp. But as vp moves along the circle app, the angle ars is constant, and thus the ILIrd property is 
also proved. | 
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and to have the great circle parc for one cyclic arc, the second and third 
equations I. of 264 will prove that the are aii is the other cyclic are for this 
conic; the first equation I. proves next that the conic passes through x ; 
and if the arcual chord Fx be drawn and prolonged, the two remaining 
equations prove that it meets the cyclic ares in p and m; after which, the 
equation II. of the same Art. 264 immediately results, at least with the 
arrangement* adopted in the figure. 

(1.) The Ist property is easily seen to correspond to the possibility of 
circumscribing a circle about a given plane triangle, namely that of which 
the corners are the intersections of a plane parallel to the plane of the given 
cyclic arc, with the three radii drawn to the three given points upon the 
sphere: but it may be worth while, as an exercise, to prove here the IInd 
property by quaternions. 

(2.) Take then the equation of a cyclic cone, 196, (8.), which may (by 196, 
XII.) be written thus: 


Pa P_NP. Pgh _wP. 
L..S28F-NG; andl IL..8°85-NE 


p and p’ being thus two rays (or sides) of the cone, which may also be con- 
sidered to be the vectors of two points Pp and P’ of a spherical conic, by 
supposing that their lengths are each unity. Let 7 and 7’ be the vectors of 
the two points r and 1’ on the two cyclic arcs, in which the arcual chord Pp’ 
of the conic cuts them; so that 


III... 8-=0, S and IV... Tr=Tr'=1, 


a 
The theorem may then be stated thus: that 
V...ifp=er+asr’, then VI...p'=27r+ a’; 


or that this expression VI. satisfies II., if the equations I. III. IV. V. be 
satisfied. 
Now, by III. V. VI., we have 


Vile see ee 
a a a 


whence it follows that the first members of I. and II. are equal, and it only 


* Modifications of that arrangement may be conceived, to which however it would be easy to 
adapt the reasoning. 
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remains to prove that their second members are equal also, or that Tp’ = Tp, 
rh ae Ws gfe by 
Accordingly we have, by Y. and VI., 


Vue. : : - ——— , 4, = 870, by 200, (11.), and 204, (19.); 
and the property in question is proved. 

271. To prove the associative principle, with the help of fig. 60, three 
other properties of a spherical conic shall be supposed known :* Ist, that for 
every such curve ¢wo focal points exist, possessing several important: relations 
to it, one of which is, that if these two foci and one tangent arc be given, the 
conic can be constructed; IInd, that if, from any point upon the sphere, éwo 
tangents be drawn to the conic, and also two ares to the foci, then one focal are 
makes with one tangent the same angle as the other focal arc with the other 
tangent; and IIIrd, that if a spherical quadrilateral be circumscribed to such 
a conic (supposed here for simplicity to be a spherical ellipse, or the opposite 
ellipse being neglected), opposite sides subtend supplementary angles, at either of 
the two (interior) foci. Admitting these known properties, and supposing the 
arrangement to be as in fig. 60, we may conceive a conic described, which 
shall have x and F for its two focal points, and shall touch the are Bc; and 
then the two first of the equations I., in 265, will prove that it touches also 
the arcs aB and cp, while the third of those equations proves that it touches 
AD, so that axncp is a circumscribedt quadrilateral: after which the three 
equations II., of the same article, are consequences of the same properties of 
the curve.t 

272. Finally, to prove the same important Principle in a more com- 
pletely elementary way, by means of the arrangement represented in fig. 61, 
or to prove the theorem of spherical geometry enunciated in Art. 267, we 


* The reader may again consult pages 46 and 50 of the Translation lately cited. In strictness, 
there are of course four foci, opposite two by two. 


+ The writer has elsewhere proposed the notation, EF (..) ABCD, to denote the relation of the focal 
points £, F to this circumscribed quadrilateral. 


{ [The two cyclic arcs and a point determine a spherical conic. Referring to the Note on 270, 
describe a sphere to touch one cyclic plane at the point o. Then if 0a is given, take the section APB 
of the sphere by a plane parallel to the second cyclic plane, and the cone is determined. Recipro- 
cating this, the Ist property follows. ‘The IInd property is the reciprocal of the IInd of 270, and 
the IIIrd is easily derived by reciprocating the I[Ird of 270, remembering that for a point P’ on the 
remaining arc of the circle arB, £ AP’B + ZAPB=7.| 
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may assume the point p as the pole of a stereographic projection, in which the 
three small circles through that point shall be repre- 
sented by right lines, but the three others by circles, 
all being in one common plane.* And then (inter- 
changing accents) the theorem comes to be thus 
stated : 

Tf a’, 8’, & be any three points (comp. fig. 62) 
on the sides BC, CA, AB Of any plane triangle, or on 
those sides prolonged, then, Ist, the three circles, 


qo, CAB; A BC, BCA, 
will meet in one point p; and IInd, an even number (if any) of the six (linear 
or circular) szccessions, 


TE, ; . Ape, BCA, ChB; cand EI. Caen, A BCD, FB OAD, 


will be direct; an even number therefore also (if any) being indirect. But, 
under this form,t the theorem can be proved by very elementary considerations, 
and still without any employment of the distributive principle (224, 262). 

(1.) The first part of the theorem, as thus stated, is evident from the 
Third Book of Euclid; but to prove both parts together, it may be useful to 
proceed as follows, admitting the conception (235) of amplitudes, or of angles 
as representing rotations, which may have any values, positive or negative, and 
are to be added with attention to their signs. 

(2.) We may thus write the three equations, 


Iil...aBpc=n7, BCA=" 7, CA'B= nn, 


to express the three collineations, aB’c, &e. of fig. 62 ;¢ the integer, n, being 
odd or even, according as the point B’ is on the finite line ac, or on a pro- 
longation of that line; or in other words, according as the first succession II. 
is direct or indirect: and similarly for the two other coefficients, n’ and n”. 


* [Invert figure 61 from the point p. The sphere becomes a plane, and the circles through D 
right lines, the other circles remain circles. ] ; 

+ The Associative Principle of Multiplication was stated nearly under this form, and was illus- 
trated by the same simple diagram, in paragraph XXII. of a communication by the present author, 
which was entitled Letters on Quaternions, and has been printed in the First and Second Editions of 
the late Dr. Nichol’s Cyclopedia of the Physical Sciences (London and Glasgow, 1857 and 1860). The 
same communication contained other illustrations and consequences of the same principle, which it 
has not been thought necessary here to reproduce; and others may be found in the Sixth of the 
author’s already cited Lectures on Quaternions (Dublin, 1853), from which (as already observed) some 
of the formule and figures of this Chapter have been taken. 

{ [ax’c being the angle through which B’A must be turned in the positive direction so as to coincide 
with B’c.] 
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(3.) Again, if oper be any four points in one plane, we may establish the 


formula, 
IV. .. POQ + QOR = POR + 2mm, 


with the same conception of addition of amplitudes; if then p be any point in 
the plane of the triangle anc, we may write, 


V...ABD+DBC="m7, BCOD+DCA='m7, CAD+ DAREN 7; 
and therefore, 
VI... (ap’D + po’A) + (Bo’D + Da’B) + (cA’D + DBC) = (n+ +n”) z. 


(4.) Again, if any four points oper be not merely complanar but concir- 
cular, we have the general formula, 


VII. . . opa + QRO = pz, 


the integer p being odd or even, according as the succession opar is direct or 
indirect ; if then we denote by p the second intersection of the first and second 
circles I., whereof c’ is a first intersection, we shall have 


VIII... ap’p+DCA=pr, BCD+ DA'B= pr, 


p and p’ being odd, when the two first successions II’. are direct, but even in 
the contrary case. 


(5.) Hence, by VI., we have, 
IX...caD+DBC=p'n7, where X...pt+pt+p"=n+n'+n"; 


the third succession II’. is therefore always circular, or the third circle I. passes 
through the intersection D of the two first; and it is direct or indirect, that is to 
say, p” 18 odd or even, according as the number of even coefficients, among the 
five previously considered, is itself even or odd; or in other words, according 
as the number of indirect successions, among the five previously considered, is 
even (including zero), or odd. 

(6.) In every case, therefore, the total number of successions of each kind 
is even, and both parts of the theorem are proved: the importance of the 
second part of it (respecting the even partition, if any, of the six successions II. 


II’.) arising from the necessity of proving that we have always, as in algebra, 
Xl...er.g=+s8.rq, and never. XII. ..sr.g=-—s.1rq,- 


if g, 7, s be any three actual quaternions. 

(7.) The associative principle of multiplication may also be proved, without 
the distributive principle, by certain considerations of rotations of a system, on 
which we cannot enter here. 
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SECTION 3. 


On some Additional Formule. 


273. Before concluding the Second Book, a few additional remarks may 
be made, as regards some of the notations and transformations which have 
already occurred, or others analogous to them. And first as to notation, 
although we have reserved for the Third Book the interpretation of such 
expressions as Ba, or a’, yet we have agreed, in 210, (9.), to abridge the 
frequently occurring symbol (Ta)* to Ta’; and we now propose to abridge it 
still further to Na, and to call this square of the tensor (or of the length) of a 
vector, a, the Norm of that Vector: as we had (in 190, &c.), the equation 
Tq = Ng, and called Ng the norm of the quaternion q (in 145, (11.)). We 
shall therefore now write generally, for any vector a, the formula, 


bs Sa = ae = Nw 
(1.) The equations (comp. 186, (1.) (2.) (3.) (4.)), 
HL oe Noewi; | TH. Nop eNes “EV Neo) = Nas 
Ve NG oe) NIG a), 


represent, respectively, the wnit-sphere; the sphere through a, with o for 
centre ; the sphere through o, with a for centre; and the sphere through z, 
with the same centre A. 

(2.) The equations (comp. 186, (6.) (7.)), 


VE. Nao) =NG@-a)s VIL Noo) oNG@—o. 


represent, respectively, the plane through o, perpendicular to the line oa; 
and the plane which perpendicularly bisects the line an. 

274, As regards transformations, the few following may here be added, 
which relate partly to the quaternion forms (204, 216, &c.) of the Equation 
of the Ellipsotd. 

(1.) Changing K(x: ) to Ro: Re, by 259, VIII., in the equation 217, 
XVI., of the ellipsoid, and observing that the three vectors p, Rp, and Rx are 
complanar, while 1: Tp = TRp by 258, that equation becomes, when divided 
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by TRop, and when the value 217, (5.) for ¢ is taken, and the notation 278 is 
employed : 


ee aN 
i & + £)=N-Nes 
of which the first member will soon be seen to admit of being written* as 
T (to + px), and the second member as x? — 2’, 

(2.) If, in connexion with the earlier forms (204, 216) of the equation of 
the same surface, we introduce a new auxiliary vector, « or os, such that (comp. 


216, VIII.) 
Ht = aa ae We ae a 
ie (sf+v 8p p +288 
the equation may, by 204, (14.), be reduced to the following extremely 
simple form : 


ie Tae: 


which expresses that the /ocus of the new auxiliary point s is what we have 
called the mean sphere, 216, XIV.; while the dine ps, or o — p, which connects 
any two corresponding points, Pp and s, on the ellipsoid and sphere, is seen to 
be parallel to the fixed line [3; which is one element of the homology, mentioned 
m 216;,(10.). 

(3.) It is easy to prove that 


g_gB ype F gF_gP .gP 
IV...8<=8" Si, and therefore V...8 3:85 Siyi85 


if p’ and o’ be the vectors of two new but corresponding points, P’ and s’, on 
the ellipsoid and sphere; whence it is easy to infer this other element of the 
homology, that any two corresponding chords, PP’ and ss’, of the two surfaces, 
intersect each other on the cyclic plane which has 8 for its cyclic normal (comp. 
216, (7.)): in fact, they intersect in the point T of which the vector is, 
_atpt+xp rat ao’ 


Via = cat w= 85, and a =-S8§&; 


e+e +a’ 


and this point is on the plane just mentioned (comp. 216, XI.), because 


VIL... .8,=0. 


* Compare the Note to page 241. 
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(4.) Quite similar results would have followed, if we had assumed 


Vie ©. -(-8¢ v5) a pag 
o ane B)P Pp B ¥ 


which would have given again, as in III, 
Pe Tee te won Keene ce. 
v3 aired! 4 

the other cyclic plane, with y instead of 6 for its normal, might therefore have 
been taken (as asserted in 216, (10.) ), as another plane of homology of ellipsoid 
and sphere, with the same centre of homology as before: namely, the point at 
infinity on the line 3, or on the awis (204, (15.) ) of one of the two circum- 
scribed cylinders of revolution (comp. 220, (4.) ). 

(5.) The same ellipsoid is, in two other ways, homologous to the same 
mean sphere, with the same two cyclic planes as planes of homology, but with 
a new centre of homology, which is the infinitely distant point on the axis of 
the second circumscribed cylinder (or on the line ap’ of the sub-article last 
cited). 

(6.) Although not specially connected with the ellipsoid, the following 
general transformations may be noted here (comp. 199, XII., and 204, 
XXXTV’.) : 

Seen /G = (Fe Al XT eg Va= |e = 

(7.) The equations 204, XVI. and XXXYV., give easily, ae 
Alo UNG HUN UGS LV UNG ee ge ee eg 


or the more symbolical forms, 
Mle a VO. = UV 7 XV se LV Axe eos PE Se 
and the identity 200, [X. becomes more evident, when we observe that 
AVL 2¢ —Nog—¢il ~ Ko). 
(8.) We have also generally (comp. 200, (10.) and 218, (10.)), 


g-1_ (g-1)(Kg+1) Ngq-1+2Vq 
XVI. “q+l) (g+1)(Kqg+1)  Nq+1+28q° 


(9.) The formula,* 
XVII... U (rg + Kor) = U(Sr.8¢+ Vr. Vo) = 97 ('@?)2 , 


in which g and 7 may be any two quaternions, is not perhaps of any great 


* This formula was given, but in like manner without proof, in page 587 of the author’s 
Lectures on Quaternions. [It may be expressed in terms of p= (r?g?)4. Use 210, XI. and XII.] 
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importance in itself, but will be found to furnish a student with several useful 
exercises In transformation. 

(10.) When it was said, in 257, (1.), that sero had only itse/f for a square- 
root, the meaning was (comp. 220), that no binomial expression of the form 
a + ty (228) could satisfy the equation, 


XIX... 0=¢ = (w + ty)? = (2? — y’) + Biay, 


for any real or imaginary values of the two scalar coefficients x and y, different 
from zero ;* for if bi-qguaternions (214, (8.)) be admitted, and if A again 
denote, as in 206, (2.), the imaginary of algebra, then (comp. 257, (6.) and 
(7.)) we may write, generally, besides the real value, 0? =0, the imaginary 


CXPVeSsion, 
XX...0!=v0+hv, if Sv=S8v'=Sw’=Nev’-Nv=0; 


o and vo’ being thus any two real right quaternions, with equal norms (or with 
equal tensors), in planes perpendicular to each other. 

(11.) For example, by 256, (2.) and by the laws (183) of yk, we have the 
transformations, 


XXII... (G+ y=? -P+h(yr+si)=0+h0=0; 


so that the biquaternion 7 + Aj is one of the imaginary values of the 
symbol 0°. 

(12.) In general, when di-quaternions are admitted into calculation, not 
only the square of one, but the product of two such factors may vanish, without 
either of them separately vanishing: a circumstance which may throw some 
light on the existence of those imaginary (or symbolical) roots of equations, 
which were treated of in 257. 

(13.) For example, although the equation 


XXIT...¢-l=(¢-1) (q+) =0. 


has no real roots except + 1, and therefore cannot be verified by the substitution 
of any other real scalar, or real quaternion, for gq, yet if we substitute for ¢ the 
bi-quaterniont v + hv’, with the conditions 257, XIII., this equation XXII. is 
verified. 


* Compare the Note to page 289. 

+ This includes the expression + hi, of 257, (1.), for a symbolical square-root of positive unity. 
Other such roots are + jy, and + hk. [It is probable that Hamilton used the word Bi-quaternion in 
order to distinguish clearly the V—1 of algebra from the geometrical reals é, j, and & of the new 
Calculus. In his earlier writings i, 7, and & are called imaginaries ; and in a Paper read before the 
Royal Irish Academy on November 11, 1844, the scalar of a quaternion is called the ‘‘real part,’’ 
and the vector, the ‘‘ imaginary part.’’ See p. 3, vol. iii., of the Proc. R.I.A.] 
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(14.) It will be found, however, that when ¢wo imaginary but non-evanes- 
cent factors give thus a null product, the norm of each is zero; provided that we 
agree to extend to bi-quaternions the formula Ng = Sq? — Vq’ (204, XXII.) ; or 
to define that the Norm of a Biquaternion (like that of an ordinary or real 
quaternion) is equal to the Square of the Scalar Part, minus the Square of the 
Right Part: each of these two parts being generally imaginary, and the former 
being what we have called a Bi-scalar. 

(15.) With this definition, if g and q’ be any two real quaternions, and if 
h be, as above, the ordinary imaginary of algebra, we may establish the 
formula: 

XXIII... N(q¢+ hq’) = (Sq + A8q’)? - (V7 t+ 2Vq')*; 
or (comp. 200, VII., and 210, XX.), 
XXIV...N(¢+fq’)=Nq—-N’+ 208. Kd’. 


(16.) As regards the norm of the sum of any two real quaternions, or real 


vectors (273), the following transformations are occasionally useful (comp. 
220, (2.) ): 
AAV... Nig +g — Nilo Ogio. Uy; 


XXVIL ..N(G+a)=N(TG. Ua +Ta. UB); 


in each of which it is permitted to change the norms to the tensors of which 
they are the sguares, or to write T for N. 
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CHAPTER I. 


ON THe INTERPRETATION. OF A. PRODUCT. OF VECTORS: “OR 
POWER OF A VECTOR, AS A QUATERNION. 


SECTION 1. 


@n a First Method of interpreting a Product of Two Wectors 
as a Quaternion. 


Art. 275. In the First Book of these Elements we interpreted, Ist, the 
difference of any two directed right lines in space (4.) ; IInd, the sum of two 
or more such lines (5-9) ; IlIrd, the product of one such line, multiplied by 
or into a positive or negative number (15); IVth, the quotient of such a line, 
divided by such a number (16), or by what we have called generally a 
ScataR (17); and Vth, the sum of a system of such lines, each affected (97) 
with a scalar coefficient (99), as being in each case ttse/f (generally) a Directed 
Line* in Space, or what we have called a Vucror (1). 

276. In the Second Book, the fundamental principle or pervading con- 
ception has been, that the Quotient of two such Vectors is, generally, a 
QuatTERNIon (112, 116). It is however to be remembered, that we have 
included under this general conception, which wswad/y relates to what may be 
called an Oblique Quotient, or the quotient of two lines in space making either 
an acute or an obtuse angle with each other (180), the three following particular 
cases: Ist, the limiting case, when the angle becomes nu//, or when the two 
lines are similarly directed, in which case the quotient degenerates (131) into a 
positive scalar; IInd, the other limiting case, when the angle is equal to two 
right angles, or when the lines are oppositely directed, and when in consequence 
the quotient again degenerates, but now into a negative scalar ; and IIIrd, the 
intermediate case, when the angle is right, or when the two lines are perpen- 
dicular (132), instead of being parallel (15), and when therefore their quotient 


* The Fourth Proportional to any three complanar lines has also been since interpreted (226), as 
being another line in the same plane. 
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becomes what we have called (132) a Right Quotient, or a Richt QUATERNION: 
which has been seen to be a case not less important than the two former 
ones. 

277. But no Interpretation has been assigned, in either of the two fore- 
going Books, for a Propucr of two or more Vectors; or for the Sauarz, or 
other Power of a Vector: so that the Symbols, 


Lid, oy ds CAMO Me ea yes. ee 


in which a, B, y .. denote vectors, but ¢ denotes a scalar, remain as yet 
entirely wninterpreted ; and we are therefore free to assign, at this stage, any 
meanings to these new symbols, or new combinations of symbols, which shall not 
contradict each other, and shall appear to be consistent with convenience and 
analogy. And to do so will be the chief object of this First Chapter of the 
Third (and last) Book of these Hiements: which is designed to be a much 
shorter one than either of the foregoing. 

278. As a commencement of such Interpretation we shall here define, that 
a vector a 1s multiplied by another vector [3, or that the Jatter vector is multi- 
plied into* the former, or that the product Ba is obtained, when the multiplier- 
line [3 is divided by the reciprocal Ra (258) of the multiplicand-line a; as we had 
proved (136) that one quaternion is multiplied into another, when it is divided by 
the reciprocal thereof. In symbols, we shall therefore write, as a first defi- 
nition, the formula : 


I...Sa=§:Ra; where II...Ra=- Ua: Ta (258, VII). 


And we proceed to consider, in the following section, some of the general 
consequences of this definition, or interpretation, of a Product of two Vectors, 
as being equal to a certain Quotient, or Quaternion. 


SECTION 2. 


On some Consequences of the foregoing Interpretation. 
279. The definition (278) gives the formula : 
edict (Se £, and similarly, I’... af “hp 
it gives therefore, by 259, VIII., the general relation, 
EE os. Gass Was OF tt os a3 = KPa. 


* Compare the Notes to pages 147, 159. 
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The Products of two Vectors, taken in two opposite orders, are therefore Con- 
jugate Quaternions; and the Multiplication of Vectors, like that of Quaternions 
(168), is (generally) a Non-Commutative Operation. 

(1.) It follows from II. (by 196, comp. 223, (1.)), that 


III... 86a = + Saf = § (Ba + af). 
(2.) It follows also (by 204, comp. again 228, (1.)), that 


IV... VGa = — Vas = 3 (Ba - af). 


280. Again, by the same general formula 259, VIII., we have the trans- 
formations, 


Bo _yott -yeipe _B, B. 
[ RG@ed CEG CRG. nee eee 


it follows, then, from the definition (278), that 
Tee pita ta) = Ba + Ba’; 


whence also, by taking conjugates (279), we have this other general equation, 
IIl...(a+a)B=aB+ af. 


Multiplication of Vectors is, therefore, like that of Quaternions (212), a Doubly 
Distributive Operation. 

281. As we have not yet assigned any signification for a ternary product 
of vectors, such as ya, we are not yet prepared to pronounce, whether the 
Associative Principle (223) of Muitiplication of Quaternions does or does not 
extend to Vector-Multiplication. But we can already derive several other 
consequences from the definition (278) of a binary product, Ba; among which, 
attention may be called to the Scalar character of a Product of two Parallel 
Vectors; and to the Right character of a Product of two Perpendicular Vectors, 
or of two lines at right angles with each other. 

(1.) The definition (278) may be thus written, 


Te CaS a la Ot ie): 


it gives, therefore, 
i 6a Teta tal Usa 0 (6. 4) = US Ua: 


the tensor and versor of the product of two vectors being thus equal (as for 


quaternions, 191) to the product of the tensors, and to the product of the versors, 
respectively. 


2T2 
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(2.) Writing for abridgment (comp. 208), 
EN oo = hay 10 os eee ae eau sig. 
we have thus, 
Vise ibe = 0a. VI...SBa = 8a = - ba cose; 
VII...SUBa = SUaf = - cosz; NIEE | 2a =r 2 
so that (comp. 198) the angle of the product of any two vectors is the supple- 
ment of the angle of the quotient. 
(3.) We have next the transformations (comp. again 208), 


TX ee ao Valo = Osi ween, EV Og ty Ua sine; 
XI...IVBa =—- ybasine; XI’... [Va = + yab sina; 
XID LW ba — Ax ba — 7) Rl Vas = Ax. eG = + 7: 


so that the rotation round the axis of a product of two vectors, from the multiplier 
to the multiplicand, is positive. 

(4.) It follows also, by IX., that the tensor of the right part of such a 
product, Pa, is equal to the parallelogram under the factors; or to the double of 
the area of the triangle oAB, whereof those two factors a, (3, or 0A, OB, are two 
coinitial sides: so that if we denote here this last-mentioned area by the 


symbol 


A OAB, 
we may write the equation, 


XIII... TV a = parallelogram under a, B, = 2A0AB; 


and the index, IVa, is a right line perpendicular to the plane of this parallelo- 
gram, of which line the /ength represents its area, in the sense that they bear 
equal ratios to their respective units (of length and of area). 


(5.) Hence, by 279, LV., 
XIV... 'T' (Ba — af3) = 2 x parallelogram = 4A oan. 
(6.) For any two vectors, a, [3, i 
XV...88a=-—Na.S(9 3a); KVIV.s VGa=— NaxV (0 2a); 


or briefly,* 
XVile. pa =— Nap sa); 


with the signification (273) of Na, as denoting (Ta)’. 


* All the consequences of the interpretation (278), of the product Ba of two vectors, might be 
deduced from this formula XVII.; which, however, it would not have been so natural to have 
assumed for a definition of that symbol, as it was to assume the formula 278, I. 
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(7.) If the two factor-lines be perpendicular to each other, so that # is a 
right angle, then the parallelogram (4.) becomes a rectangle, and the product Ba 
becomes a right quaternion (132); so that we may write, 

XVIII...S6a=SaS=0, if 6 +L a, and reciprocally. 


(8.) Under the same condition of perpendicularity, 


XIX...2Ba= a8 =5; XX...IBa=-yba; XXI... Ia = + yab. 


(9.) On the other hand, if the two factor-lines be parallel, the right part 
of their product vanishes, or that product reduces itself to a scalar, which is 
negative or positive according as the two vectors multiplied have similar or 
opposite directions; for we may establish the formula, 


XX at Bla, thea VGa =v, Vas — 0; 
and, under the same condition of parallelism, 
». ©. 6 4 8 ee Ba = al3 0a Sa = = ba, 


the upper or the lower sign being taken, according as # = 0, or = 7. 
(10.) We may also write (by 279, (1.) and (2.)) the following formula of 
perpendicularity and formula of parallelism : 


XXIV...if 8 La, then (a =- af3, and reciprocally ; 
XXYV...if 8 || a, then Ba=+ af, with the converse. 


(11.) Ifa, B, y be any three unit-lines, considered as vectors of the corners 
A, B, C of a spherical triangle, with sides equal to three new positive scalars, 
a, b, c, then because, by XVII., Ba=-P:a, and yB=-y: f, the sub- 
articles to 208 allow us to write, 


XXVI...S(Vy.VGa) = sina sinc cos B; 
XXVIT...IV(Vy8.VBa) =+ BP sinasine sins; 
AVES RY oS) (Vive Vin) = tal B. 


upper or lower signs being taken, in the two last formule, according as the 
rotation round [3 from a to y, or that round B from a to ©, is positive or 
negative. 

(12.) The equation 274, I., of the EHliipsoid, may now be written thus: 


P.O. GB. Cae T (ip + px) =T?-Tk*; or MEX... T (ip + px) = N.- Nx. 
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282. Under the general head of a product of two parallel vectors, two 
interesting cases occur, which furnish two first examples of Powers of Vectors: 
namely, Ist, the case when the two factors are equal, which gives this remark- 
able result, that the Square of a Vector is always equal to a negative Scalar ; 
and IInd, the case when the factors are (in the sense already defined, 258) 
reciprocal to each other, in which case it follows from the definition (278) that 
their product is equal to Positive Unity: so that each may, in this case, be con- 
sidered as equal to unity divided by the other, or to the Power of that other 
which has Negative Unity for its Exponent. 

(1.) When 6 =a, the product Ba reduces itself to what we may call the 
square of a, and may denote by a’; and thus we may write, as a particular 
but important case of 281, XXIII., the formula (comp. 273), 


I...a°=-a@'=-(Ta)’=-Na; 


so that the sqguare of any vector a is equal to the negative of the norm (278) of 
that vector; or to the negative of the square of the number Ta, which expresses 
(185) the length of the same vector. 

(2.) More immediately, the definition (278) gives, 


II...a@=aa=a: Ra=~—(Ta)?=—Na, as before. 
(3.) Hence (compare the notations 161, 190, 199, 204), 
aaa AV Via 0 5 
V...7T.a?=T(e’) =+ Na= (Ta)*=Ta’; 


and 


the omission of the parentheses, or of the point, in this last symbol of a tensor,* 
for the square of a vector, as well as for the square of a quaternion (190), being 
thus justified: and in like manner we may write, 


Nin. Usa U(@)—= t= (Ua)aUe5 


the square of an unit-vector (129) being always equal to negative unity, and 
parentheses (or points) being again omitted. 
(4.) The equation 


VIL...’ =a',. gives VIV...NoeNa, or. Vil’. -Te=Ta; 


it represents therefore, by 186, (2.), the sphere with o for centre, which passes 
through the point a. 


* Compare the Note to page 214. 
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(5.) The more general equation, 
VIII... (oe -a)?=(G - a)’, (comp.* 186, (4.), ) 


represents the sphere with a for centre, which passes through the point B. 
(6.) For example, the equation, 


Xp aaa, (comp. 186, (3.), ) 


represents the sphere with a for centre, which passes through the origin o. 
(7.) The equations (comp. 186, (6.), (7.)), 
X...(p+a)?=(p-a); XI... (p - P)? = (p - a)’, 


represent, respectively, the plane through o, perpendicular to the line oa; 
and the plane which perpendicularly bisects the line as. 


(8.) The distributive principle of vector-multiplication (280), and the formula 
279, III., enable us to establish generally (comp. 210, (9.)) the formula, 


XU, Gta) = ps 2seat a. 
the recent equations IX. and X. may therefore be thus transformed : 
TX... p' = eden; and  X-.y. hap — 0, 
(9.) The equations, 
Mop ol. XIV...p?+1=0, 


represent the spheres with o for centre, which have a and 1 for their respec- 
tive radii; so that this very simple formula, p? + 1 = 0, is (comp. 186, (1.)) 
a form of the Equation of the Unit-Sphere (128), and is, as such, of great 
importance in the present Calculus. 


(10.) ‘The equation, 
XV... p? - Bap +c =0, 


may be transformed to the following, 
XVI...N(p- a) =- (p -a)?=c-a@=c+Na; 
XVI’...T(p-a) =/f(e-a’) =/f(ce + Na); 


it represents therefore a (real or imaginary) sphere, with a for centre, and 
with this last radical (if real) for radius. 


or 


* Compare also the sub-articles to 273. 
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(11.) This sphere is therefore necessarily real, if c be a positive scalar; or 
if this scalar constant, ¢c, though negative, be (algebraically) greater than a’, or 
than — Na: but it becomes imaginary, if c+ Na < 0. 


(12.) The radical plane of the two spheres, 


Nellie: p = 2Sap +C¢= 0, p” = 28a’p += 0, 
has for equation, 
XVIII... 28 (a -a)p=c-c; 


it is therefore always real, if the given vectors a, a’ and the given scalars ¢, ¢ 
be such, even if one or both of the spheres themselves be imaginary. 


(13.) The equation 281, XXIX., or XXX., of the Central Ellipsoid (or of 
the ellipsvid with its centre taken for the origin of vectors), may now be still 
further simplified,* as follows: 


SIX. Lip + pc) = x — 
(14.) The definition (278) gives also, 
DEX aha aa 1 or, ee he ae ee = a = 
whence it is natural to write,t 
wlio Raa aoa: , 


if we so far anticipate here the general theory of powers of vectors, above 
alluded to (277), as to use this last symbol to denote the quotient, of unity 
divided by the vector a; so as to have identically, or for every vector, the 
equation, 


RAD ae Haas 1, 


(15.) It follows, by 258, VII., that 
RII Jat = Werte: <aind NALLY... ba oan. 


(16.) If we had adopted the equation XXIII. as a definition? of the 
symbol a, then the formula XXIV. might have been used, as a formula of 
interpretation for the symbol Ba. But we proceed to consider an entirely 
different method, of arriving at the same (or an equivalent) Interpretation of 
this latter symbol: or of a Binary Product of Vectors, considered as equal to 
a Quaternion. 


* Compare the Note to page 241. + Compare the Note to page 293. 
{ Compare the Note to page 324. 
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SECTION 3. 


On a Second Method of arriving at the same Interpretation, of a 
Binary Product of Vectors. 


283. It cannot fail to have been observed by any attentive reader of the 
Second Book, how close and intimate a connerion* has been found to exist, 
between a Right Quaternion (1382), and its Inder, or Index-Vector (183). 
Thus, if » and o denote (as in 223, (1)., &c., any two right quaternions, and 
if Iv, Iv’ denote, as usual, their indices, we have already seen that 


Elon Iv, if v’ =v, and conversely (133); 
II...1 (eo +0) = Ie + Ie (206) ;sX 
Til... Ie’: Io= 0’: » (198) ; 
to which may be added the more recent formula, 
IV... Riv = [Ro (258, IX.). 


284. It could not therefore have appeared strange, if we had proposed to 
establish this new formula of the same kind, 


| ree ee Ce ee 


as a definition (supposing that the recent definition 278 had not occurred to 
us), whereby to interpret the product of any two indices of right quaternions, as 
being equal to the product of those two quaternions themselves. And then, fo 
interpret the product fsa, of any two given vectors, taken in a given order, we 
should only have had to conceive (as we always may) that the two proposed 
factors, a and £3, are the indices of two right quaternions, v and v’, and to 


multiply these latter, in the same order. For thus we should have been led to 
establish the formula, 


Tl. be o7, a= lo. and ply: 
or we should have this slightly more symbolical equation, 
iid is Ae C7 Carron ioe Cie eda 
in which the symbols, 
Eta. and 1G, 


are understood to denote the two right quaternions, whereof the two lines 
a and (3 are the indices. 


* Compare the Note to page 1785. 
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(1.) To establish now the substantial identity of these two interpretations, 
278 and 284, of a binary product of vectors Ba, notwithstanding the difference 
of form of the definitional equations by which they have been expressed, we 
have only to observe that it has been found, as a theorem (194), that 


IV...v% =o’: (1: v) =Ie’: Rv; 
but the definition (258) of Ra gave us the lately cited equation, RIv = IRv; 
we have therefore, by the recent formula II., the equation, 


V...To’.Iv=Io’: Rlv; or VI...8.a=£8: Ra, 


as in 278, I.; a and £3 still denoting any two vectors. The two interpretations 
therefore coincide, at least in their results, although they have been obtained 
by different processes, or suggestions, and are expressed by two different formule. 

(2.) The result 279, II., respecting conjugate products of vectors, corre- 
sponds thus to the result 191, (2.), or to the first formula of 223, (1.). 

(3.) The two formule of 279, (1.) and (2.), respecting the scalar and right 
parts of the product Sa, answer to the two other formule of the same sub- 
article, 223, (1.), respecting the corresponding parts of v’v. 

(4.) The doubly distributive property (280), of vector-multiplication, is on 
this plan seen to be included in the corresponding but more general property 
(212), of multiplication of quaternions. 

(5.) By changing IVg, 1Vq’, ¢, @, and 6, to a, 3, a, 6, and y, in those 
formule of Art. 208 which are previous to its sub-articles, we should obtain, 
with the recent definition (or interpretation) II. of Ba, several of the con- 
sequences lately given (in sub-arts. to 281), as resulting from the former 
definition, 278, I. Thus, the equations, 


Wis Vile VEE SK, ss el RL, ORE. and A XT. 


of 281, correspond to, and may (with our last definition) be deduced from, 


the formule, 


Vy Vio Wil ly Ol I Oe LY and eV ek VE 


of 208. (Some of the consequences from the sub-articles to 208 have been 
already considered, in 281, (11.).) 

(6.) The geometrical properties of the line [VBa, deduced from the first 
definition (278) of Ba in 281, (8.) and (4.), (namely, the positive rotation round 
that line, from B to a; its perpendicularity to their plane; and the representa- 
tion by the same line of the parallelogram under those two factors, regard being 
had to units of length and of area,) might also have been deduced from 
223, (4.), by means of the second definition (284), of the same product, Ba. 
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SECTION 4. 


On the Symbolical Identification of a Right Quaternion with its 
own Index: and on the Construction of a Product of two 
Rectangular Lines, by a Third Line, Rectangular to both. 


285. It has been seen, then, that the recent formula 284, II. or III, 
may replace the formula 278, I., as a second definition of a product of two 
vectors, which conducts to the same consequences, and therefore ultimately to 
the same interpretation of such a product, as the first. Now, in the second 
formula, we have interpreted that product, Ba, by changing the two factor-lines, 
a and [3, to the two right quaternions, v and wv’, or I*a and I", of which they 
are the indices; and by then defining that the sought product Ba is equal to 
the product ov, of those two right quaternions. It becomes, therefore, im- 
portant to inquire, at this stage, how far such substitution, of Ia for a, or 
of » for Iv, together with the converse substitution, is permitted in this 
Calculus, consistently with principles already established. For it is evident 
that if such substitutions can be shown to be generally legitimate, or allow- 
able, we shall thereby be enabled to enlarge greatly the existing field of 
interpretation: and to treat, in al/ cases, Functions of Vectors, as being, at the 
same time, Functions of Right Quaternions. 

286. We have first, by 183 (compare 2838, I.), the equality, 


I ile Olav ine it onGiecs, 


In the next place, by 206 (comp. 283, II.), we have the formula of addition 
or subtraction, 


Ded sp) eh) ea eee 
with these more general results of the same kind (comp. 207 and 99), 
ETE ae a as TV... Sva = Sela. 


In the third place, by 193 (comp. 283, III.), we have, for division, the 


formula, 
VE ae choke eee 


while the second definition (284) of multiplication of vectors, which has been 


proved to be consistent with the first definition (278), has given us the 
analogous equation, 


Viev. ap. 1 a= 97a = fa, 


2U2 
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It would seem, then, that we might at once proceed to define, for the purpose 


of interpreting any proposed Function of Vectors as a Quaternion, that the 
following general Equation exists : 


Wilde as or. Vi le So ee 


or still more briefly and symbolically, if it be understood that the subject of the 
operation I is always a right quaternion, 


1B. Sree a © 


But, before finally adopting this conclusion, there is a case (or rather a class 
of cases), which it is necessary to examine, in order to be certain that no 
contradiction to former results can ever be thereby caused. 

287. The most general form of a vector function, or of a vector regarded as 
a function of other vectors and of scalars, which was considered in the First 
Book, was the form (99, comp. 275), 


Lp ee: 


and we have seen that 7f we change, in this form, each vector a to the corre- 
sponding right quaternion I-‘a, and then take the index of the new right 
quaternion which results, we shall thus be conducted to precisely the same 


vector p, as that which had been otherwise obtained before; or in symbols, 
that 
Il. .. Sva = TEela (comp. 286, TV.). 


But another form of a vector-function has been considered in the Second Book ; 
namely, the form, 


Te pe 20; LL) 


5p 


in which a, B, y, 6, ¢... are any odd number of complanar vectors. And before 
we accept, as general, the equation VII. or VIII. or IX. of 286, we must 
inquire whether we are at liberty to write, under the same conditions of com- 
planarity, and with the same ane: of the vector p, the equation, 


oe cha + 7 -1 
oh tae T(.- ee 7B ° I a) 


288. To examine this, let there be at first only three given complanar 
vectors, y ||| a, 3 in which case there will always be (by 226) a fourth vector p, 
in the same plane, which will represent or construct the function (y : 8) .a; 
namely, the fourth proportional to B, y,a. Taking then what we may call 


Arts, 286-290.] PRODUCT OF TWO RECTANGULAR LINES A LINE. 383 


the Inverse Index-Functions, or operating on these four vectors a, 3, y, p by the 
characteristic I--, we obtain four collinear and right quaternions (209), which 
may be denoted by 2, v’, v”, o’’; and we shall have the equation, 


Vee = (pa 7 ee; 
or a's Free ie CAs 8 
which proves what was required. Or, more symbolically, 


Vile ae ee ey 


"eB" Tp 
F . T-1y : 
VIEL Banp=T(1 p)=1(r55-1 a). 
And it is so easy to extend this reasoning to the case of any greater odd 


number of given vectors in one plane, that we may now consider the recent 
formula IV. as proved. 


ie Fac ear 


289. We shall therefore adopt, as general, the symbolical equations VII. 
VIII. IX. of 286; and shall thus be enabled, in a shortly subsequent section, 
to interpret ternary (and other) products of vectors, as well as powers and other 
Functions of Vectors, as being generally Quaternions ; although they may, in 
particular cases, degenerate (131) into scalars, or may become right quaternions 
(132) : in which latter event they may, in virtue of the same principle, be 
represented by, and equated to, their own indices (133), and so be treated as 
vectors. In symbols, we shall write generally, for any set of vectors a, 3, y,+-- 
and any function f, the equation, 


de Ads fy Wee) 7 Lo Oe ky 


q being some quaternion ; while in the particular case when this quaternion is 


right, or when 
q=o0=8'0= Ip, 


we shall write a/so, and usually by preference (for that case), the formula, 


deer ans, yore la lO ty 5) op, 
p being a vector. 

290. For example, instead of saying (as in 281) that the Product of any 
two Rectangular Vectors is a Right Quaternion, with certain properties of its 
Index, already pointed out (284, (6.)), we may now say that such a product is 
equal to that: index. And hence will follow the important consequence, that 
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the Product of any two Rectangular Lines in Space is equal to (or may be con- 
structed by) a Third Line, rectangular to both; the Rotation round this Product- 
Line, from the Multiplier-Line to the Multiplicand-Line, being Positive: and 
the Length of the Product being equal to the Product of the Lengths of the 
Factors, or representing (with a suitable reference to units) the Area of the 
Rectangle under them. And generally we may now, for all purposes of 
calculation and expression, identify* a Right Quaternion with its own Index. 


SECTION 5. 


On some Simplifications of Notation, or of Expression, resulting 
from this Identification; and on the conception of an Unit- 
Line as a Right Versor. 


291. An immediate consequence of the symbolical equation 286, IX., is 
that we may now suppress the Characteristic I, of the Index of a Right Quater- 
nion, in all the formule into which it has entered; and so may simplify the 
Notation. ‘Thus, instead of writing, 


Ax.g=IUV¢, or Ax. =IUY, asin 204, (23.), 
or Ax. g= U1LVG,. or Ax = UI,” atin 274, (72), 
we may now write simplyt, 
toe Am gS ONG: sor Th a= UY, 


The Characteristic Ax., of the Operation of taking the Axis of a Quaternion 
(132, (6.) ), may therefore henceforth be replaced whenever we may think fit to 
dispense with it, by this combination of two other characteristics, U and V, which 
are of greater and more general utility, and indeed cannott be dispensed with, 
in the practice of the present Calculus. 


* Compare the Notes to pages 121, 137, 175, 193, 203. 

t Compare the first Note to page 120, and the third Note to page 208. 

¢ Of course, any one who chooses may invent new symbols, to denote the same operations on 
quaternions, as those which are denoted in these Elements, and in the elsewhere cited Lectures, by the 
letters U and V; but, under some form, such symbols must be used: and it appears to have been 
hitherto thought expedient, by other writers, not hastily to innovate on notations which have been 
already employed in several published researches, and have been found to answer their purpose. As 
to the type used for these, and for the analogous characteristics K, 8, T, that must evidently bea 
mere affair of taste and convenience: and in fact they have all been printed as small italic capitals, 
in some examination-papers by the author. 
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292. We are now enabled also to diminish, to some extent, the number of 
technical terms, which have been employed in the foregoing Book. Thus, 
whereas we defined, in 202, that the right quaternion Vg was the Right Part 
of the Quaternion g, or of the swm Sg + Vg, we may now, by 290, identify 
that part with its own index-vector IVq, and so may be led to call it the vector 
part, or simply the Vecror,* of that Quaternion g, without henceforth speaking 
of the right part: although the plan of exposition, adopted in the Second Book, 
required that we should do so forsome time. And thus an enunciation, which 
was put forward at an early stage of the present work, namely, at the end of 
the First Chapter of the First Book, or the assertion (17) that 


“ Scalar plus Vector equals Quaternion,”’ 


becomes entirely intelligible, and acquires a perfectly definite signification. 
For we are in this manner led to conceive a Number (positive or negative) 
as being added to a Line,t when it is added (according to rules already estab- 
lished) to that right quotient (132), of which the /ine is the Index. In symbols, 
we are thus led to establish the formula, 


fT igeasda; when iio gaa ae 


whatever scalar, and whatever vector, may be denoted by a and a. And 
because either of these two parts, or summands, may vanish separately, 
we are entitled to say, that both Scalars and Vectors, or Numbers and 
Lines, are included in the Conception of a Quaternion, as now enlarged or 
modified. 

293. Again, the same symbolical identification of Iv with v (286, VIII.) 
leads to the forming of a new conception of an Unit-Line, or Unit- Vector (129), 
as being also a Right Versor (153); or an Operator, of which the effect is to 
turn a line, in a plane perpendicular to itself, through a positive quadrant of 
rotation: and thereby to oblige the Operand-Line to take a new direction, at 
right angles to its old direction, but without any change of length. And then 
the remarks (154) on the equation g?=-1, where g was a right versor in the 
JSormer sense (which is still a permitted one) of its being a right radial quotient 


* Compare the Note to page 193. 

ft On account of this possibility of conceiving a quaternion to be the swm of a number and a line, 
it was at one time suggested by the present author, that a Quaternion might also be called a Gram- 
marithm, by a combination of the two Greek words ypauun and api0uds, which signify respectively a 
Line and a Number, 
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(147), or the quotient of two equally long but mutually rectangular lines, become 
immediately applicable to the interpretation of the equation, 


pl ore pt el 0 (282, ORV). 


where p is still an untt-vector. 
(1.) Thus (comp. fig. 41, p. 132), if a be any line perpendicular to such a 
vector p, we have the equations, 


I...pa=B; I1...p'a=pG=a'=-a; 


B being another line perpendicular to p, which is, at the same time, at right 
angles to a, and of the same length with it; and from which a third line a’, 
or — a, opposite to the line a, but still equally long, is formed by a repetition of 
the operation, denoted by (what we may here call) the characteristic p; or 
having that wnit-vector p for the operator, or instrument employed, as a sort of 
handle, or axis* of rotation. 

(2.) More generally (comp. 290), if a, B, y be any three lines at right 
angles to each other, and if the Jength of y be numerically equal to the 
product of the lengths of a and [3, then (by what precedes) the dine y represents, 
or constructs, or is equal to, the product of the two other lines, at least if a certain 
order of the factors (comp. 279) be observed: so that we may write the equa- 
tion (comp. 281, XXI.), 


ab=ys to UN... pd. Le yt band Vo, da. ply, 


provided that the rotation round a, from B to y, or that round y from a to p, 
&c., has the direction taken as the positive one. 

(3.) In this more general case, we may sti/J conceive that the muiltipher- 
line a has operated on the multiplicand-line 3, so as to produce (or generate) the 
product-line y; but not now by an operation of version alone, since the tensor 
of 6 is (generally) multiplied by that of a, in order to form, by V., the ¢exsor 
of the product y. 

(4.) And if (comp. fig. 41, dis, in which a was first changed to B, and 
then to a’) we repeat this compound operation, of tension and version combined 
(comp. 189), or if we multiply again by a, we obtain a fourth line 3’, in the 
plane of 23, y, but with a direction opposite to that of B, and with a length 
generally different: namely the line, 


VI... ay=acB=aB=fP’=-@B, if a=Ta. 


* Compare the second Note to page 137. 
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(5.) The operator a’, or aa, is therefore equivalent, in its effect on (3, to the 
negative scalar, —a*, or —(Ta)’, or - Na, considered as a coefficient, or as a 
(scalar) multiplier (15): whence the equation, 


Wien NgiOs a) 


may be again deduced, but now with a new interpretation, which is, however, 
as we see, completely consistent, in all its consequences, with the one first pro- 
posed (282). 


SECTION 6. 


@n the Interpretation of a Product of Three or more Vectors, 
as a Quaternion. 


294. There is now no difficulty in interpreting a ternary product of vectors 
(comp. 277, I.), or a product of more vectors than three, taken always in some 
given order; namely, as the result (289, I.) of the substitution of the corre- 
sponding right quaternions in that product: which rvesw/t is generally what we 
have lately called (276) an Oblique Quotient, or a Quaternion with either an 
acute or an obtuse angle (130); but may degenerate (131) into a scalar, or may 
become ‘ttse/f a right quaternion (132), and so be constructed (289, II.) by a 
new vector. It follows (comp. 281), that Multiplication of Vectors, like that of 
Quaternions (223), in which indeed we now see that it is included, is an Asso- 
ciative Operation: or that we may write generally (comp. 228, II.), for any 
three vectors, a, [3, y, the Formula, 


Le yaa = od. 
(1.) The formule 223, III. and IV., are now replaced by the following : 
IT. ..V.yVBa = aSBy - BS8ya; 
IIT... VyBa = aSBy - BSya + ySaf3 ;* 


in which Vy(a is written, for simplicity, instead of V(yGa), or V.yBa; and 
with which, as with the earlier equations referred to, a student of this Calculus 
will find it useful to render himself very familiar. 


* [On account of the importance of these formule, it is worth while to notice that, using the 
principles of the present Book, 


VyBa = 3 (1 — K) yBa = $ (ya + aBy) = dy (Ba + a8) — (ya + wy) B 
+ ga (yB + By) = ySaB — BSya+ aSBy.] 
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(2.) Another useful form of the equation IT. is the following : 
IV...V (Va. y) = aSBy - PSya. 
(3.) The equations IX. X. XIV. of 223 enable us now to write, for any 
three vectors, the formula: 
V...S8yBa =—-SaBy = SayB =- SB ya = SBay = - SyaB 
= + volume of parallelepiped under a, 23, y, 
=+6 x volume of pyramid OABC; 
upper or lower signs being taken, according as the rotation round a from 3 
to y is positive or negative: or in other words, the scalar SyBa, of the ternary 
product of vectors yBa, being positive in the first case, but negative in the 
second. 


(4.) The condition of complanarity of three vectors, a, (3, y, is therefore 
expressed by the equation (comp. 223, XI.) : 


VI... 8y8a=0; or VI...Sapy=0; &e. 
(5.) Ifa, B, y be any three vectors, complanar or diplanar, the expression, 
VII. ..8=a8SPy - BSya, 
gives VE Syo=0, and. IX. SaGe— 0; 


it represents therefore (comp. II. and IV.) a fourth vector 6, which is perpen- 
dicular to y, but complanar with a and (3: or in symbols, 


KX. Sly, and XI...d|lla, p. 


(Compare the notations 123, 129.) 
(6.) For any four vectors, we have by II. and IV. the transformations, 


| XII. ..V (Va . Vy8) = SaBy — ySaBe; 

XIII... V (Va . Vy8) = aSByd - BSay6; 
and each of these three equivalent expressions represents a fifth vector ¢, which 
is’at once complanar with a, 8, and with y, 8; or a /ive ox, which is in the 
intersection of the two planes, OAB and OcD. 


(7.) Comparing them, we see that any arbitrary vector p may be expressed 
as a linear function of any three given diplanar vectors, a, (3, y, by the formula : 


hed ye pSaBby = aSPyp aa BSyap 5 ySaBp ’ 


which is found to be one of extensive utility. 
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(8.) Another very useful formula, of the same kind, is the following: 
XV... pSaBy = VBy .Sap + Vya.SBo + VaB .Syp ; 


in the second member of which, the points may be omitted.* 

(9.) One mode of proving the correctness of this last formula XV., is 
to operate on both members of it, by the three symbols, or characteristics of 
operation, 


VE ae ao, ey: 
the common results on both sides being respectively the three scalar products, 
XVII...S8ap.SaBy, SSp.SaBy, Syp.SaBy; 


where again the points may be omitted. 

(10.) We here employ the principle, that if the three vectors a, 3, y be 
actual and diplanar, then no actual vector X can satisfy at once the three scalar 
equations, 


AVILES. at=0; SON =0 ye 


because it cannot be perpendicular at once to those three diplanar vectors. 
(11.) If, then, in any investigation with quaternions, we meet a system 
of this form XVIII., we can at once infer that 


XIX...4=0, if XX...SaBy 70; 


while, conversely, if A be an actual vector, then a, 3, y must be complanar 
vectors, or Say = 0, as in VI’. 

(12.) Hence also, under the same condition XX., the three scalar equa- 
tions, 


XXII... Sad = Sap, SBA = SBu, SyA = Syp; 
p06. 1 Eee Coe 


give 


(13.) Operating (comp. (9.)) on the equation XV. by the symbol, or 
characteristic, 8.8, in which 6 is any new vector, we find a result which may 
be written thus (with or without the points) : 


>.O.4 iF ..0= Sap A SByd = SBp ° Syéa 3h Syp ° Séa = Sdp A SaBy 3 


where a, 23, y, 8, p may denote any five vectors. 


* [Another method of proving XIV. is to assume p=ca+yB+zy. Operating by S.VBy, SByp 
= aSaBy; and similar expressions may be found for y and z. To prove XV. assume p= a’VBy 
+ y'Vya+2’VaB, and operate in turn by S.a, 8.6, and S.y¥]. 


2X2 
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(14.) In drawing this last inference, we assume that the equation XV. 
holds good, even when the three vectors, a, 3, y are complanar: which in fact 
must be true, as a limit, since the equation has been proved, by (9.) and (12.), 
to be valid, if y be ever so little out of the plane of a and 3. 


(15.) We have therefore this new formula: 
XXIV...VBySap + VyaSBp + VaBSyp=0, if SaBy=0; 
in which p may denote any fourth vector, whether in, or out of, the common 


plane of a, , y. 


(16.) If p be perpendicular to that plane, the last formula is evidently true, 
each term of the first member vanishing separately, by 281, (7.); and if we 
change p to a vector 6 in the plane of a, 3, y, we are conducted to the follow- 
ing equation, as an interpretation of the same formula XXIYV., which expresses 
a known theorem of plane trigonometry, including several others under it: 


XX YV...sin BOC. COS AOD + SiN COA . COS BOD + sin AOB. cos CoD = 0, 


for any four complanar and co-initial lines, OA, OB, OC, OD. 
(17.) By passing from op to a line perpendicular thereto, but in their 
common plane, we have this other known* equation: 


XX VI...sin BoC sin AOD + sin COA sin BOD + sin AOB sin cop = 0; 


which, like the former, admits of many transformations, but is only mentioned 
here as offering itself naturally to our notice, when we seek to tnterpret the 
Jormula XXIV. obtained as above by quaternions. 


(18.) Operating on that formula by 8.6, and changing p to ¢, we have 
this new equation: 


XXVII. .. 0 = SacSPyd + SBeSyad + SyeSaSd, if SaPy = 0; 


which might indeed have been at once deduced from XXIII. 


(19.) The equation XIV., as well as XV., must hold good at the “mit, 
when a, (3, y are complanar; hence 


XXVIII... aSPyp + BSyap + ySaBp = 0, if Say = 0. 


* Compare page 20 of the Géométrie Supérieure of M. Chasles. 
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(20.) This last formula is evidently true, by (4.), if p be im the common 
plane of the three other vectors; and if we suppose it to be perpendicular to 
that plane, so that 


XXIX. .. p || VBy || Vya || Vaps, 
and therefore, by 281, (9.), since S(SPy.p) = 0. 
XXX... 8Byp = 8 (Vy - p) = VBy-p, &e, 
we may divide each term by p, and so obtain this other formula, 
XXXI...aVBy + BVya+yVaB=0, if SaBy'= 0. 


(21.) In general, the vector (292) of this last expression vanishes by IL. ; 
the expression is therefore equal to its own scalar, and we may write, 


XXXII... aVBy + BVya + yVa3 = 38aBy, 


whatever three vectors may be denoted by a, [3, y. 
(22.) For the case of complanarity, if we suppose that the three vectors are 
equally long, we have the proportion, 


XXXII... VBy: Vya: Vas = sin Boc: sin coA : sin AoB ; 
and the formula XX XI. becomes thus, 
XXXIV... 0A. sin BOC + OB. sin COA + OC. sin AOB = 0; 


where 0A, OB, ocare any three radii of one circle, and the equation is interpreted 
as in Articles 10, 11, &e. 

(23.) The equation XXIII. might have been deduced from XIYV., 
instead of XV., by first operating with S.6, and then interchanging 6 and p. 

(24.) A vector p may in general be considered (221) as depending™on three 
scalars (the co-ordinates of its term); it cannot then be determined by fewer 
than three scalar equations ; nor can it be eliminated between fewer than four. 

(25.) As an example of such determination of a vector, let a, 9, y be again 
any three given and diplanar vectors ; and let the three given equations be, 


XXXV...Sap=a, SBp=56, Syp=e; 


in which a, 6, ¢ are supposed to denote three given scalars. Then the sought 
vector p has for its expression, by XV., 


XXXVI... p =e" (aVBy + bVya + cVaB), if XXXVII...¢=SaBy. 
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(26.) As another example, let the three equations be, 
XXXVITT. ..86yp =a’, Syap=0', Sap =¢; 
then, with the same signification of the scalar e, we have, by XIV., 
XXXIX...p=el(va+ B+ cy). 


(27.) As an example of elimination of a vector, let there be the four scalar 


equations, 
XL...Sap=a, SBp=5, Syp=c, Sdp=a; 


then, by XXIII., we have this resulting equation, into which p does not enter, 
but only the four vectors, a .. 6, and the four scalars,a..d: 


XLI...a.SByé - 6. Syda + ¢.SdaB - d.SaBy = 0. 


(28.) This last equation may therefore be considered as the condition of con- 
currence of the four planes, represented by the four scalar equations XL., in one 
common point ; for, although it hasnot been expressly stated before, it follows 
evidently from the definition 278 of a binary product of vectors, combined2with 
196, (5.), that every scalar equation of the linear form (comp. 282, XVIII), 


XLIT...Sap=a,:or Spa =a, 


in which a=0a, and p= op, as usual, represents a plane locus of the point Pp; the 
vector of the foot s, of the perpendicular on that plane from the origin, being 


MLM. .0s—o = aha gr (ese XL). 


(29.) If we conceive a pyramidal volume (68) as having an algebraical (or 
scalar) character, so as to be capable of bearing either a positive or a negative 
ratio to the volume of a given pyramid, with a given order of its points, we may 
then omit the ambiguous sign, in the last expression (3.) for the scalar of a 
ternary product of vectors : and so may write, generally, oasc denoting such a 
volume, the formula, 


XLIV. .. SaBy = 6. oasc, 


= a positive or a negative scalar, according as the rotation round oa from oB to 
oc 1s negative or positive. 

(30.) More generally, changing o to p, and 0a ora to a— 0, &c., we have 
thus the formula : 


iV 6 - DABC=8 (a—6)(8 - 6) (y-8) = SaBy - SByé + Syéda - Sodas ; 


in which it may be observed that the expression is changed to its own opposite, 
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or negative, or is multiplied by — 1, when any two of the four vectors, a, B, y, 8, 
or when any two of the four points, A, B, C, D, change places with each other ; 
and therefore is restored to its former value, by a second such binary inter- 
change. 

(31.) Denoting then the new origin of a, 3, y, 6 by E, we have first, by 
XLIV., XLY., the equation, 


XLVI. . . DABC = EABC — EBCD + ECDA — EDAB; 
and may then write the result (comp. 68) under the more symmetric form 
(because — EBCD = BECD = &c.) : 
XLVII. .. pcDE+ CDEA + DEAB + EABC + ABCD = 0; 
in which A, B, c, D, E may denote any five points of space. 


(32.) And an analogous formula (69, III.) of the First Book, for any six 
points OABCDE, namely the equation (comp. 65, 70), 


XLVIII. .. 0a. BcDE+ OB. CDEA + 0C. DEAB + OD. EABC+0E. ABCD = 0, 


in which the additions are performed according to the rules of vectors, the 
volumes being treated as scalar coefficients, is easily recovered from the fore- 
going principles and results. In fact, by XLVIL., this last formula may be 
written as 

XLIX. .. ED. EABC = EA.EBCD + EB. ECAD + EC. EABD; 


or, substituting a, 9, y, 6 for EA, EB, EC, ED, as 
Sian dsaPy = aSPyo * BSyad = ySaBe ; 


which is only another form of XIV., and ought to be familar to the 
student. 


(33.) The formula 69, II. may be deduced from XXXI. by observing 
that, when the three vectors a, (3, y are complanar, we have the proportion, 


LI... VBy: Vya: VaB: V (By + ya + a3) = OBC: OCA: OAB: ABC, 


if signs (or algebraic or scalar ratios) of areas be attended to (28, 63); and the 
formula 69, I., for the case of three collinear points A, B, Cc, may now be 
written as follows: 


LI... a(B-y) + Bly-a)+y (a- B) =2V (By + ya+ a8) 
= 2V (B-a)(y-a) = 0, 


if the three coinitial vectors a, 3, y be termino-collinear (24). 


344 ELEMENTS OF QUATERNIONS. (TIT. 1. § 6. 


(34.) The case when four coinitial vectors a, (3, y, 8 are termino-complanar 
(64), or when they terminate in fowr complanar points A, B, C, D, is expressed 
by equating to zero the second or the third member of the formula XLV.* 

(35.) Finally, for ternary products of vectors in general, we have the 
formula : 


LoL EE a°(3?y? - (Say)? ai (Vaf3y)’ = (aSpy 7m BSya # ySa[3)? 
= a° (Spy)? + 8? Sya)’ + y* (Saf)? — 28BySya8aB.t 

295. The identity (290) of a right quaternion with its index, and the con- 
ception (298) of an wnit-line as a right versor, allow us now to treat the three 
important versors, 7, 7, /, as constructed by, and even as (in our present view) 
identical with, their own axes; or with the three lines o1, 03, oK of 181, con- 
sidered as being each a certain instrument, or operator, or agent in a right 
rotation (293, (1.) ), which causes any line, in a plane perpendicular to itself, 
to turn in that plane, through a positive quadrant, without any change of its 
length. With this conception, or construction, the Laws of the Symbols wk 
are still included in the Fundamental Formula of 183, namely, 


Pa) ak yo be (A) 


and if we now, in conformity with the same conception, transfer the Standard 
Trinomial Form (221) from Right Quaternions to Vectors, so as to write 
generally an expression of the form, 


I... p=it+yyt+hks, or V...a=ia+yb + ke, &., 


where ayz and abe are scalars (namely, rectangular co-ordinates), we can 
recover many of the foregoing results with ease: and can, if we think fit, 
connect them with co-ordinates. 

(1.) As to the Jaws (182), included in the Fundamental Formula A, the law 
 =—1, &., may be interpreted on the plan of 293, (1.), as representing the 
reversal which results from two successive quadrantal rotations. 

(2.) The two contrasted laws, or formule, 


pak eek (182, IT. and IIT.) 


may now be interpreted as expressing, that although a positive rotation through 
a right angle, round the line i as an axis, brings a revolving line from the position 
J to the position k, or +k, yet, on the contrary, a positive quadrantal rotation 
round the line j, as a new axis, brings a new revolving line from a new initial 


* [And the equation of the plane aBpcis SpV PY + ya + aB) = SaBy. | 
t [Since Kapy = — yBa.] 
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position, i, to a new final position, denoted by — k, or opposite* to the old final 
position, + f. 

(3.) Finally, the law ak = - 1 (183) may be interpreted by conceiving, 
that we operate on a line a, which has at first the direction of + 7, by the three 
lines, k, 7, i, in succession; which gives three new but equally long dines, 3, y, 0, 
in the directions of — 7, +, — y, and so conducts at last to a line — a, which 
has a direction opposite to the initial one. 

(4.) The foregoing laws of 7k, which are all (as has been said) included 
(184) inthe Formula A, when combined with the recent expression I. for p, 
give (comp. 222, (1.) ) for the square of that vector the value: 


Ee are p= (ix + 7y + kz)? = (a? ate he + 8°); 


this square of the line p is therefore equal to the negutive of the square of its 
length 'I'p (185), or to the negative of its norm Np (273), which agrees with 
the former resultt 282, (1.) or (2.). 

(5.) The condition of perpendicularity of the two lines p and a, when they 
are represented by the two trinomials I. and I’., may be expressed (281, 
XVIII.) by the formula, 


III... 0 = Sap = —- (ax + by + 3) ; 
which agrees with a well-known theorem of rectangular co-ordinates. 


(6.) The condition of complanarity of three lines, p, p’, p’, represented by 
the trinomial forms, 


IV...p=t+jy+iks, p =tr + &e, p’= ix’ + &e. 
is (by 294, VI.) expressed by the formula (comp. 228, XIII.), 


V...0=Sp"p’p = a” (2'y — y's) + y” (a's — #'x) + 8” (ya -2’y); 
agreeing again with known results. 
(7.) When the three lines p, p’, p”, or op, op’, oP”, are not in one plane, the 
recent expression for Sp’’p’p gives, by 294, (3.), the volume of the parallelepiped 


* In the Lectures, the three rectangular unit-lines, i, j, k, were supposed (in order to fix the con- 
ceptions, and with a reference to northern latitudes) to be directed, respectively, towards the south, 
the west, and the zenith; and then the contrast of the two formule, ij = +h, Ji = — k, came to be 
illustrated by conceiving, that we at ove time turn a moveable line, which is at first dir Bilad westward, 
round an axis (or handle) directed towards the sowth, with a right-handed (or screwing) motion, through 
a right angle, which causes the line to take an noha position, as its final one; and that at another 
time we operate, ina precisely similar manner, ona line directed at first southward, with an axis 


directed to the west, which obliges this new line to take finally a downward (instead of, as before, an 
wpuard) direction. 


¢ Compare also 222, IV. 
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(comp. 2238, (9.)) of which they are edges; and this volume, thus expressed, is 
a positive or a negative scalar, according as the rotation round p from p’ to p” is 
itself positive or negative: that is, according as it has the same direction as 
that round + # from+y to + 2 (or round 7 from / to k), or the direction 


opposite thereto. 
(8.) It may be noticed here (comp. 223, (13.)), that if a, B, y be any 
three vectors, then (by 294, III. and V.) we have : 


VI... SaBy = - SyBa = 3 (aBy - ya) ; 
VII... VaBy =+ VyBa = 4 (aBy + yBa). 
(9.) More generally (comp. 223, (12.) ), since a vector, considered as repre- 


senting a right quaternion (290), is always (by 144) the opposite of its own 
conjugate, so that we have the important formula,* 


VIII... Ka=-a, and therefore IX... Klla=+ Ila, 
we may write for any number of vectors, the transformations, 
Xo pila =+ Sie — 4( a 11 a), 
RV Vilae=a Vo lar hl a), 


upper or lower signs being taken, according as that number is even or odd: it 
being understood that 
Oh ee oie yon, if Ila =aBy... 
(10.) The relations of rectangularity, 
Pelle AR ON Ae Oe I, ee A 1 Ax. a, 


which result at once from the definitions (181), may now be written more 
briefly, as follows: 


9.46 Ree ne Oe aay eel ek ems col in oe 


and similarly in other cases, where the aves, or the planes, of any two right 
quaternions are at right angles to each other. 

(11.) But, with the notations of the Second Book, we might also have 
written, by 123, 181, such formula of complanarity as the following, Ax.,||| ¢, 
to express (comp. 225) that the aais of 7 was a line in the plane of ¢; and it 
might cause some confusion, if we were now to abridge that formula to ||] @. 


* If, in like manner, we interpret, on our present plan, the symbols Ua, Ta, Na as equivalent to 
UI-1a, TI-'a, NI-1a, we are reconducted (compare the Notes to page 137) to the same signification of 
those symbols as before (155, 185, 273); and it is evident that on the same plan we have now, 


Sa =0, Va=a. 
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In general, it seems convenient that we should not henceforth employ the 
sign |||, except as connecting either symbols of three lines, considered still as 
complanar ; or else symbols of three right quaternions, considered as being col- 
linear (209), because their indices (or axes) are complanar : or finally, any two 
complanar quaternions (123). 

(12.) On the other hand, no inconvenience will result, if we now insert 
the sign of parallelism, between the symbols of two right quaternions which 
are, in the former sense (123), comp/lanar ; for example, we may write, on our 
present plan, 

KVe sc will owl oak |e 
if yz be any three scalars. 

296. There are a few particular but remarkable cases, of ternary and other 
products of vectors, which it may be well to mention here, and of which some 
may be worth a student’s while to remember: especially as regards the 
products of successive sides of closed polygons, inscribed in circles, or in spheres. 

(1.) If a, B, c, D be any four concircular points, we know, by the sub- 
articles to 260, that their anharmonic function (ascp), as defined in 259, (9.), 
is scalar ; being also positive or negative, according to a law of arrangement ot 
those four points, which has been already stated. 

(2.) But, by that definition, and by the scalar (though negative) character 
of the square of a vector (282), we have generally, for any plane or gauche 
quadrilateral ancp, the formula: | 


I... e’ (aBcb) = AB. Bc. cD. DA = the continued product of the four sides ; 


in which the coefficient e is a positive scalar, namely the product of two nega- 
tive or of two positive squares, as follows: 
II... e = Bc’. pa? = Bo’. pa? > 0. 
(3.) If then azcp be a plane and inscribed quadrilateral, we have, by 
260, (8.), the formula, 
Ill... ap.peo.cp.DA=a positive or negative scalar, 


according as this quadrilateral in a circle is a crossed or an uncrossed one. 

(4). The product aBy of any three complanar vectors is a vector, because its 
scalar part Sapy vanishes, by 294, (3.) and (4.); and if the factors be three 
successive sides AB, BC, cD of a quadrilateral thus cénscribed in a circle, their 
product has either the direction of the fourth successive side, DA, or else the 
opposite direction, or in symbols, 

EW 2. ABs BC. Ch DAL> Or < 0, 
according as the quadrilateral apcp is an wncrossed or a crossed one. 
> as 
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(5.) By conceiving the fourth point p to approach, continuously and inde- 
finitely, to the first point a, we find that the product of 
the three successive sides of any plane triangle, ABC, is given 
by an equation of the form: oe: 


Vi ABS RUACR = AT 


Av being a /ine (comp. fig. 63) which touches the circum- 
scribed circle, or (more fully) which touches the segment 
Asc of that circle, at the point a; or represents the 
initial direction of motion, along the circumference, from a through B to c: while 
the /ength of this tangential product line, at, is equal to, or represents, with the 
usual reference to an unit of length, the product of the lengths of the three sides, 
of the same inscribed triangle anc. 

(6.) Conversely, if this theorem respecting the product of the sides of an 
inscribed triangle be supposed to have been otherwise proved, and if it be 
remembered, then since it will give in like manner the equation, 


Fig. 63. 


Vivo wh. CU. DA. = AU, 


if p be any fourth point, concircular with a, B, c, while Au is, as in the annexed 
figures 63, a tangent to the new segment acd, We can 
recover easily the theorem (3.), respecting the product 
of the sides of an inscribed quadrilateral; and thence 


c 
can return to the corresponding theorem (260, (8.) ), : . ve 
nee 
T A U 


D 


respecting the anharmonic function of any such figure 
ABcD: for we shall thus have, by V. and VI., the 
equation, 


Fig. 63 dis. 


VII... AB. BC.cD.DA = (AT. AU):(CA. AC), 


in which the divisor ca.ac or N.ac, or ac’, is always positive (282, (1.)), but 
the dividend av.au is negative (281, (9.)) for the case of an wncrossed quadri- 
lateral (fig. 63), being on the contrary positive for the other case of a crossed 
one (fig. 63, 07s). 

(7.) If p be any point on the circle through a given point a, which 
touches at a given origin o a given line or = 7, as represented in fig. 64, we 
shall then have by (5.) an equation of the form, 


Vikiites Ok. AE U PO So: OF; 


ict cat CA AT _ AB 
[or directly by Euclid uv rigors ae Salaried =| 
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in which w is some scalar coefficient, which varies with the position of p. 
Making then oa = a, and op = p, as usual, we 
shall have 

PX, a(p —a)p=~- 27, 
or 

EX Op = a eer cap, 


EX Nips = Nrans 


and any one of these may be considered as a form 
of the equation of the circle, determined by the 
given conditions. 


or 


(8.) Geometrically, the last formula [X”. expresses, that the line p - a, 
or Rp — Ra, or a’P’ (see again fig, 64), if oa’ = at = Ra = R. oa, and 
op’ = p'=R. op, is parallel to the given tangent r at 0; which agrees with 
fig. 58, and with Art. 260. 

(9.) If B be the point opposite to o upon the circle, then the diameter op, 
or B, as being L 7, so that 7/3"! is a vector, is given by the formula, 


Nias OL Vas, On ak poe ele rae 


in which the tangent r admits, as it ought to do, of being multiplied by any 
scalar, without the value of 3 being changed. 
(10.) As another verification, the last formula gives, 


XI... op = TB = Ta: TVUra" = oa: sin aor. 


(11.) Ifa quadrilateral oanc be not inseriptible in a circle, then whether it 
be plane or gauche, we can always circumscribe (as in fig. 65) two circles, oAB 
and osc, about the ¢wo triangles, formed by drawing the diagonal op; and 
then, on the plan of (6.), we can draw two tangents 
OT, ov, to the two segments OAB, OBC, 80 as to repre- 
sent the two ternary products, 


OA.AB.BO, and OB.BC.CO; 
after which we shall have the quaternary product, 


XII... 0A.AB.BC.CO = OT. OU: 0B’; 


where the divisor, op’, or Bo. oB, or N. o, is a 
positive scalar, but the dividend or. ov, and therefore 


also the quotient in the second member, or the product in the first member, is a 
quaternion. 


Fig. 65. 
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(12.) The avis of this quaternion is perpendicular to the plane tou of the 
two tangents ; and therefore to the plane itself of the quadrilateral oanc, if that 
be a plane figure; but if it be gauche, then the axis is normal to the circum- 
scribed sphere at the point o: being also in all cases such, that the rotation 
round it, from or to ov, is positive. 


(13.) The angle of the same quaternion is the supplement of the angle rou 
between the two tangents above mentioned ; it is therefore equal to the angle 
vor, if ov’ touch the new segment ocg, or proceed in a new and opposite direc- 
tion from o (see again fig. 65) ; it may therefore be said to be the angle between 
the two arcs, oAB and ocs, along which a point should move, in order to go from o, 
on the two circumferences, fo the opposite corner B of the quadrilateral oaxc, 
through the two other corners, a and c, respectively: or the angle between the 
arcs OCB, OAB. 


(14.) These results, respecting the avis and angle of the product of the four 
successive sides, of any quadrilateral oaxc, or ABCD, apply without any modifi- 
cation to the anharmonic quaternion (259, (9.)) of the same quadrilateral ; and 
although, for the case of a quadrilateral in a circle, the axis becomes indeter- 
minate, because the quaternary product and the anharmonic function degene- 
rate together into scalars, or because the figure may then be conceived to be 
inscribed in indefinitely many spheres, yet the angle may still be determined by | 
the same rule as in the general case: this angle being = 7, for the inscribed 
and wnerossed quadrilateral (fig. 63); but = 0, for the inscribed and crossed 
one (fig. 63, ccs). 


(15.) For the gauche quadrilateral oasc, which may always be conceived 
to be inscribed ix a determined sphere, we may say, by (18.), that the angle of 
the quaternion product, Z (OA. AB. BC. CO), is equal to the angle of the lunule, 
bounded (generally) by the two ares of small circles oaB, ocB; With the same 
construction for the equal angle of the anharmonic, 


Z(OAnG), Or Z(OA SAB. BC : 00). 


(16.) It is evident that the general principle 223, (10.), of the permissibility 
of cyclical permutation of quaternion factors under the sign 8, must hold good 
for the case when those quaternions degenerate (294) into vectors; and it is 
still more obvious, that every permutation of factors is allowed, under the 
sign T': whence cyclical permutation is again allowed, under this other sign SU ; 
and consequently also (comp. 196, XVI.) under the sign 2. 
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(17.) Hence generally, for any four vectors, we have the three equations, 


XIII... SaBy8=SBy8a; XIV. . . SUaBy3 = SUBy8a; 
DO a A aDpyd = LByéa; 


and in particular, for the successive sides of any plane or gauche quadrilateral 
ABCD, we have the four equal angles, 


Niwa. 7 (An. BO. CD, DA) — ARG, CDE DA. ABI = Gos. 
with the corresponding equality of the angles of the four anharmonices, 
XVII... Z(asep) = Z (sepa) = Z (cpAB) = Z (paBc); 
or of those of the four reciprocal anharmonics (259, X VII.), 
XVII’... 4 (apes) = Z (BapDc) = Z (cBAD) = Z (Desa). 


(18.) Interpreting now, by (13.) and (15.), these last equations, we derive 
from them the following theorem, for the plane, or for space :— 

Let ascp be any four points, connected by four circles, each passing through 
three of the points: then, not only is the angle at a, between 
the arcs ABC, ADC, equal to the angle at c, between cba and cBA, 
but also it is equal (comp. fig. 66) to the angle at B, between 
the two other arcs BcD and BAD, and to the angle at v, between 
the arcs DAB, DCB. ) 

(19.) Again, let aBcpE be any pentagon, inscribed in a 
sphere; and conceive that the two diagonals ac, AD are drawn. 
We shall then have three equations, of the forms, 


C 


‘AS 
Fig. 66. 


XVIII... aB.BC.CA=AT; AC.CD.DA=AU3 AD.DE.EA=AY; 


where AT, AU, AV are three tangents to the sphere at a, so that their product 
is a fourth tangent at that point. But the equations XVIII. give 


AIX.) AW. BC. Cb: DE. FA = (Aw AU. AV) (40°: AD) 


= AW =a new vector, which touches the sphere at a. 


We have therefore this Theorem, which includes several others under it :— 


“The product of the five successive sides of any (generally gauche) pentagon 
inscribed in a sphere, is equal to a tangential vector, drawn from the point at which 
the pentagon begins and ends.” 
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(20.) Let then p be a point on the sphere which passes through o, and 
through three given points A, B, GC; we shall have the equation, 


XX...0=S(oa.aB. Bc. cp. Po) = Sa(B —- a) (y-) (0 - y) (~p) 
= a SByp + P’Syap + y’SaBp — p*SaBy. 
(21.) Comparing with 294, XIV., we see that the condition for the four 


co-initial vectors a, 3, y, p thus terminating on one spheric surface, which 
passes through their common origin 0, may be thus expressed : 


XXI...ifp=eatyB+ey, then p= 2a? + yf? + ay’. 

(22.) If then we project (comp. 62) the variable point Pp into points 
A‘, BY, con the three given chords oa, 0B, oc, by three planes through that 
point Pp, respectively parallel to the planes Boc, coa, AoB, we shall have the 


equation : 
Do Lh 0P = 04 204 208 OB + OG 0c: 


(23.) That the equation XX. does in fact represent a spheric locus for the 
point pP, is evident from its mere form (comp. 282, (10.)); and that this sphere 
passes through the four given points, 0, A, B, c, may be proved by observing 
that the equation is satisfied, when we change p to any one of the four 
vectors, 0, a, B, y- 

(24.) Introducing an auvriliary vector, op or 6, determined by the equation, 


XXIII... dSaBy = a VBy + B’Vya + y’ Vas, 
or by the system of the three scalar equations (comp. 294, (25.) ), 
XXIV...a’=S8da, B’=S8dP, y'* = Séy, 
or XXIV nea =tea- = hey — 1, 
the equation XX. of the sphere becomes simply, 
DOV sp = opp Olt ROR VA ea Ops LG 


so that p is the point of the sphere opposite to 0, and 8 is a diameter (comp. 
Zon, Les and: L96..(6.))i 

(25.) The formula XXITII., which determines this diameter, may be 
written in this other way : 


XX VI... dSafsy = Va(B- a) (y -B) 7; 
or AX VI... 6 OABC.0D =— V (OA. ABs BC .-CO) 3 


where the symbol oaxzc, considered as a coefficient, is interpreted as in 294, 


Arr. 296. | FORMS OF THE EQUATION OF A SPHERE. 353 


XLIV.; namely, as denoting the volume of the pyramid oaxBc, which is here 
an inscribed one. 

(26.) This result of calculation, so far as it regards the direction of the 
axis of the quaternion 0A. AB. BC. CO, agrees with, and may be used to confirm, 
the theorem (12.), respecting the product of the successive sides of a gauche 
quadrilateral, oaBc; including the rule of rotation, which distinguishes that 
axis from its opposite. 

(27.) The formula XXIII. for the diameter 6 may also be thus written : 


RXV ITE oO Ba Boye] Vib 7 + yar a? 7) 
= VB =e) (7 - ); 
and the equation XX. of the sphere may be transformed to the following: 
XXVIII...0=8 (67 - a") (y1- a) (ot - a"); 
which expresses (by 294, (34.), comp. 260, (10.)), that the four reciprocal 


vectors, 

XXIX. .. 0A’ =a’ =a", OB = es — (oa oC =7=y7', OP’ = p =p"; 
are termino-complanar (64); the plane a’B’c’P’, in which they all terminate, 
being parallel to the tangent plane to the sphere at 0: because the perpendicular 
let fall on this plane from o is 

.@.0. Cee en Ey 
as appears from the three scalar equations, 


MKT Seo hoe by oe 1. 


(28.) In general, if p be the foot of the perpendicular from o, on the piane 
ARC, then 


>. D4 0 Ree 6 = SaBy: V (By + ya + a3); 


because this expression satisfies, and may be deduced from, the three equa- 
tions, 


XOXKMUL, -dad! = Seer = Sh 


As a verification, the formula shows that the /ength TS, of this perpendicular, 
or altitude, op, 1s equal to the seatuple volume of the pyramid oasc, divided by 
the double area of the triangular base anc. (Compare 281, (4.), and 294, (3.), 
(93;).).- 

(29.) The equation XX., of the sphere oasc, might have been obtained by 


the elimination of the vector 8, between the four scalar equations XXIV. and 
XXYV., on the plan of 294, (27.). 
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(30.) And another form of equation of the same sphere, answering to the 
development of XX VIII., may be obtained by the analogous elimination of 
the same vector 6, between the four other equations, XXIV’. and XXV’. 

(31.) The product of any even number of complanar vectors is generally a 
quaternion with an axis perpendicular to their plane; but the product of the 
successive sides of a hexagon ABCDEF, or any other even-sided figure, inscribed in a 
circle, isa scalar: because by drawing diagonals ac, Av, A¥ from the /firs¢ (or Jast) 
point A of the polygon, we find as in (6.) that it differs only by a scalar coefficient, 
or divisor, from the product of an even number of tangents, at the first point. 

(32.) On the other hand, the product of any odd number of complanar 
vectors is always a line, in the same plane; and in particular (comp. (19.) ), 
the product of the successive sides of a pentagon, or heptagon, &c., inscribed in a 
circle, is equal to a tangential vector, drawn from the first point of that inscribed 
and odd-sided polygon: because it differs only by a scalar coefficient from the 
product of an odd number of such tangents. 

(33.) The product of any number of lines in space is generally a quaternion 
(289) ; and if they be the successive sides of a hexagon, or other even-sided 
polygon, inscribed in a sphere, the axis of this quaternion (comp. (12.)) is 
normal to that sphere, at the initial (or final) point of the polygon. 

(34.) But the product of the successive sides of a heptagon, or other odd- 
sided polygon in a sphere, is equal (comp. (19.) ) to a vector, which touches the 
sphere at the initial or final point; because it bears a scalar ratio to the 
product of an odd number of vectors, in the tangent plane at that point.* 

(35.) The equation XX., or its transformation XX VIII., may be called 
the condition or equation of homosphericity (comp. 260, (10.) ) of the five points 
0, A, B, Cc, P; and the analogous equation for the five points aBcpE, with 
vectors af3yce from any arbitrary origin 0, may be written thus: 

XXXIV...0=S(a- 3) (B-y) (y- 8) (6-«) (e-a); 
or thus XXXV... 0 = aa’ + 53? + cy’? + ded? + ee’, fF 


* [The inscription of polygons in a sphere is treated very fully in the ‘‘ Lectures.’’ If pi, pz, -.- pn 
are the vectors from the centre to the vertices, and if 1 = p2— pi, t2= p3— pz, &c. denote the vector 
sides, then by 213 (5.) pe=—apint, ps=—tepoet=ienpieti? and pn = pi=(—-)" 9g, 
where g=t,in-1.. i201. Hence pig = (—)"gpi; or when nis even piVg=Vq.pi or Vq|| pi; but 
when is odd the quaternion equation piSq + SpiVg = 0 affords the conditions Sg = 0 and 
SpiVq = 0, or g is a vector at right angles to pi. See Lecture VI., Art. 336.] 

t [On change of origin XXI. may be written in the form 


a(a—e)+b(B—e)+e(y—e)+d(S—e)=0, a(a—e)?+b(B—e€)? +¢(y—e€)? +a (5—)*=0. 
Introducing e defined by XXXIX., XXXV. and XXXVII. follow. Eliminating a, ), ¢, d, and ¢ 


from five equations connecting the squares of the mutual distances between the points, analogous to 
that here given, a determinant relation is at once found.] 
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six times the second member of this last formula being found to be equal to 
the second member of the one preceding it, if 
XXXVI...a=BCDE, 5=CDEA, C=DEAB, @=EABC, ¢= ABCD, 
or more fully, 
XXXVIT... 6a=8 (y - B)(8- B)(e-) =S (yoe- deB + eBy - By8), Ke. ; 


so that, by 294, XLVIII. and XLVII., we have also (comp. 65, 70) the 
equation, 
XXXVIII... 0 = aa + 08 + cy + dé + eg, 


with the relation between the coefficients, 
XXXIX...0=a+b+cidte, 


which allows (as above) the origin of vectors to be arbitrary. 

(36.) The equation or condition XX XV. may be obtained as the result of 
an elimination (294, (27.) ), of a vector x, and of a scalar g, between five scalar 
equations of the form 282, (10.), namely the five following, 


XL... a’-28ka+g=0, B?-28xcB+g=0,.. &-Wee+g=0; 


k being the vector of the centre K of the sphere ascp, of which the equation 
may be written as 


XLI... p?- 2Bxp+g =0, 
g being some scalar constant; and on which, by the condition referred to, the 
Jifth point & is situated. 


(37.) By treating this fifth point, or its vector «, as arbitrary, we recover 


the condition or equation of concircularity (3.), of the four points a, B, c, D; or 
the formula, 


XLIT...0= V (a-) (B-y) (y -—6) (6-a). 


(38.) The equation of the circle anc, and the equation of the sphere ABOD, 
may in general be written thus: 


XLII... 0 = V (a—) (8-7) (y-p) (e-@); 
XLIV... 0 =8 (a- 8) (B--y) (y-8) (8- p) (p-a); 
p being as usual the vector of a variable point Pp, on the one or the other Jocus. 
(39.) The equations of the tangent to the circle anc, and of the tangent 
plane to the sphere ancy, at the point a, are respectively, 
XLV... 0= V(a—) (8-4) (y- 4) (e-a), 
and XLVI... 0 = 8 (a- B) (B-y) (y= 8) (8-4) (p- a). 


2Z2 
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(40.) Accordingly, whether we combine the two equations XLIII. and 
XLV., or XLIV. and XLVI., we find in each case the equation, 
XLVII...(p-a)’?=0, giving p=a, or P=A(20); 


it being supposed that the three points a, B, c are not collinear, and that the 
Jour points, A, B, C, D are not complanar. 
(41.) If the centre of the sphere, ancp be taken for the origin o, so that 
XLVI. a =Bt=y eda, or XLIX.. “Ta-TG-Ty=Te=-r, 


the positive scalar 7 denoting the radius, then after some reductions we obtain 
the transformation, 


L. .. V (a-f) (8-4) (y- 8) (8- a) = 2u8 (B - a) (y - a) (3-0). 
(42.) Hence, generally, if x be, as in (36.), the centre of the sphere, we 
have the equation (comp. XX VI’.), 


Jil CY (Aneae..cp. DA) — 12K A. ABCD. 


(43.) We may therefore enunciate this theorem: 


‘« The vector part of the product of four successive sides, of a gauche quadri- 
lateral inscribed in a sphere, is equal to the diameter drawn to the initial point of 


the polygon, multiplied by the sextuple volume of the pyramid, which its four points 
determine.” | 


(44.) In effecting the reductions (41.), the following general formule of 
transformation have been employed, which may be useful on other occasions : 


LIT... ag+qa=2(aSq+Sga); LIT’... aga = a’ Ky + 2a8ga; 
where a may be any vector, and g may be any quaternion. 


eran 


SECTION 7. 
@n the Fourth Proportional to Three Diplanar Wectors. 
297. In general, when any four quaternions, q, y’, 7’, 9”, satisfy the 
equation of quotients, 
| T...g/ 39’ =9':49, 
or the equivalent formula, 
Ih...” = (of 39). =¢0'¢ ; 
we shall say that they form a Proportion; and that the fourth, namely q’”, is 
the Fourth Proportional to the Jirst, second, and third quaternions, namely to 
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q, 7, and q”’, taken in this given order, This definition will inc/ude (by 288) 
the one which was assigned in 226, for the fourth proportional to three com- 
planar vectors, a, PB, y, namely that fourth vector in the same plane, 6= Bay, 
which has been already considered; and it will enable us to interpret (comp. 
289) the symbol 
III... Baty, when y not ||| a, (3, 

as denoting not indeed a Vector, in this new case, but at least a Quaternion, 
which may be called (on the present general plan) the Fourth Proportional to 
these three Diplanar Vectors, a, 3, y. Such fourth proportionals possess some 
interesting properties, especially with reference to their vector parts, which it 
will be useful briefly to consider, and to illustrate by showing their connexion 
with spherical trigonometry, and generally with spherical geometry. 

(1.) Let a, B, y be (as in 208, (1), &c.) the vectors of the corners of a 
triangle ABC on the wnit-sphere, whereof the sides are a, 0, c; and let us write, 


(1 =cosa=S8yB7 =- SBy, 
IV...Jm=cosb= Say? =-Sya, 


\n =cosc=8Pa =—- Saf ; 
where it is understood that 


NS. ,ar Ss pay mile ore Vilee ba a al 
it being also at first supposed, for the sake of fixing the conceptions, that 
each of these three cosines, /, m, n, is greater than zero, or that each side of 
the triangle asc is less than a quadrant. 
(2.) Then, introducing three new vectors, 6, ¢, Z, defined by the equations, 
8= VBa"y = VyaB = mp +ny - la, 
VII. ..¢¢ = Vy a= VaBy =ny +la — mB, 
C= Vay'B= VBy'a=la +mB-ny, 
we find that these three derived vectors have all one common length, say 1, 
because they have one common norm; namely, 
VIII...Né=Ne={NZ=/?+ m+n? -2imn=?"; 
so that IX... Té=Te=TZ =r =f (0? + mm? +n? - Qimn). 
(3.) This common length, 7, is less than unity; for if we write, 
xX... SaBy = SBa"ly =e, 
we shall have the relation, 
XT oe a= NGatyead; 


and the scalar e is different from zero, because the vectors a, (3, y are diplanar. 
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(4.) Dividing the three lines 6, ¢, ¢ by their /ength, r, we change them to 
their versors (155, 156); and so obtain a new triangle, E 
DEF, on the unit-sphere, of which the corners are deter- 


B A 
mined by the three new unit-vectors, 
XII...o0=Ud=r"0; of = Ueer's; D : E 
On = UC=772. Fig. 67. 


(5.) The sides opposite to pb, E, F, in this new or derived triangle, are 
bisected, as in fig. 67, by the corners a, B, c of the old or given triangle; 
because we have the three equations, 

XI... e+G=2la; F4+8=2mB; S+e=2ny. 

(6.) Denoting the halves of the new sides by a’, b’, ¢ (so that the are 

EF = 2a’, &.), the equations XIII. show also, by IV. and IX., that 
XIV...cosa=rcosa’, cosb=rcosb’", cosc=recos¢ ; 
the cosines of the half-sides of the new (or bisected) triangle, DEF, are therefore 


proportional to the cosines of the sides of the old (or bisecting) triangle asc. 
(7.) The equations (LV.) give, by 279, (1.), 


XY... 2=- (By +B), 2n=-(yat+ay), 2n=-(aB + Ba); 
we have therefore, by VII., the three following equations between quaternions, 
RVI Scas=Ca,. o-oo, Veo -ey; 
which may also be thus written, 
XVI’...ca=al, C8=60, dy=ye, 


and express in a new way the relations of bisection (5.). 
(8.) We have therefore the equations between vectors, 


AN ie ee aca (Ooo a yey 
or XVIV’...g=aca', S=PZ3", e=ydy". 
(9.) Hence also, by V., or because a, 3, y are unit-vectors, 
XVIII...e=-ala, C=-PdB, d=-yey7; 
or XVIII’...g=-aea, 8=-P2B, e=-ydy. 
(10.) In general, whatever the length of the vector a may be, the first equa- 
tion XVII. expresses that the line « is (comp. 188) the reflewion of the line €, 


with respect to that vector a; because it may be put (comp. 279) under the 
form 


XIX. ..Zat=@e=Kea!, or XIX’... ea'= Ka". 
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(11.) Another mode of arriving at the same interpretation of the equation 
e=aZa', is to conceive ¢ decomposed into two summand vectors, 2’ and 2”, 
one parallel and the other perpendicular to a, in such a manner that 


BO. Gee Oe SAR at Ce AG |e Aare Ae Bar 
for then we shall have, by 281, (10.), the transformations, 
MX =o attal a Catt oe agte tes 
the parallel part of & being thus preserved, but the perpendicular part being 
reversed, by the operation a( ) a". 
(12.) Or we may return from < = aZa' to the form ea = aZ, that is, to the 


first equation XVI’.; and then this equation between quaternions will show, 
as suggested in (7.), that whatever may be the /ength of a, we must have, 


». 9.6 i eee T: = TZ, Ax.* ca = Ax. aZ, Lea=Z ac 


so that the two lines «, € are equally long, and the rotation from ¢ to a is equal 
to that from a to ¢; these two rotations being similarly directed, and in one 
common plane. 


(13.) We may also write the equations X VII. XVII’. under the forms, 
RMIT ec =a Ca; &e.s Ron Ta C= a ed, oe. 


(14.) Substituting this last expression for ¢ in the second equation X VIT’., 
we derive this new equation, 


MXIT. OS Gateag- : or PREV ema ood 
that is, more briefly, 
BOON 65 0 = eG ARG RON 7. eg gyal ON hug oo 
(15.) An expression of this form, namely one with such a symbol as 


PERN Tero (eqs 


for an operator, occurred before, in 179, (1.), and in 191 (5.); and was seen 
to indicate a conical rotation of the axis of the operand quaternion (of which the 
symbol is to be conceived as being written within the parentheses) round the axis 
of q, through an angle = 22 q, without any change of the angle, or of the tensor, 
of that operand; so that a vector must remain a vector, after any operation of 


* It was remarked in 291, that this characteristic Ax. can be dispensed with, because it admits of 
being replaced by UV ; but there may still be a convenience in employing it occasionally. 
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this sort, as being still a right-angled quaternion (290) ; or (comp. 228, (10.) ) 
because 


XXVIII... Sgpq? = 897 gp = Sp = 0. 


(16.) If then we conceive two opposite points, P’ and Pp, to be determined 
on the unit-sphere, by the conditions of being respectively the positive poles of 
the two opposite arcs, AB and BA, so that 


XXIX... op’ = Ax. Bat = Ax. g, and op=P’0=Ax.a8'=Ax. 7°, 


we can infer from XXIV. that the line op may be derived from the line ox, by a 
conical rotation round the line ov’ as an axis, through an angle equal to the double 
of the angle aop (if o be still the centre of the sphere). 

(17.) And in like manner we can infer from XXIV’. that the line ox 
admits of being derived from op, by an equal but opposite conical rotation, 
round the line op as a new positive avis, through an angle equal to twice the 
angle BoA. 

(18.) To illustrate these and other connected results, the annexed figure 68 
is drawn ; in which P represents, as above, the 
positive pole of the are Ba, and arcs are drawn 
from it to p, E, F, meeting the great circle 
through a and B in the points r,s, tr. (The 
other letters in the figure are not, for the 
moment, required, but their significations will © 


soon be explained.) 

(19.) This being understood, we see, first, 
that because the arcs EF and FD are bisected (5.) 
at A and B, the three arcual perpendiculars, Es, N 
FT, DR, let fall from £, F, D, on the great circle ue 
through A and ps, are equally long; and that 
therefore the point Pp is the interior pole of the small circle pxE¥’, if ¥’ be the 
point diametrically opposite to F: so that a conical rotation round this pole P, or 
round the ais op, would in fact bring the point p, or the line op, to the posi- 
tion , or OE, which is one part of the theorem (17.). 

(20.) Again, the guantity of this conical rotation, is evidently measured by 
the arc rs of the great circle with Pp for pole; but the bisections above mentioned 
give (comp. 165) the two arcual equations, 


XXX...ARB=nBT, nTA=nAs; whence XXXI...crs=2nBa, 


and the other part of the same theorem (17.) is proved. 
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(21.) The point r may be said to be the reflexion, on the sphere, of the 
point p, with respect to the point B, which bisects the interval between them ; and 
thus we may say that two successive reflexions of an arbitrary point upon a 
sphere (as here from p to F, and then from F to £), with respect to two given 
points (B and A) of a given great circle, are jointly equivalent to one conical 
rotation, round the pole (P) of that great circle; or to the description of an ere 
of a small circle, round that pole, or parallel to that great circle: and that the 
angular quantity (DPE) of this rotation is double of that represented by the are 
(Ba) connecting the two given points; or is the double of the angle (BPA), which 
that given are subtends, at the same pole (P). 

(22.) There is, as we see, no difficulty in geometrically proving this theorem 
of rotation: but it is remarkable how simply quaternions express it: namely by 
the formula, 


SOK Us ea eieeee = coe oe 


in which a, 3, p may denote any three vectors; and which, as we see by the 
points, involves essentially the associative principle of multiplication. 
(23.) Instead of conceiving that the point p, or the line op, has been 


reflected into the position F, or oF,with respect to the =e - 
° e e; ° ° e jected” ~~ 
point s, or to the line os, with a similar successive ae . 
. e Hi Ss} 
reflexion from ¥ to x, we may conceive that a point has { %34; AF) 
moved along a small semicircle, with B for pole, from p to SY oe y 
F, as indicated in fig. 69, and then along another small Fig. 69. 


semicircle, with a for pole, from F to £; and we see that the result, or effect, 
of these two successive and semicircular motions is equivalent to a motion along an 
are DE of a third small circle, which is parallel (as before) to the great circle 
through B and a, and has a projection Rs thereon, which (still as before) is 
double of the given arc BA. 

(24.) And instead of thus conceiving two successive arcual motions of a point 
D upon a sphere, or two successive conical rotations of a radius op, considered as 
compounding themselves into one resultant motion of that point, or rotation of 
that radius, we may conceive an analogous composition of two successive 
rotations of a solid body (or rigid system), round axes passing through a point o, 
which is fived in space (and in the body): and so obtain a theorem respecting 
such rotation, which easily suggests itself from what precedes, and on which 
we may perhaps return. 

(25.) But to draw some additional consequences from the equations VITI., 
&c., and from the recent fig. 68, especially as regards the Construction of the 
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Fourth Proportional to three diplanar vectors, let us first remark, generally, 
that when we have (as in 62) a linear equation, of the form 


da+ bBt+ey+dd=0, 


connecting four co-initial vectors a.. 6, whereof no three are complanar, then 
this fifth vector. 
e=da+ b3 =- cy - dd, 

is evidently complanar (22) with a, 3, and also with y, 6 (comp. 294, (6.) ); 
it is therefore part of the indefinite /ine of intersection of the plane aoB, con, of 
these two pairs of vectors. 

(26.) And if we divide this fifth vector « by the two (generally unequal) 
scalars, 

a+b, and -—c-d, 
the two (generally unequal) vectors, 
(aa + 63): (a+b), and (cy + dd): (e+), 


which are obtained as the quotients of these two divisions, are (comp. 25, 64) 
the vectors of two (generally distinct) points of intersection, of lines with planes, 
namely the two following: 

AB*ocD, and cD‘ OAB. 


(27.) When the éwo lines, AB and cp, happen to intersect each other, the two 
last-mentioned points coincide; and thus we recover, in a new way, the con- 
dition (63), for the complanarity of the four points o, A, B,C, or for the termino- 
complanarity of the four vectors a, B, y, 6; namely the equation 


at+b+c+d=)0, 


which may be compared with 294, XLV., and L. 
-(28.) Resuming now the recent equations VII., and introducing the new 
vector, 


XXXII... A = la —- mB = 4 (e - 9), 
which gives, 


XXXIV...S8yA=0, and XXXV...TAS/f(- 2) =rsind. 


we see that the two ares BA, DE, prolonged, meet in a point L (comp. fig. 68), 
for which on = UX, and which is distant by a quadrant from c: a result which 
may be confirmed by elementary considerations, because (by a well-known 
theorem respecting transversal arcs) the common bisector Ba of the two sides, 
DE and EF, must meet the third side in a point L, for which 


sin DL = sin EL. 
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(29.) To prove by quaternions this last equality of sines, and to assign their 
common value, we have only to observe that by XXXIII., 


XXXVI... VdA = Ved = $V8e; 
in which, Td\=TeAA=r? sine, and TVde=?' sin 2c; 
the sines in question are therefore (by 204, XIX.), 
XXXVI’... TVUSA = TVUaA = 3?’ sin 2c’: 7°? sinc = cose’. 
(30.) On similar principles, we may interpret the two vector-equations, 
XXXVII... VBA=lVBa, Var\=mVBa, 
in which XXXVIII... TA: TVGa=,~r sind: sin c= tance’ tanec, 
an equivalent to the trigonometric equations, 


tan CD GOS BC COs AC 
tan AB “Sin BL SI AL 


».@.©.€ B.C 


(31.) Accordingly, if we let fall the perpendicular ce on ax (see again 
fig. 68), so that Q bisects rs, and if we determine two new points M, N by the 
arcual equations, 

XL...9LM =n AB=nQR, OLN=n0OD, 


the arcs MR, ND will be quadrants; and because the angle at r is right by 
construction (18.), m is the po/e of pr, and pM isa quadrant; whence p is the 
pole of mn and the angle Lym is right: conceiving then that the arcs ca and 
cB are drawn, we have three triangles [Bce, aca, and LMN], right-angled at 
q and Nn, which show, by elementary principles, that the three trigonometric 
quotients in XX XTX. have in fact a common value, namely cos ca, or cos L. 
(32.) To prove this /ast result by quaternions, and without employing the 
auxiliary points M, N, Q@, R, we have the transformations, 
VBa VBa_m A g Ba _ _T rv 


Vee 8U yd ae ViGaie: yA VBa’ 


XLI... cost = SU 


because 


XLII... d=ny-A, e=nyt+dA, Vode=2nyrA, UVde=Uya, 


and 


LEE tee eee coma a 
sve (yA)? ee a 


it being remembered that \ L y, whence 
VyA=yrA=-dAy, (yAP=- 7? AV?=AN, SyAT= 0 


3A 2 
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(33.) At the same time we see that if p be (as before) the positive pole of 
BA, and if x, K’ be the negative and positive poles of px, while 1’ is the 
negative (as i is the positive) pole of ca, whereby all the letters in fig. 68 have 
their significations determined, we may write, 


XLIV...op=UVBa; ox’=yUA; ox=-yUA; on’ =-U); 
while oL = + UA, as before. 
(34.) Writing also, 
ALY...«=-yA, or A=yx, and pw=Pad, 
so that RLY... on Un ana om = Uy, 
we have XLVI... Bat. y=paAt. Ac? = pc; 


this fourth proportional, to the three equally long but diplanar vectors, a, B, y, is 
therefore a versor, of which the representative arc (162) is KM, and the repre- 
sentative angle (174) is KDM, or L’DR, or EDP; and we may write for this 
versor, or quaternion, the expressiou : 


XLVII... Bay = cos L’DR + OD. sin L’DR.* 


(35.) The double of this representative angle is the sum of the two base- 
angles of the isosceles triangle DPE; and because the two other triangles, EPF’, 
F’ pp, are also isosceles (19.), the Zune FF’ shows that this sum is what remains, 
when we subtract the vertical angle ¥, of the triangle pEF, from the sum of the 
supplements of the two base-angles p and & of that triangle; or when we 
subtract the sum of the three angles of the same triangle from four right angles. 
We have therefore this very simple expression for the Angle of the Fourth 
Proportional: 

XLVIII... 2 Baty =LpR=7-§(D+E+F). 

(36.) Or, if we introduce the area, or the spherical excess, say %, of the 

triangle DEF, writing thus 


XLIX... S=D+B+F-7, 
we have these other expressions: 
L...2@6aty=$r-45; LI... Bay =sin $3 +7170 cos $3; 
because op= Ud —7ae, aby. ALL. 


* [Since Bav'y . y . (Bav!y)"! = Ba! . y . (Bar!)-! = +’ suppose, c is brought to a point oc’ by a 
conical rotation round op or round op’ where P’ is the opposite of p (XXIX.). Hence c and c’ are 
the points of intersection of small circles whose poles are p and p’, and c’ is the reflexion of c to the 
great circle pp. ‘This shows that the angle of the quaternion Ba"'y is cpr. ] 
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(37.) Having thus expressed (ay, we require no new appeal to the 
figure, in order to express this other fourth proportional, ya“(3, which is the 
negative of its conjugate, or has an opposite scalar, but an equal vector part 
(comp. 204, (1.), and 295, (9.)): the geometrical difference being merely 
this, that because the rotation round a from f to y has been supposed to be 
negative, the rotation round a from y to (3 must be, on the contrary, positive. 

(38.) We may thus write, at once, 

LI... ya" = - KBa''y = - sin $2 + 18 cos $3; 
and we have, for the angle of this new fourth proportional, to the same three 
vectors a, 3, y, of which the second and third have merely changed places with 
each other, the formula: 
LITI... Zya"B = RpL=3(D+E+F) =3$7+ 32. 

(39.) But the common vector part of these two fourth proportionals is 6, by 

VII. ; we have therefore, by XI, 

LIV...7=cos4d; e=+sin3>; 
the upper sign being taken, when the rotation round a from 3 to y is nega- 
tive, as above supposed. 

(40.) It follows by (6.) that when the sides 2a’, 20’, 2c’, of a spherical 
triangle peF, of which the area is 3, are bisected by the corners a, B, C of 
another spherical triangle, of which the sides* are a, b, c, then 


LY... cosa: cosa’ = cos b: cos b’ = cose: cos c’ = cos $5. 


(41.) It follows also, from what has been recently shown, that the angle 
RDK, Or MDN, or the are MN in fig. 68, represents the semi-area of the bisected 
triangle DEF; whence, by the right-angled triangle LMN, we can infer that 
the sine of this semi-area is equal to the sine of a side of the bisecting triangle 
ABC, multiplied into the sine of the perpendicular, let fall upon that side from 
the opposite corner of the latter triangle; because we have 

LVI... sin $3 =sin MN = sin LM. sin L = sin AB. sin Ca. 


(42.) The same conclusion can be drawn immediately, by quaternions, 
from the expression, 
LVII. .. sin 33 =e =SaBy =S(VBa.y") = TVBa. SU (VBa: y); 
in which one factor is the sine of as, and the other factor is the cosine of cp, 
or the sine of ca. 


* These sides abc, of the bisecting triangle anc, have been hitherto supposed for simplicity (1.) to 
be each less than a quadrant, but it will be found that the formula LY. holds good, without any such 
restriction. 
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(43.) Under the same conditions, since _ 
LVITI. ..a=U (€+2) =37" (c +2), &e,, . 
we may write also, 
LIX. .. sin$3=S8U (e+ Z) (+ 6)(d+¢) =SdeZ : 41mn; 
in which, by LV. and XIII., 
LX... 4lmn =-S (8+ e)(e+Z) =7° -8 (eZ + 20 4+ de). 
(44.) Hence also, by LIV., 
LXI. .. cos$S=r=(r°-18 (2 +204 02) ) : 4/mn; 


SdeZ i SU6seZ 
rm — 78 (eZ+284+de) 1-SUeZ-SUZS-SUSe’ 


and under this last form, we have a general expression for the tangent of half the 
spherical opening at 0, of any triangular pyramid oDEF, whatever the lengths TS, 
Te, TS of the edges at o may be. 
(45.) As a verification, we have 

LXIIT... (4dmn)? = - 5 (e+ &)? (0 +0)? (0+)? = 2 (0? —SeZ) (r? — SZ8) (7? - Sée) ; 

but the elimination of $3 between LIX. LXI. gives 
LXIV. .. (4dmn)? = (SéeB)? + (73 — 7 (SeS + 87S + S8e) )?; 

we ought then to find that 


LXV... (S82)? =1* — 1° { (GeZ)? + (GZS)? + (SSe)*} — WeZSZISSe, 


if 0 =< =¢? =-7*; and in fact this equality results immediately from the 
general formula 294, LIII. 

(46.) Under the same condition, respecting the equal lengths of 6, «, Z, 
we have also the formula, 


LXVI...-V(6d+e)(e+Z%)(f +8) = 20 (7? - SeZ - SSS - Sde) = 84nd ; 


whence other verifications may be derived. 
(47.) If o denote the area* of the bisecting triangle anc, the general prin- 
ciple L.XII. enables us to infer that 


Pee stank =< a 


ie SaBy os é 
sin ¢ sin p 


~ 1+4c0s a+ cos + cose’ 


* The reader will observe that the more usual symbol 3, for this area of anc, is here employed 
6.) to denote the area of the exscribed triangle DEF. 
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if p denote the perpendicular ca from c on AB, so that 
e=since sin p=sind sinc sin A = &e. (comp. 210, (21.)). 
(48.) But, by (IX.) and (XI.), 
LXVIII... e+ (1+l+m+n)? =2 (147) (1+m) (1+n) 


BCA oos © : ay 
-( C08 5 COS 5 008 5 : 


hence the cosine and sine of the new semi-area are, 


o 1 + cos a + cos 6 + cose. 


LXIX... cos= = ; 
2 4 cos ia Z n 
C 9 cos 5 cos 5 
sin 2 sin e sin C 
Tx eee ni 
2 Cc 
cos 5 


(49.) Returning to the bisected triangle, per, the last formula gives, 
sina’ sin 0’ sin F 
cos ¢ 


189.0. Bee esti ppc 


= sin p’ sine sec ce’, 
if p’ denote the perpendicular from F on the bisecting are as, or Fr in fig. 68; 
but cos $2 = cose sece’, by LYV.; hence 
LXXII... tan $>=sin yp’ tanec =sin FT. tan AB. 
Accordingly, in fig. 68, we have, by spherical trigonometry, 
sin FT = sin ES= $in LE sin L = COSLN Sin MN cosec LM = tan MN cot AB. 


(50.) The are my, which thus represents in quantity the semiarea of DEF, 
has its pole at the point p, and may be considered as the representative are 
(162) of a certain new quaternion Q, or of its versor, of which the avis is the 
radius op, or Ud; and this new quaternion may be thus expressed : 

LXXIII... Q = dyaB = - & + SSaBy = 7° + 68; 
its tensor and versor being, respectively, 


LXXTV...TQ=r=cos$3; LXXV...UQ=cosiS+on.sin45. 


(51.) An important transformation of this last versor may be obtained as 
follows : 


LXXVI... UQ=U(dy". af? . 237) = (8e*)4 (eZ) (28); 
LXXVIT... 33 = 2 Q=Z 8ya = Z (8e")} (eZ) (28); 


so that 
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these powers of quaternions, with exponents each = 4, being interpreted as 
square roots (199, (1.) ), or as equivalent to the symbols \/(8¢"), &o. 

(52.) The conjugate (or reciprocal) versor, UQ", which has nm for its repre- 
sentative are, may be deduced from UQ by simply interchanging B and y, or 
e and Z; the corresponding quaternion is, 


LXXVILI... Q’=KQ=8Bay=-7'_ 23; 


and we have 


LXXIX... UQ = cos 2 — op. sin $2 = (8271)3 (Ze)3 (ed); 


the rotation round p, from x to F, being still supposed to be negative. 
(53.) Let be any other point upon the sphere, and let on = n; also let 
>’ be the area of the new spherical triangle, pruH; then the same reasoning 


shows that 
LXXX... cos$S’+ op. sin 32’ = (827)2 (Zn)? (nd7)8, 


if the rotation round p from F to H be negative; and therefore, by multiph- 
cation of the two co-awal versors, LX XVI. and LXXX., we have by LXXYV., 


the analogous formula : 
LXXXI... cos $(2+ 3B’) +op. sin $(S+ B’) = (e*)h (e274 (Zn7)4 (nd); 


where = + > denotes the area of the spherical quadrilateral, DEFH. 

(54.) It is easy to extend this result to the area of any spherical polygon, or 
to the spherical opening (44.) of any pyramid; and we may even conceive an 
extension of it, as a limit, to the area of any closed curve upon the sphere, con- 
sidered as decomposed into an indefinite number of indefinitely small triangles, 
with some common vertex, such as the point D, on the spheric surface, and with 
indefinitely small ares Ev, FH, .. of the curve, for their respective bases: or to the 
spherical opening of any cone, expressed thus as the Angle of a Quaternion, 
which is the limit* of the product of indefinitely many factors, each equal to the 
square-root of a quaternion, which differs indefinitely little from unity. 


* This Limit is closely analogous to a definite integral, of the ordinary kind; or rather, we may 
say that it is a Definite Integral, but one of a new kind, which could not easily have been introduced 
without Quaternions. In fact, if we did not employ the nonr-commutative property (168) of quaternion 
multiplication, the Products here considered would evidently become each equal to unity: so that they 
would furnish no expressions for spherical or other areas, and in short, it would be useless to speak 
of them. On the contrary, when that property or principle of multiplication is introduced, these 
expressions of product-form are found, as above, to have extremely useful significations in spherical 
geometry; and it will be seen that they suggest and embody a remarkable theorem, respecting the 
resultant of rotations of a system, round any number of successive axes, all passing through one fixed 
point, but in other respects succeeding each other with any gradual or sudden changes. 
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(55.) To assist the recollection of this result, it may be stated as follows 
(comp. 180, (3.) for the definition of an arcual sum) :— 


“The Arcual Sum of the Halves of the Successive Sides of any Spherical 
Polygon, is equal to an are of a Great Circle, which has the Initial (or Final) 
Point of the Polygon for its Pole, and represents the Semi-area of the Figure 7“ 
it being understood that this resultant arc is reversed in direction, when the 
haif-sides are (arcually) added in an opposite order. 


(56.) As regards the order thus referred to, it may be observed that in the 
arcual addition, which corresponds to the guaternion multiplication in LXXVI., 
we conceive a point to move, first, from B to ¥, through half the are pF ; which 
half-side of the triangle pEF answers to the right-hand factor, or square-root 
(ZS")2. We then conceive the same point to move nevt from F to A, through 
half the are Fz, which answers to the factor placed immediately to the eft of 
the former; having thus moved, on the whole, so far, through the resultant 
arc BA (as a transvector, 180, (3.)), or through any equal arc (163), such as ML 
in fig. 68. And finally, we conceive a motion through half the are ep, or 
through any are equal to that half, such as the arc LN in the same figure, to 
correspond to the extreme /eft-hand factor in the formula; the final resultant 
(or total transvector arc), which answers to the product of the three square roots, 
as arranged in the formula, being thus represented by the final are MN, which 
has the point p for its positive pole, and the half-area, $3, for the angle (51.) 
of the quaternion (or versor) product which it represents. 

(57.) Now the direction of positive rotation on the sphere has been supposed 
to be that round p, from F to £; and therefore along the perimeter, in the order 
DFE, as seen* from any point of the surface within the triangle: that is, in the 
order in which the successive sides DF, FE, ED have been taken, before adding 
(or compounding) their halves. And accordingly, in the conjugate (or reciprocal) 
formula LXXIX., we took the opposite order, DEF, in proceeding as usual 
from right-hand to left-hand factors, whereof the former are supposed to be 
multiplied byt the /atter; while the result was, as we saw in (52.), a new 


* In this and other cases of the sort, the spectator is imagined to stand on the point of the sphere, 
round which the rotation on the surface is conceived to be performed ; his body being outside the sphere. 
And similarly when we say, for example, that the rotation round the line, or radius, oa, from the line 
oB to the line oc, is negative (or left-handed), as in the recent figures, we mean that such would appear 
to be the direction of that rotation, to a person standing thus with his feet on a, and with his body in 
the direction of oA prolonged: or else standing on the centre (or origin) 0, with his head at the point a 
Compare 174, II.; 177; and the second note to page 152. 

t+ Compare the Notes to pages 147, 159. 
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versor, in the expression for which, the area & of the triangle was simply 
changed to its own negative. 

(58.) To give an example of the reduction of the area to sero, we have 
only to conceive that the three points D, E, F are co-arcual (165), or situated 
on one great circle ; or that the three lines 6, «, are complanar. For this case, 
by the laws* of complanar quaternions, we have the formula, 


PRX (Seles (2S a, ae Boer = 0 


thus cos $5 = 1, and 3 = 0. 
(59.) Again, in (53.) let the point u be co-arcual with p and F, or let 
Sogn = 0; then, because 


LXXXIV’. . . (2173 (34) = (Z84)3, if S8Zn = 0, 


the product of four factors LXXXI. reduces itself to the product of three 
factors LXXVI.; the geometrical reason being evidently that in this case the 
added area X vanishes; so that the quadrilateral pEFH has only the same area 
as the triangle DEF. 

(60.) But this added area (53.) may even have a negativet effect, as for 
example when the new point H falls on the old side pz. Accordingly, if we 
write 


LXXXIII. . . Q, = (e2-*)8 (Zn)? (ne)2, 


and denote the product LX XXI. of four square-roots by Q., we shall have 
the transformation, 


LXXXIV. .. Q, = (87)? Q (e018, if Sden = 0; 


which shows (comp. (15.) ) that in this case the angle of the quaternary product 
Q. is that of the ternary product Q,, or the half-area of the triangle EFH 
(= DEF — DHF), although the azis of Q, is transferred from the position of the 
axis of Q,, by a rotation round the pole of the are Ep, which brings it from 
OF to OD. 

(61.) From this example, it may be considered to be sufficiently evident, 
how the formula LXXXI. may be applied and extended, so as to represent 
(comp. (54.)) the area of any closed figure on the sphere, with any assumed point 


* Compare the Second Chapter of the Second Book. 

+ In some investigations respecting areas on a sphere, it may be convenient to distinguish (comp. 
(28.), (63.) between the two symbols pe¥ and pFx, and to consider them as denoting two opposite 
triangles, of which the sum is zero. But for the present, we are content to express this distinction, by 
means of the two conjugate quaternion products (51.) and (52.). 
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p on the surface as a sort of spherical origin; even when this auailiary point is 
not situated on the perimeter, but is either external or internal thereto. 

(62.) A new quaternion Q,, with the same axis op as the quaternion Q of 
(50.), but with a double angle, and with a tensor equal to unity, may be formed 
by simply squaring the versor UQ; and although this squaring cannot be 
effected by removing the fractional exponents,* in the formula LXXVI., yet it 
can easily be accomplished in other ways. For example we have, by LX XIII. 
LXXIV., and by VII. IX. X., the transformationst : 


LXXXV... Q,= UQ@=r° (dyaP)? = - 3”. yao . bya 
= — (ya)? = - (e- 0)? = 7 -& + 260; 


and in fact, because 6=7. op, by XII., the trigonometric values LIV. for r 
and e enable us to write this last result under the form, 


LXXXVI. .. Q =—- (ya)? = cos B+ op. sin =. 
. (63.) To show its geometrical signification, let us conceive that asc and 
LMN have the same meanings in the new fig. 70, as in fig. 68; and that 4,BimM, 
are three new points, determined by the three arcual equations (163), 


LXXXVIT. 9. ac=cca, oBC=nCB, OMN=90 NM} 


which easily conduct to this fourth equation of the 3 A 
same kind, 

LXXXVII’. ..9 um = BA: % 
This new are LM, represents thus (comp. 167, and 
fig. 43) the product my*. yBr' = ya?. Py"; while 
the old are ML, or its equal Ba (31.), represents a3”; 
whence the arc MM,, which has its pole at p, and is numerically equal to the 
whole area % of DEF (because MN was seen to be equal (50.) to half that area), 
represents the product ya'Pyt.a3", or — (ya)’, or Q. The formula 
LXXX VI. has therefore been interpreted, and may be said to have been 
proved anew, by these simple geometrical considerations. 

(64.) We see, at the same time, how to interpret the symbol, 


TEXK VIN Oa. 
ay PB 


namely as denoting a versor, of which the avis is directed to, or from, the 


* Compare the Note to (54.). 
+ The equation dya8 = yaB8 is not valid generally ; but we have here’ =—V-yaB ; and in general, 


gp = py of p || Va. 
3B2 
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corner D of a certain auxiliary spherical triangle DEF, whereof the sides respec- 
tively opposite to D, &, F, are bisected (5.) by the given points a, B, c, according 
as the rotation round a from [3 to y is negative or positive; and of which the 
angle represents, or is numerically equal to, the area & of that auxiliary 
triangle, at least if we sti// suppose, as we have hitherto for simplicity done 
(1.), that the sides of the given triangle anc are each less than a quadrant. 

298. The case when the sides of the given triangle are al/ greater, instead 
of being all less, than quadrants, may deserve next to be (although more 
briefly) considered; the case when they are all equal to quadrants, being 
reserved for a short subsequent Article: and other cases being easily referred 
to these, by limits, or by passing from a given line to its opposite. 

(1.) Supposing now that 

Tee ie 0," ane gk ice 1) 


or that Tee ee Oa eS 
we may still retain the recent equations IV. to XI.; XIII.; and XV. to 
XXVI., of 297; but we must change the sign of the radical, r, in the equations 
XII. and XIV., and also the signs of the versors, Ud, Ue, UZ in XIL., if we 
desire that the sides of the auviliary triangle, pu¥, may still be bisected (as in 
figures 67, 68) by the corners of the given triangle, asc, of which the sides 
a, b, c are now each greater than a quadrant. ‘Thus, r being still the common 
tensor of 6, «, €, and therefore being still supposed to be itse/f > 0, we must 
write now, under these new conditions I. or I1., the new equations, 
III...on=- Ud=-r'8; of =- Ue=-7%s; or =-UC=-r%Z; 
IV. ..cosa=—rcosa, coshb=—rcosl’, cosc=-rcose. 
(2.) The equations IV. and VIII. of 297 still holding good, we may now 


write, 
V...+2r cosa’ cosv’ cose’ = cosa’ + cos b” + cose” — I, 


according as we adopt positive values (297), or negative values (298), for the 
cosines J, m, » of the sides of the bisecting triangle; the value of 7 being still 
supposed to be positive. 

(3.) It is not difficult to prove (comp. 297, LIV., LXIX.), that 


VI...r=+zcos$X, according as />0,&c, or /<0, &.; 
the recent formula V. may therefore be written wnambiguously as follows : 
VII... 2 cosa’ cosd’ cose’ cos $d = cosa” + cos b” + cose” - 1; 

and the formula 297, LY. continues to hold good. 
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(4.) In like manner, we may write, without an ambiguous sign (comp. 
297, LI.), the following expression for the fourth proportional Bay to three 
unit-vectors a, [3, y, the rotation round the first from the second to the third 
being negative: 

VIII... Bay = sin $3 + op. cos 3d; 


where the scalar part changes sign, when the rotation is reversed. 


(5.) It is, however, to be observed, that although this formuda VIII. holds 
good, not only in the cases of the last article and of the present, but also in 
that which has been reserved for the next, namely when / = 0, &.; yet 
because, in the present case (298) we have the area = > a, the radius op 1s no 
longer the (positive) aais Ud of the fourth proportional Ba"y ; nor is 7 —- 3= 
any longer, as in 297, L., the (positive) angle of that versor. On the contrary 
we have now, for this axis and angle, the expressions: 


EXO Ae Bay = Do: = 0D Xe easy 2 eo): 


(6.) To illustrate these results by a construction, we may remark that if, 
in fig. 67, the bisecting arcs Bc, ca, AB be supposed each greater than a 
quadrant, and if we proceed to form from it a new figure, analogous to 68, 
the perpendicular ca will also exceed a quadrant, and the poles p and x will 
fall between the points c and q; also m and R will fall on the arcs Le and au’ 
prolonged: and although the arc KM, or the angle KDM, or L’DR, or EDP, may 
still be considered, as in 297, (34.), to represent the versor Baty, yet the 
corresponding rotation round the point p is now of a negative character. 

(7.) And as regards the quantity of this rotation, or the magnitude of the 
angle at D, it is again, as in fig. 68, a base-angle of P : 
one of three isosceles triangles, with p for their a ra 
common vertex; but we have now, as in fig. 71, os fo 
a new arrangement, in virtue of which this angle is 
to be found by halving what remains, when the 
sum of the supplements of the angles at p and x, in the triangle pEF, is 
subtracted from the angle at F, instead of our subtracting (as in 297, (35.) ) 


the latter angle from the former sum; it is therefore now, in agreement with 
the recent expression X., 


XI...4 Paty =3(D+E+F)-7. 
(8.) The negative of the conjugate of the formula VIII. gives, 


XII... ya =—- sin $S + op. cos $2; 
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and by taking the negative of the square of this equation, we are conducted 
to the following : 
DG 8h Ee 2 e a= — (ya'B)? = cos 3 + oD. sin 3; 


a result which had only been proved before (comp. 297, (62.), (64.) ) for the 
case = <7; and in which it is still supposed that the rotation round a from 
3 to y is negative. 

(9.) With the same direction of rotation, we have also the conjugate or 
reciprocal formula, 

6 he P 3 e = — (Bay)? = cos 3 - op. sin &. 

(10.) If it happened that only one side, as azn, of the given triangle axc, 
was greater, while each of the two others was less than a quadrant, or that 
we had />0, m>0, but <0; and if we wished to represent the fourth 
proportional to a, 3, y by means of the foregoing constructions: we should 
only have to introduce the point c’ opposite to c, or to change y to y =- v3 
for thus the new triangle anc’ would have each side greater than a quadrant, 
and so would fall under the case of the present Article; after employing the 
construction for which, we should only have to change the resulting versor to 
its negative. 

(11.) And in like manner, if we had 7 and m negative, but positive, we 
might again substitute for c its opposite point c’, and so fall back on the 
construction of Art. 297: and similarly in other cases. 

(12.) In general, if we begin with the equations 297, XII., attributing 
any arbitrary (but positive) value to the common tensor, *, of the three co- 
initial vectors 6, «, Z, of which the versors, or the unit-vectors Ud, &e., termi- 
nate at the corners of a given or assumed triangle pEF, with sides = 2a’, 20’, 2c’, 
we may then suppose (comp. fig. 67) that another triangle asc, with sides 
denoted by a, 6, c, and with their cosines denoted by /, m, n, is derived from 
this one, by the condition of bisecting its sides; and therefore by the equations 
(comp. 297, LVIIL.), 


XV...oA=a=U(e+Z), op =B=U(Z+98), oc=y=U (8+ 4), 


with the relations 297, IV. V. VI., as before; or by these other equations 
(comp. 297, XIII. XTYV.), 


XVI...6+2=2racosa, £+8=2rBoosl’, 8+ = 2ry cose. 
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(13.) When this simple construction is adopted, we have at once (comp. 
297, LX.), by merely taking scalars of products of vectors, and without any 
reference to areas (compare however 297, LXIX., and 298, VII.), the 
equations, 

XVII... 4 cosa cos 0’ cose’ = 4 cosb cose’ cosa’ = 4 cose cosa’ cos 0’ 
=-7°8 (2 + 6) (8+) = &. = 1 + cos 2a’ + cos 20’ + cos2d ; 


cosa cos0 cose  cosa*+cosd’+cosc?—1 
“eosa cosd’ cosd’ 2 cosa’ cos 0’ cos’ 


oa XV. 


which can indeed be otherwise deduced, by the known formule of spherical 
trigonometry. 

(14.) We see, then, that according as the sum of the squares of the cosines of 
the half-sides, of a given or assumed spherical triangle, DEF, is greater than unity, 
or equal to unity, or less than unity, the sides of the inscribed and bisecting tri- 
angle, ABC, are together less than quadrants, or together equal to quadrants, or 
together greater than quadrants. 

(15.) Conversely, 7/ the sides of a given spherical triangle asc be thus al/ 
less, or all greater than quadrants, a triangle DEF, but only one* such triangle, 
can be exscribed to it, so as to have its sides bisected, as above: the simplest 
process being to let fall a perpendicular, such as ca in fig. 68, from c on aB, 
&e.; and then to draw new arcs, through c, &c., perpendicular to these 
perpendiculars, and therefore coinciding in position with the sought sides 
DE, &c., of DEF. 

(16.) The trigonometrical results of recent sub-articles, especially as regards 
the areat of a spherical triangle, are probably a// well known, as certainly 
some of them are; but they are here brought forward only in connexion with 
quaternion formule; and as one of that class, which is not irrelevant to the 
present subject, and includes the formula 294, LIII., the following may be 
mentioned, wherein a, 2, y denote any three vectors, but the order of the factors 
is important : 


XIX. . . (aBy)’ = 2a°B’y? + a? (By)? + B* (ay)? + y*(aB)? -— 4aySaBSBy.7 


* In the next Article, we shall consider a case of indeterminateness, or of the existence of indefi- 
nitely many exscribed triangles per: namely, when the sides of axc are all equal to quadrants. 

t This opportunity may be taken of referring to an interesting Note, to pages 96, 97 of Luby’s 
Trigonometry (Dublin, 1852) ; in which an elegant construction, connected with the area of a spherical 
triangle, is acknowledged as having been mentioned to Dr. Luby, by a since deceased and lamented 
friend, the Rev. William Digby Sadleir, F.T.C.D. A construction nearly the same, described in the 
sub-articles to 297, was suggested to the present writer by quaternions, several years ago. 

t [Using the relation VaBySaBy = a®VBySBy + y?VaBSaB + Vya(— B*Sya + 28aBSPy), this 
easily follows on squaring (V +S) aBy; or multiply XIX. by 6? and put aB=7, By =p, and Bay = rp. ] 
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(17.) And if, as in 297, (1.), &c., we suppose that a, (3, y are three wnit- 
vectors, OA, OB, oc, and denote, as in 297, (47.), by o the area of the triangle 
ABC, the principle expressed by the recent formula XIII. may be stated under 
this apparently different, but essentially equivalent form : 


+ : 
xe ta Oa ee 
B+ a+[3 O ieee! 


which admits of several verifications. 
(18.) We may, for instance, transform it as follows (comp. 297, LX VII.) : 


SEX —(a+ B)(B+y)\(y+a)_ -2e+ 2a(L+l+ m+n) 
"Kat p(B +y)(yta) + 2e+2a(L+l+ m+n) 


(oy Gi A G: 
l+atan= cos—=+asin-= 
Ll+limt+u+tea 2 2 2 


= [a7 an 4 = ca 


fs o4en cos - a sin= 
2 , 2 


2 
5 5) = COSo + a sina, as above.” 


oO tee: 
= F008 @ Sill 


(19.) This seems to be a natural place for observing (comp. (16.) ), that if 
a, (3, y, 8 be any four vectors, the lately cited equation 294, LIII., and the 
square of the equation 294, XV., with 6 written in it instead of p, conduct 
easily to the following very general and symmetric formula : 
XXII. .. a’B*y’s? + (SBySa8)? + (Sya80)? + (SaBS ys)? 
+ 2aWSPBySBdSy8 + 2B*Sya8ydS8aéd + 2y*SaBSad8Po + 2SSaBSPySya 
= WyaSaPBsSPBssyéd + BaBSBySyd8ad + 28BySya8ad8Ps 
+ B*y? (Sa8)? + ya? (888)? + a?" (Sy0)? 
+ a?o° (SBy)? + 3°e (Sya)? + Vo (Saf3)*.t 


* [Since U(8 + 7) bisects the angle between 6 and 7, 


B\4 Peary | ge a H(E\e (z\t--eee B U (y+ a) 
( jee Care and therefore (<) , B Tety 


a U(B++4) Y -(" y+ a etz)t. 
~~ \B+y atB yta 


a 


~ U{a+Bs)- OY “U (y +a) 


This is a direct transformation from 297, LXXVI. to XX.] 
+ [This may perhaps be more rapidly derived by operating on da + JB + cy : d§5 = 0 by 
Sa., SB., Sy., and 8d., and eliminating a, 4, ¢, and d in the form of a determinant from the four 


results of operation, 
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(20.) If then we take any spherical quadrilateral ancp, and write 
XXIII... /’=cosap=-SUad, m’=cossp=-SUB9d, n’=coscp=— SUy9, 


treating a, 3, y as the unit-vectors of the points a, B,c, and /, m, n as the 
cosines of the ares Bc, CA, AB, as in 297, (1.), we have the equation, 


XXIV... 1420? 4 mm” + n?n? + Qlm’n’ +2Qmn’l + 2nl’m’ + 2lmn 
= Qmnm'n’ + Qnln’l + QlmUm’ + P+ m+n’? 
+? 4+m?+n" ; 


which can be confirmed by elementary considerations,* but is here given 
merely as an interpretation of the quaternion formula XXII. 

(21.) In squaring the lately cited equation 294, XV., we have used the 
two following formule of transformation (comp. 204, XXII., and 210, 
XVIITI.), in which a, 3, y may be any three vectors, and which are often found 
to be useful : 


XXYV. .. (Vas) = (Sa)? - 0’?B?; XXVI...S8 (VBy. Vya) =y’SaB -SBySya. 


299. The two cases, for which the three sides a, b, c, of the given triangle 
Asc, are all less, or all greater, than quadrants, having been considered in the 
two foregoing Articles, with a reduction, in 298, (10.) and (11.), of certain 
other cases to these, it only remains to consider that third principal case, for 
which the sides of that given triangle are all equal to quadrants: or to inquire 
what is, on our general principles, the Mouth Proportional to Three Rectangular 
Vectors. And we shall find, not only that ¢his fourth proportional is not ztse/f 
a Vector, but that it does not even contain any vector part (292) different from 
zero: although, as being found to be equal to a Scalar, it is still included 
(131, 276) in the general conception of a Quaternion. 

(1.) In fact, if we suppose, in 297, (1.), that 

T 


I...¢=0, m=0, n=0, or that Il... a=b=c=5, 


or III... SBy=Sya=SaB=0, while IV...Ta=TB=Ty=1, 
the formule: 297, VII. give, 
i Peg ae e= 0, C=0; 


but these are the vector parts of the three pairs of fourth proportionals to the 


* A formula equivalent to this last equation of seventeen terms, connecting the six cosines of the 
arcs which join, two by two, the corners of a spherical quadrilateral ancp, is given at page 407 of 
Carnot’s Géométrie de Position (Paris, 1803). 
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three rectangular unit-lines, a, (3, y, taken in all possible orders ; and the same 
evanescence of vector parts raust evidently take place, if the three given lines be 
only at right angles to each other, without being equally long. 

(2.) Continuing, however, for simplicity, to suppose that they are unit 
lines, and that the rotation round a from 3 to y is negative, as before, we 
see that we have nowr=0, and e=1, in 297, (3.); and that thus the six 
fourth proportionals reduce themselves to their scalar parts, namely (here) to 
positive or negative unity. In this manner we find, under the supposed con- 
ditions, the values: 


VI... Baty =yS"a= ay" =+1; VI’... ya" = aB"y = By "a =- 1. 


(3.) For example (comp. 295) we have, by the laws (182) of 7, 7, &, the 
values, . 
VIL... pkagihtt=krotj=+1; Vile hak He ke = = 1. 


In fact, the two fourth proportionals, yk and ky-%, are respectively equal to 
the two ternary products, — ijk and — ‘ji, and therefore to + 1 and - 1, by the 
laws included in the Fundamental Formula A (1838). 

(4.) To connect this important result with the constructions of the two last 
Articles, we may observe that when we seek, on the general plan of 298, (15.), 
to exscribe a spherical triangle, DEF, to a given tri-quadrantal (or tri-rectangular) 
triangle, ABc, as for instance to the triangle 13K (or J1K) of 181, in such a 
manner that the sides of the new triangle shall be Aisected by the corners of the 
old, the problem is found to admit of indefinitely many solutions. Any point P 
may be assumed, in the inferior of the given triangle asc; and then, if its 
reflecions D, E, F be taken, with respect to the three sides, a, b, c, so that 
(comp. fig. 72) the arcs PD, PE, PF are perpendicularly F 
bisected by those three sides, the three other arcs EF, oo 
FD, DE will be bisected by the points a, B, C, as re- B 
quired: because the arcs Az, AF have each the same [\ 
length as ap, and the angles subtended at a by PE and 
PF are together equal to two right angles, &c. ee 

(5.) The positions of the auailiary points, D, E, F, Big. 72. 
are therefore, in the present case, indeterminate, or variable; but the swum of 
the angles at those three points is constant, and equal to four right angles; 
because, by the six isosceles triangles on PD, PE, PF as bases, that sum of the 
three angles p, E, F is equal to the sum of the angles subtended by the sides 
of the given triangle anc, at the assumed interior point Pp. The spherical 


Os 


E 
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excess of the triangle pEF is therefore equal to two right angles, and its area 
== 7; as may be otherwise seen from the same figure 72, and might have 
been inferred from the formula 297, LY., or LVI. 

(6.) The radius op, in the formula 297, XLVII., for the fourth propor- 
tional a-'y, becomes therefore, in the present case, indeterminate ; but because 
the angle L’pR, or 4(m — 3), in the same equation, vanishes, the formula 
becomes simply Bay = 1, asin the recent equations VI.; and similarly in 
other examples, of the class here considered. 

(7.) The conclusion, that the Pourth Proportional to Three Rectangular 
Lines is a Scalar, may in several other ways be deduced, from the principles 
of the present Book. For example, with the recent suppositions, we may 
write, 


Wills CaS ye = as Oe B; 
Vit S vate +B, ap Sy. py = ee; 


the three fourth proportionals VI. are therefore equal, respectively, to - y’, 
—a’, -— PB’, and consequently to +1; while the corresponding expressions VI’. 
are equal to + 3°, +’, + a”, and therefore to — 1. 

(8.) Or (comp. (8.)) we may write generally the transformation (comp. 
282, XXI.), 

3D. CREAM C7 ey ae aah of came Bee las tae 

in which the factor a* is always a scalar, whatever vector a may be; while 
the vector part of the ternary product Bay vanishes, by 294, I1I., when the 
recent conditions of rectangularity ILI. are satisfied. 

(9.) Conversely, this ternary product Bay, and this fourth proportional 
Bay, can never reduce themselves to scalars, unless the three vectors a, B, y 
(supposed to be all actual (Art. 1) ) are perpendicular each to each. 


SECTION 8. 


On an equivalent Interpretation of the Fourth Proportional to 
Three Diplanar Vectors, deduced from the Principles of the 
Second Book. 


300. In the foregoing section, we naturally employed the results of pre- 
ceding sections of the present Book, to assist ourselves in attaching a definite 
signification to the Fourth Proportional (297) to Three Diplanar Vectors ; 
and thus, in order to interpret the symbol Bay, we availed ourselves of the 
interpretations previously obtained, in this Third Book, of a as a dine, and of 

e043 
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a3, aby as guaternions. But it may be interesting, and not uninstructive, to 
inquire how the equivalent symbol, 


de. oe Bary OF Cy, with y not ||| a, 2, 


might have been interpreted, on the principles of the Second Book, without at first 
assuming as known, or even seeking to discover, any interpretation of the three 
lately mentioned symbols, 


TT cosas tase oy: 


It will be found that the inquiry conducts to an expression of the form, 
The. (0 ta) ay 0 ee? 


where 6 is the same vector, and eis the same scalar, as in the recent sub-articles 
to 297; while wis employed as a temporary symbol, to denote a certain Pourth 
Proportional to Three Rectangular Unit Lines, namely, to the three lines oa, 
oL’, and op in fig. 68;* so that, with reference to the construction represented 
by that figure, we should be led, by the principles of the Second Book, to 
write the equation : 


IV... (0B : 0A). 0c = op. cos43 + (OL : 0a). 0P.sin 45. 


And when we proceed to consider what signification should be attached, on 
the principles of the same Second Book, to that particular fourth proportional, 
which is here the coefficient of sin $3, and has been provisionally denoted by wu, 
we find that although it may be regarded as being in one sense a Line, or at 
least homogeneous with a line, yet it must not be equated to any Vector: being 
rather analogous, in Geometry, to the Scalar Unit of Algebra, so that it may be 
naturally and conveniently denoted by the usual symbol 1, or +1, or be equated 
to Positive Unity. But when we thus write uw =1, the last term of the formula 
III. or IV., of the present Article, becomes simply e, or sin $2; and while 
this term (or part) of the result comes to be considered as a species of Geome- 
trical Scalar, the complete Expression for the General Fourth Proportional to 
Three Diplanar Vectors takes the Form of a Geometrical Quaternion: and thus 
the formula 297, XLVIL., or 298, VIII., is reproduced, at least if we substitute 
in it, for the present, (8: a).y for Bay, to avoid the necessity of interpreting 
here the recent symbols II. ) 


* [In the abstract published in the Proceedings (Royal Irish Academy, November 11th, 1844), 
the words ‘South, West, Up’ were used at first, instead of the symbols i, 7, # ; and the sought fourth 
proportional to jit, which is here denoted by ™, was called provisionally, ‘ Forward.’ ’’—Pretace to 
Lectures, p. (54).] 
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(1.) The construction of fig. 68 being retained, but no principles peculiar 
to the Third Book being employed, we may write, with the same significa- 
tions of c, p, &e., as before, 


V... 0B: 0A = OR: 0Q = cose + (OL’: 0Q) since; 
VI... oc = 0Q.c08p + OP .sinp. 


(2.) Admitting then, as is natural, for the purposes of the sought inter- 
pretation, that distributive property which has been proved (212) to hold good 
for the multiplication of quaternions (as it does for multiplication in algebra) ; 
and writing for abridgment, 


Vito @ OL. Oa). On. 
we have the guadrinomial expression : 


VIII. . . (oB : 0A). 0c = OL’. sin ¢ cos p + 0Q. Cos ¢ cosp 


+ OP.cos¢sinp+w.sine sinp; 


in which it may be observed that the swm of the squares of the four coefficients 
of the three rectangular unit-vectors, 0, OL’, oP, and of their fourth proportional, 
u, is equal to unity. 

(3.) But the coefficient of this fourth proportional, which may be regarded 
as a species of fourth unit, is 


IX... sinc sin p=sin MN = sin$> =e; 


we must therefore expect to find that the three other coefficients in VIIL., 
when divided by cos43, or by 7, give quotients which are the cosines of the 
arcual distances of some point x upon the unit-sphere, from the three points 
L’, Q, P; or that a point x can be assigned, for which 


X...sinccosp=?cCoSl’X; cosccosp=rcosaQx; CcOscsinp=/r COs PX. 


(4.) Accordingly it is found that these three last equations are satisfied, 
when we substitute p for x; and therefore that we have the transformation, 


XI... oL’. sin ¢ cosp + 0. cos ¢ cosp + OP. cose sin p = ov. cos4d = 6, 


whence follow the equations IV. and III.; and it only remains to study and 
interpret the fourth unit, u, which enters as a factor into the remaining part 
of the quadrinomial expression VIII., without employing any principles except 
those of the Second Book: and therefore without using the Interpretations 278, 
284, of Ba, &e. 
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301. In general, when two sets of three vectors, a, 3, y, and a’, 9’, y’, are 
connected by the relation, 

eae Y a: or fe ils — 

a y B eee a 


it is natural to write this other equation, 
ae 
Tiss ena 


and to say that these two fourth proportionals (297), to a, 3, y, and to a’, B’, y’, 
are equal to each other: whatever the full signification of each of these two last 
symbols III., supposed for the moment to be not yet fully known, may be atter- 
wards found to be. In short, we may propose to make it a condition of the 
sought Interpretation, on the principles of the Second Book, of the phrase, 


“ Fourth Proportional to three Vectors,” 


and of either of the two equivalent Symbo/s 300, I., that the recent Equation 
III. shall follow from I. or II.; just as, at the commencement of that Second 
Book, and before concluding (112) that the general Geometric Quotient B : a 
of any two lines in space is a Quaternion, we made it a condition (103) of the 
interpretation of such a quotient, that the equation ((3: a).a= should be 
satisfied. 

3802. There are however ¢wo tests (comp. 287), to which the recent equa- 
tion III. must be submitted, before its final adoption; in order that we may 
be sure of its cousistency, Ist, with the previous interpretation (226) of a Fourth 
Proportional to Three Complanar Vectors, as a Line in their common plane; 
and IInd, with the general principle of all mathematical language (105), that 
things equal to the same thing, are to be considered as equal to each other. 
And it is found, on trial, that both these tests are borne: so that they form no 
objection to our adopting the equation 301, III., as true by definition, whenever 
the preceding equation II., or I., is satisfied. 

(1.) It may happen that the first member of that equation III. is equal to 
a line 6, as in 226; namely, when a, 2B, y are complanar. In this case, we 
have by II. the equation, 


aera Y= pny OF. in ies Se Gein pl a 
Y a 


so that a’, 3’, y’ are a/so complanar (among themselves), and the line 6 is 
their fourth proportional likewise: and the equation III. is satisfied, both 
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members being symbols for one common line, 8, which is in general situated in 
the intersection of the two planes, afsy and a’[3’y’; although those planes may 
happen to coincide, without disturbing the truth of the equation. 

(2.) Again, for the more general case of diplanarity of a, 3, y, we may 
conceive that the equation*® II. co-exists with this other of the same form, 


Vee ees 


_ au which gives VL: te vice ae ae 


if the definition 301 be adopted. If then that definition be consistent with 
general principles of equality, we ought to find, by III. and VI., that this 
third equation between two fourth proportionals holds good : 


Vibe a ia vane 1-8, 


We 7 
a a 


when the equations II. and V. are satisfied. And accordingly, those two 
equations give, by the general principles of the Second Book, respecting 
quaternions considered as quotients of vectors, the transformation, 

EB es eee eet) Daa as required. 

ay ay ay a y a 

303. It is then permitted to interpret the equation 301, IIL., on the prin- 
ciples of the Second Book, as being simply a transformation (as it is in 
algebra) of the immediately preceding equation II., or I.; and therefore to 
write, generally, 
I...qy=qy’, if I..ggysy)=¢’; 


where y, y’ are any two vectors, and q, q are any two quaternions, which satisfy 
this last condition. Now, if v and vo’ be any two right quaternions, we have 
(by 193, comp. 283) the equation, 


III... Iv: Ie’ =0:0' = ov; 
or 


IV...0% (Iv: Iv’) =o; whence V...0.Iv=0-.1v, 


by the principle which has just been enunciated. It follows, then, that “if 
aright Line (Iv) be multiplied by the Reciprocal (v) of the Right Quaternion (ev), 
of which it is the Index, the Product (vIv) is independent of the Length, and of 


* Tn this and other cases of reference, the numeral cited is always supposed to be the one which 
(with the same number) has /ast occurred before, although perhaps it may have been in connexion 
with a shortly preceding Article. Compare 217, (1.). 
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the Direction, of the Line thus operated on”; or, in other words, that this Pro- 
duct has one common Value, for all possible Lines (a) in Space: which common 
or constant value may be regarded as a kind of new Geometrical Unit, and 
is equal to what we have lately denoted, in 300, III., and VII., by the 
temporary symbol w; because, in the last cited formula, the line op is the 
index of the right quotient oa: o1’. Retaining, then, for the moment, this 
symbol, u, we have, for every line a in space, considered as the index of a right 
quaternion, v, the four equations : 


Vibe oa, 4 VII. ..a= 0; VIII. ..v=a:u; 
PX ne es 


in which it is understood that a=Iv, and the three last are here regarded as 
being merely transformations of the first, which is deduced and interpreted as 
above. And hence it is easy to infer, that for any given system of three rect- 
angular lines a, [3, y, we have the general expression : 


X...(B:a).y = wu, if a L 3, (OnE, yea; 
where the scalar co-efficient, x, of the new unit, u, is determined by the equation, 
XI...%¢=+(T6:Ta).Ty, according as XII...Uy=+ Ax.(a: pf). 


This coefficient 2 is therefore always equal, in magnitude (or absolute quantity), 
to the fourth proportional to the lengths of the three given lines aBy; but it is 
positively or negatively taken, according as the rotation round the third hne y, 
from the second line 3, to the first line a, is itself positive or negative: or in 
other words, according as the rotation round the first line, from the second to 
the third, is on the contrary negative or positive (compare 294, (8) ). 

(1.) In illustration of the constancy of that fourth proportional which has 
been, for the present, denoted by w, while the system of the three rectangular 
unit-lines from which it is conceived to be derived is in any manner turned 
about, we may observe that the three equations, or proportions, 


XI. iy = Peas ys a= 40-95 B:-y=7:P, 
conduct immediately to this fourth equation of the same kind, 
XIV...uw:a=y:f8, or* w=(y:f)-4a; 


if we admit that this new quantity, or symbol, u, is to be operated on at all, 


* In equations of this form, the parentheses may be omitted, though for greater clearness they 
are here retained. 
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or combined with other symbols, according to the general rules of vectors and 
quaternions. 


(2.) It is, then, permitted to change the three letters a, 3, y, by a cyclical 
permutation, to the three other letters, (3, y, a (considered again as represent- 
ing wnit-lines), without altering the value of the fourth proportional, wu; or in 
other words, it is allowed to make the system of the three rectangular lines 
revolve, through the third part of four right angles, round the interior and co- 
initial diagonal of the unit-cube, of which they are three co-initial edges. 

(3.) And it is still more evident, that no such change of value will take 
place, if we merely cause the system of the two first lines to revolve, through 
any angle, in its own plane, round the third line as an axis; since thus we shall 
merely substitute, for the factor 3: a, another factor equal thereto. But by 
combining these two last modes of rotation, we can represent any rotation what- 
ever, round an origin supposed to be fixed. 


(4.) And as regards the scalar ratio of any one fourth proportional, such 
as 2’: a’. y’, to any other, of the kind here considered, such as 3: a. y, or u, it 
is sufficient to suggest that, without any real change in the former, we are 
allowed to suppose it to be so prepared, that we shall have 


XYV..-a@ =a: B=B; y=2y73 


x being some scalar coefficient, and representing the ratio required. 


304. In the more general case, when the three given lines are not rect- 
angular, nor unit-lines, we may on similar principles determine their fourth 
proportional, without referring to fig. 68 [p. 360], as follows. Without any 
real loss of generality, we may suppose that the planes of a, 6 and a, y are 
perpendicular to each other; since this comes merely to substituting, if neces- 
sary, for the quotient 3: a, another quotient equal thereto. Having thus 


L..AX.(8:a) | Ax.(y:a), let Il... 8=,'+ 6%, yay +’, 


where /3’ and 7’ are parallel to a, but (3” and y” are perpendicular to it, and 
to each other; so that, by 203, I. and II., we shall have the expressions, 


Ie 6 = 8a 4 8a. 
a a 


and Tye aa. Wi rie alles 
a a 
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We may then deduce, by the distributive principle (300, (2.) ), the tranfor- 


mations, 
Bi ere ee ene ee, 
bees Fae te) +y") 
pie SE ee ai 
Ss len Gta? narra =O+2u; 
where 
Vie 68 ny 8 ee B’S 2%, and Valiees eens 
a a a a a 


The latter part, vu, is what we have called (800) the (geometrically) scalar 
part, of the sought fourth proportional; while the former part § may (still) 
be called its vector part: and we see that this part is represented by a dine, 
which is at once in the two planes, of 3, y”’, and of y, 3”; or in two planes 
which may be generally constructed as follows, without now assuming that the 
planes af3 and ay are rectangular, as in I. Let y’ be the projection of the 
line y on the plane of a, (3, and operate on this projection by the quotient 
(:aasa multiplier; the plane which is drawn through the line 3:a.7 so 
obtained, at right angles to the plane a), is one locus for the sought line 8: 
and the plane through y, which is perpendicular to the plane yy’, is another 
locus for that line. And as regards the length of this line, or vector part 8, 
and the magnitude (or quantity) of the scalar part wu, it is easy to prove that 


Witla, We = 2008 5, and TX. : e227 sins, 


where 
Rew 0 aby AN ee Bs = Sin CeIn , 


if ¢ denote the angle between the two given lines a, (3, and p the inclination 
of the third given line y to their plane: the sign of the scalar coefficient, a, 
being positive or negative, according as the rotation round a from f to y is 
negative or positive. 

(1.) Comparing the recent construction with fig. 68, we see that when the 
condition I. is satisfied, the four unit-lines Uy, Ua, Uf, Us take the direc- 
tions of the four radii oc, 0e, or, od, which terminate at the four corners of 
what may be called a ¢ri-rectangular quadrilateral carp on the sphere. 

(2.) It may be remarked that the area of this quadrilateral is exactly equal 
to half the area S of the triangle peF; which may be inferred, either from 
the circumstance that its spherical excess (over four right angles) is constructed 
by the angle mpn; or from the triangles pBr and was being together equal 
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to the triangle aBr, so that the area of DEsR is =, and therefore that of carp 
is $3, as before. 

(3.) The two sides ca, ar of this quadrilateral, which are remote from the 
obtuse angle at p, being still called » and c, and the side cp which is opposite 
to ¢ being still denoted by c’, let the side pr which is opposite to p be now 
called p’; also let the diagonals cr, ap be denoted by d and d’; and let s 
denote the spherical excess (cor — 3), or the area of the quadrilateral. We 
shall then have the relations, 


Ge d=cosp cose; cosd’=cosp cose’; 
DG 8 eae (= c=cosptane; tanp’= cose tanp; 


- 
cos 8 = cos p sec p’ = cose secc = cosd secd ; 


of which some have virtually occurred before, and all are easily proved by 
right-angled triangles, arcs being when necessary prolonged. 

(4.) If we take now two points, a and B, on the side ar, which satisfy the 
arcual equation (comp. 297, XL., and fig. 68), 


XIII... nAB= AR; 


and if we then join ac, and let fall on this new are the perpendiculars Bx’, 
pp’; it is easy to prove that the projection B’p’ of the side Bp on the are ac is 
equal to that arc, and that the angle psp’ is right: so that we have the two 
new equations, 

XIV...nB’D’=nac; XV...DBB = 47; 


and the new quadrilateral Bs’p’p is also tri-rectangular. 

(5.) Hence the point p may be derived from the three points anc, by any two 
of the four following conditions: Ist, the equality XIII. of the arcs aB, aR; 
IInd, the corresponding equality XIV. of the arcs ac, B’p’; IIIrd, the 
tri-rectangular character of the quadrilateral carp; IVth, the corresponding 
character of sp’p’p. 

(6.) In other words, this derived point p is the common intersection of the 
four perpendiculars, to the four arcs AB, AC, CQ, BB’, erected at the four points 
R, D’, C, B; CQ, BB’ being still the perpendiculars from c and B, on AB and Ac; 
and R and p’ being deduced from q and 8’, by equal ares, as above. 

305. These consequences of the construction employed in 297, &e., are 
here mentioned merely in connexion with that theory of fourth proportionals 
to vectors, which they have thus served to illustrate; but they are perhaps 
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numerous and interesting enough, to justify us in suggesting the name, 
¢ Spherical Parallelogram,”* for the quadrilateral capp, or BaAcD, in fig. 68 
(or 67), p. 860; and in proposing to say that p is the Fourth Point, which 
completes such a parallelogram, when the three points c, A, B, or B, A, ©, are 
given upon the sphere, as fist, second, and third. It must however be care- 
fully observed, that the analogy to the plane is here thus far imperfect, that in 
the general case, when the three given points are not co-arcual, but on the con- 
trary are corners of a spherical triangle anc, then if we take c, D, B, or B, D, ©, 
for the three first points of a new spherical parallelogram, of the kind here con- 
sidered, the new fourth point, say Ay, will not coincide with the old second point 
A; although it will very nearly do so, if the sides of the triangle anc be small: 
the deviation aA, being in fact found to be small of the third order, if those 
sides of the given triangle be supposed to be small of the first order; and 
being always directed towards the foot of the perpendicular, let fall from a 
on BC. 

(1.) To investigate the aw of this deviation, let B, y be still any two given 
unit-vectors, 0B, oc, making with each other an angle equal to a, of which 
the cosine is 7; and let p or op be any third vector. Then, if we write, 


dice py ae) = Ne. (Ey +8), 0a = Up, oa, = Up, 


the new or derived vector, dp or pi, oY OP, will be the common vector part of 
the two fourth proportionals, to p, 3, y, and to p, y, 3, multiplied by the square 
of the length of p; and Baca, will be what we have lately called a spherical 
parallelogram. We shall also have the transformation (compare 297, (2.) ), 


die ae l= = Gee. er eee 
pi = gp =f 7 Y B p B 


and the distributive symbol of operation » will be such that 
III... ¢p |||, y, and ¢g’p=p, if e|l|B, st 
IV... ¢p=—%, if p || Ax. (7: 8). 
(2.) This being understood, let 


but 


V...p=p' +p"; gp =p1; p'|I|B, 73 Pe” || Ax-(y: 8); 


* By the same analogy, the quadrilateral caxp, in fig. 68, may be called a Spherical Rectangle. 
t [In fact ¢8 = y and $y =8. So g(yB+27)=<B+y7-] 
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so that p’, or op’, is the projection of p on the plane of By; and p”, or ov”, is 
the part (or component) of p, which is perpendicular to that plane. Then 
we shall have an indefinite series of derived vectors, pi, p2, ps... or rather 
two such series, succeeding each other alternately, as follows: 


“3 (p1 aa ~p fe ne an Ip”; 2 = ¢’p = 0 ze 7? Ys 
ps=o'p=pi-lp"; pr= pip =p’ + Up"; &e.; 
the two series of derived points, P, P2, Ps, Psy». - being thus ranged, alternately, 
on the two perpendiculars, PP’ and P,P’, which are let fall from the points Pp 
and P,, on the given plane Boc; and the intervals, PP., P:P;, P2Py,... forming a 
geometrical progression, in which each is equal to the one before it, multiplied 
by the constant fuctor —1, or by the negative of the cosine of the given angle Boc. 
(3.) If then this angle be still supposed to be distinct from 0 and z, and 
also in general from the intermediate value 47, we shall have the two limiting 


values, 
VE. 2+ P2n = ps Pent = P15 if n=O; 


or in words, the derived points P., Py... of even orders, tend to the point Pv’, and 
the other derived points, Pi, Ps, .. . of odd orders, tend to the other point P’,, as 
limiting positions; these two limit points being the feet of the two (rectilinear) 
perpendiculars, let fall (as above) from P and P’ on the plane Boc. 

(4.) But even the first deviation pp, is small of the third order, if the length 
Tp of the Zine op be considered as neither large nor small, and if the sides of 
the spherical triangle Bac be small of the first order. or we have by VI. the 
following expressions for that deviation, 


VIII... pp.=p,— p= (- 1) p” =—sin’a.sinp,.Tp.Up’ ; 


where pz denotes the inclination of the line p to the plane By; or the arcual 
perpendicular from the point @ on the side sc, or a, of the triangle. The 
statements lately made (305) are therefore proved to have been correct. 
(5.) And if we now resume and extend the spherical construction, and con- 
ceive that p, is deduced from Ba,c, as A, was from Bpc, or p from BAC; while 
A, may be supposed to be deduced by the same rule from Bp,c, and D2 from 
BA,C, &c., through an indefinite series of spherical parallelograms, in which the 
fourth point of any one is treated as the second point of the next, while the first 
and ¢hird points remain constant: we see that the points A,, A... . are all 
situated on the arcual perpendicular let fall from a on Bc; and that in like 
manner the points D,, D,,... are all situated on that other arcual perpendicular, 
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which is let fall from p on Bc. We see also that the ultimate positions, a, and 
D,, coincide precisely with the feet of those two perpendiculars: a remarkable 
theorem, which it would perhaps be difficult to prove, by any other method 
than that of the Quaternions, at least with calculations so simple as those 
which have been employed above. 

(6.) It may be remarked that the construction of fig. 68 might have been 
otherwise suggested (comp. 223, IV.), by the principles of the Second Book, 
if we had sought to assign the fourth proportional (297) to three right quater- 
nions; for example, to three right versors, v, v’, v’, whereof the writ lines a, B, 
y should be supposed to be the aves. For the result would be in general a 
quaternion vv v’, with e for its scalar part, and with 6 for the index ofits right 
part: eand 6 denoting the same scalar, and the same vector, as in the sub- 
articles to 297. 


306. Quaternions may also be employed to furnish a new construction, 
which shall complete (comp. 805, (5.) ) the graphical determination of the two 
series of derived points, 

Tee Dy Aas Diy Aas Day, 00k; 


when the ¢hree points a, B, c are given upon the unit-sphere; and thus shall 
render visible (so to speak), with the help of a new figure, the tendencies of 
those derived points to approach, alternately and indefinitely, to the feet, say 
pv’ and a’, of the two arcual perpendiculars let fall from the two opposite corners, 
p and A, of the first spherical parallelogram, Bacp, on its given diagonal Be ; 
which diagonal (as we have seen) is common to all the successive paral- 
lelograms. 

(1.) The given triangle anc being supposed for simplicity to have its sides 
abc less than quadrants, as in 297, so that their cosines dn are positive, let 
A’, B’, C be the feet of the perpendiculars let fall on these three sides from the 
points a, B, c; also let m and n be two auxiliary points, determined by the 
equations, 

II.... BM=oMC, 1 AM=oMN; 


so that the arcs An and Bc bisect each other in m. Let fall from n a perpen- 
dicular np’ on Bc, so that 
III...9. pp’ =n a’c; 


and let 8”, c’ be two other auxiliary points, on the sides 6 and ¢, or on those 
sides prolonged, which satisfy these two other equations, 


LV AA BB Era, 4 OC = oR, 
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(2.) Then the perpendiculars to these last sides, ca and AB, erected at these 
last points, B’ and c”’, will intersect each other in the point p, which completes 
(305) the spherical parallelogram BacD; and the foot of the perpendicular from 
this point v, on the third side sc of the given triangle, will coincide (comp. 
305, (2.)) with the foot v’ of the perpendicular on the same side from N; so that 
this last perpendicular nv’ is one locus of the point v. 

(3.) To obtain another locus for that point, adapted to our present pur- 
pose, let x denote now* that new point in which the two diagonals, ap and Bo, 
intersect each other; then because (comp. 297, (2.)) we have the expression, 


V...op=v (m3 + ny — la), 
we may write (comp. 297, (25.), and (30.) ), 
VI...0z=u(mB+ny), whence VII...sin BE: sin Ec=n: m=cos BA’: C08 A’C} 


the diagonal ap thus dividing the are sc into segments, of which the scnes are 
proportional to the cosines of the adjacent sides of the given triangle, or to the 
cosines of their projections BA’ and a’c on Bc; so that the greater segment is 
adjacent to the desser side, and the middle point m of Bc (1.) lies between the 
points A’ and &. 

(4.) The intersection = is therefore a known point, and the great circle 
through a and & is a second known locus for 
Dd; which point may therefore be found, as 
the intersection of the are a¥ prolonged, 
with the perpendicular Nv’ from N{1.). And 
because E lies (3.) beyond the middle point 
M of Bc, with respect to the foot a’ of the 
perpendicular on sc from A, but. (as it is 
easy to prove) not so far beyond m as the 
point pD’, or in other words falls between m 
and p’ (when the arc Bc is, as above sup- 
posed, Jess than a quadrant), the prolonged 
are AE cuts ND’ between N and Dp’; or in 
other words, the perpendicular distance of 
the sought fourth point vp, from the given 
diagonal wc of the parallelogram, is less than the distance of the given second point 
A, from the same given diagonal. (Compare the annexed fig. 73.) 


Fig. 73. 


* It will be observed that m, nN, E have not here the same significations as in fig. 68; and that the 
present letters c’ and c” correspond to @ and k in that figure. 
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(5.) Proceeding next (3805) to derive a new point a, from B, D, c, as D has 
been derived from B, A, c, we see that we have only to determine a new* 
auxiliary point ¥, by the equation, 

VITT...n eM = MF; 


and then to draw pr, and prolong it till it meets aa’ in the required point Aj, 
which will thus complete the second parallelogram, BDCA,, with Bc (as before) for 
a given diagonal. 

(6.) In like manner, to complete (comp. 305, (5.)), the third parallelogram, 
BA\CD,, with the same given diagonal Bc, we have only to draw the are A,B, 
and prolong it till it cuts nD’ in p,; after which we should find the point a, 
of a fourth successive parallelogram BD,CA2, by drawing pD,F, and so on for ever. 

(7.) The constant and indefinite tendency, of the derived points D, D,... to 
the limit-point v’, and of the other (or alternate) derived points Ay, A2,... to the 
other limit-point a’, becomes therefore evident from this new construction; the 
final (or limiting) results of which, we may express by these two equations 
(comp. again 305, (5.)), 

ho eam eae a 

(8.) But the smallness (305) of the first deviation AA,, when the sides of the 
given triangle aBc are smai/, becomes at the same time evident, by means of 
the same construction, with the help of the formula VII.; which shows that 
the infervalt EM, or the equal interval mr (5), is small of the third order, when 
the sides of the given triangle are supposed to be small of the first order: 
agreeing thus with the equation 305, VIII. 

(9.) The theory of such spherical parallelograms admits of some interesting 
applications, especially in connexion with spherical conics; on which however 
we cannot enter here, beyond the mere enunciation of a Theorem,t of which 
(comp. 271) the proof by quaternions is easy :— 


* This new point, and the intersection of the perpendiculars of the given triangle, are evidently 
not the same in the new figure 73, as the points denoted by the same letters, r and Pp, in the former 
figure 68; although the four points a, B, c, p are conceived to bear to each other the same relations 
in the two figures, and indeed in fig. 67 also; Bacp being, in that figure also, what we have proposed 
to call a spherical parallelogram. Compare the Note to (3.). 

t+ The formula VII. gives easily the relation, 


“Xia 
VIl’...tan em = tan ma’ (tan a) : 


hence the interval em is small of the third order, in the case (8.) here supposed; and generally, if 
a< a as in (1.), while 4 and ¢ are unequal, the formula shows that this interval Em is less than ma’, 


or than p’m, so that © falls between m and p’, as in (4.). 
{ This Theorem was communicated to the Royal Irish Academy in June, 1845, as a consequence 
of the principles of Quaternions. See the Proceedings of that date (Vol. III., page 109). 


Art, 306. | SPHERICAL QUADRILATERAITS. 3938 


“Tf KiLMN be any spherical quadrilateral, and 1 any point on the sphere; if 
also we complete the spherical parallelograms, 


X...KILA, LIMB, MINC, NIKD, 


and determine the poles % and ¥ of the diagonals Km and LN of the quadrilateral : 
then these two poles are the foci* of a spherical conic, inscribed in the derived 
quadrilateral aBcD, or touching its four sides.” + 

(10.) Hence, in a notationt elsewhere proposed, we shall have, under 
these conditions of construction, the formula: 


Ain SEE (eS pApeps or Ayan.) BUDA y ee: 


(11.) Before closing this article and section, it seems not irrelevant to 
remark, that the projection y’ of the unit-vector y, on the plane of a and B, 
is given by the formula, 

XIl...y'= 


a sind cosB + Bsin bcos a 
sin ¢ 


° 


and that therefore the point Pp, in which (see again fig. 73) the three arcual 
perpendiculars of the triangle axc intersect, is on the vector, 


AITI...p =atana+ tanp+y tance. 


(12.) It may be added, as regards the construction in 305, (2.), that the 
right lines, 
RIV PPA Pia Pe ee 


however far their series may be continued, intersect the given plane Boc, alter- 
nately, in two points s and 'v, of which the vectors are, 


pith’ Spr ie 
XV...08 eqparp Ol Shear 


and which thus become two fired points in the plane, when the position of the 
point P tn space is given, or assumed. 


* In the language of modern geometry, the conic in question may be said to touch eight given ares ; 
four real, namely the sides an, BC, cb, DA; and four imaginary, namely two from each of the focal 
points, B and F. 

t [Take g=Arlk, r=wA, s=vey, and t=x0v; then srqg=—vele= Kt, rg=pr, sr=va, 
ts= iu, and gi=Ay, On reference to fig. 60, p. 304, there is no difficulty in seeing that a conic 
having the given foci may be drawn to touch the four sides, produced when necessary. | 

{ Compare the second Note to page 310. 
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SECTION 9. 


@n a Third Method of interpreting a Product or Function of 
Wectors as a Quaternion; and on the Consistency of the 
Results of the Interpretation so obtained, with those which 
have been deduced from the two preceding Methods of the 
present Book. 

807. The Conception of the Fourth Proportional to three Rectangular Unit- 
Lines, as being itself a species of Fourth Unit in Geometry, is eminently 
characteristic of the present Calculus; and offers a Third Method of interpreting 
a Product of two Vectors as a Quaternion: which is however found to be 
consistent, in all its results, with the two former methods (278, 284) of the 
present Book; and admits of being easily extended to products of three or 
more Jines in space, and generally to Functions of Vectors (289). In fact we 
have only to conceive* that each proposed vector, a, is divided by the new or 
Sourth unit, u, above alluded to; and that the quotient so obtained, which is 
always (by 308, VIII.) the right quaternion I-‘a, whereof the vector a is the 
index, is substituted for that vector: the resulting quaternion being finally, if 
we think it convenient, multiplied into the same fourth unit. For in this way 
we shall merely reproduce the process of 284, or 289, although now as a con- 
sequence of a different train of thought, or of a distinct but Consistent Interpre- 
tation: which thus conducts, by a new Method, to the same Rules of Calculation 
as before. 

(1.) The equation of the unit-sphere, p?+1=0 (282, XIV.), may thus be 
conceived to be an abridgment of the following fuller equation : 


* It was in a somewhat analogous way that Des Cartes showed, in his Geometria (Schooten’s 
Edition, Amsterdam, 1659), that all products and powers of lines, considered relatively to their lengths 
alone, and without any reference to their directions, could be interpreted as lines, by the suitable 
introduction of a line taken for wnity, however high the dimension of the product or power might be. 
Thus (at page 3 of the cited work) the following remark occurs : — 

‘Ubi notandum est, quod per a? vel 0°, similésve, communiter, non nisi lineas omnino simplices 
concipiam, licét illas, ut nominibus in Algebra usitatis utar, Quadrata aut Cubos, &c. appellem.” 

But it was much more difficult to accomplish the corresponding muitiplication of directed lines in 
space; on account of the non-existence of any such line, which is symmetrically related to all other lines, 
or common to ali possible planes (comp. the Note to page 258). The Unit of Vector-Multiplication 
cannot properly be itself a Vector, if the conception of the Symmetry of Space is to be retained, and 
duly combined with the other elements of the question. This difficulty however disappears, at least 
in theory, when we come to consider that new Unit, of a scalar kind (300), which has been above 
denoted by the temporary symbol ~, and has been obtained, in the foregoing section, as a certain 
Fourth Proportional to Three Rectangular Unit-Lines, such as the three co-initial edges, AB, AC, AD of 
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the quotient p:u being considered as equal (by 303) to the right quaternion, 
Ip, which must here be a right versor (154), because its square is negative 
unity. 
(2.) The equation of the ellipsoid, 
T (19 + px) =«’ — ° (282, XIX.), 


may be supposed, in like manner, to be abridged from this other equation : 


II T(i +2 *)=(£)- (4); 
WE INGOT AE Uu uj? 


and similarly in other cases. 
(3.) We might also write these equations, of the sphere and ellipsoid, 
under these other, but connected forms: 


aes it ee ee 
III...2p =-u; TV... T(ép +2) c~4; 


with interpretations which easily offer themselves, on the principles of the 
foregoing section. 

(4.) It is, however, to be distinctly understood, that we do not propose to 
adopt this Korm of Notation, in the practice of the present Calculus: and that 
we merely suggest it, in passing, as one which may serve to throw some addi- 
tional light on the Conception, introduced in this Third Book, of a Product of 
two Vectors as a Quaternion. 

(5.) In general, the Notation of Products, which has been employed 
throughout the greater part of the present Book and Chapter, appears to be 


what we have called an Unit-Cube: for this fourth proportional, by the proposed conception of it, 
undergoes no change, when the cube aBcp is in any manner moved, or turned; and therefore may be 
considered to be symmetrically related to all directions of lines in space, or to all possible vections (or 
translations) of a point, or body. In fact, we conceive its determination, and the distinction of it (as + w) 
from the opposite unit of the same kind (— u), to depend only on the usual assumption of an unit of 
length, combined with the selection of a hand (as, for example, the right hand), rotation towards which 
hand shall be considered to be positive, and contrasted (as such) with rotation towards the other hand, 
round the same arbitrary axis. Now in whatever manner the supposed cube may be thrown about in 
space, the conceived rotation round the edge Aw, from Ac to AD, will have the same character, as right- 
handed or left-handed, at the end as at the beginning of the motion. If then the fourth proportional 
to these three edges, taken in this order, be denoted by + u, or simply by +1, at one stage of that 
arbitrary motion, it may (on the plan here considered) be denoted by the same symébol, at every other 
stage: while the opposite character of the (conceived) rotation, round the same edge AB, from ap to AC, 
leads us to regard the fourth proportional to AB, AD, AC as being on the contrary equal to — u, or to—1. 
It is true that this conception of a new unit for space, symmetrically related (as above) to all linear 
directions therein, may appear somewhat abstract and metaphysical; but readers who think it such 
can of course confine their attention to the rules of calculation, which have been above derived from it, 
and from other connected considerations: and which have (it is hoped) been stated and exemplified, 
in this and in a former volume, with sufficient clearness and fulness. 
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much more convenient, for actual use in calculation, than any Notation of 
Quotients: either such as has been just now suggested for the sake of illus- 
tration, or such as was employed in the Second Book, in connexion with that 
First Conception of a Quaternion (112), to which that Book mainly related, as 
the Quotient of two Vectors (or of two directed lines in space). The notations 
of the two Books are, however, intimately connected, and the former was 
judged to be an useful preparation for the latter, even as regarded the 
quotient-forms of many of the expressions used: while the Characteristics of 
Operation, such as 


S, V, T, U, K, N, 


are employed according to exactly the same laws in both. In short, a reader 
of the Second Book has nothing to unlearn in the Third; although he may be 
supposed to have become prepared for the use of somewhat shorter and more 
convenient processes, than those before employed. 


SECTION 10. 


On the Interpretation of a Power of a Wector as a 
Quaternion. 


308. The only symbols, of the kinds mentioned in 277, which we have 
not yet interpreted, are the cube a®, and the general power a’, of an arbitrary 
vector base, a, with an arbitrary scalar exponent, t; for we have already assigned 
interpretations (282, (1.), (14.), and 299, (8.)) for the particular symbols a’, a, 
a’, which are included in this last form. And we shall preserve those parti- 
cular interpretations if we now define, in full consistency with the principles 
of the present and preceding Books, that this Power a‘ is generally a Quater- 


nion, which may be decomposed into two factors, of the tensor and versor kinds, 
as follows: 


ee — ba Ua. 


Ta’ denoting the arithmetical value of the t power of the positive number Ta, 
which represents (as usual) the length of the base-line a; and Ua‘ denoting a 
versor, which causes any line p, perpendicular to that line a, to revolve round tt as 
an axis, through ¢t right angles, or quadrants, and in a positive or negative direc. 
tion, according as the scalar exponent, t, is itself a positive or negative number 


(comp. 234, (9.)). 
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(1.) As regards the omission of parentheses in the formula I., we may 
observe that the recent definition, or interpretation, of the symbol a‘, enables 
us to write (comp. 237, II. IIL), 

IL... @(a‘)=(Ta'=Tat; IDL... U (a) = (Ua) = Ua. 

(2.) The avis and angle of the power a‘, considered as a quaternion, are 

generally determined by the two following formule: 


IV...Ax.a'=4+Ua; V...2.a°=2nrtiiz; 


the signs accompanying each other, and the (positive or negative or null) 
integer, ”, being so chosen as to bring the angle within the usual limits, 
0 and 7z. 

(3.) In general (comp. 235), we may speak of the (positive or negative) 
product, 37, as being the amplitude of the same power, with reference to the 
line a as an axis of rotation; and may write accordingly, | 


NI and ae 


(4.) We may write also (comp. 234, VII. VIIT.), 


t 
VI. ..Ua‘= cos + Ua.sin as or briefly, VIII... Ua‘'=cas : : 
(d.) In particular, | 
IX...Ua"=casnrm=+t1; ITX’...Ua"™=+4UVa; 
upper or lower signs being taken, according as the number » (supposed to be 
whole) is even or odd. For example, we have thus the cudes, , 


X...Ua?=-Ua; X’...a®=-aNa. 


(6.) The conjugate and norm of the power a‘ may be thus expressed (it 
being remembered that to turn a line L a through — $¢z round + a, is equi- 
valent to turning that line through + $¢m round -- a) : 


bd Wien BP aa (- a)’; Ril Nace tas. 


parentheses being unnecessary, because (by 295, VIII.) Ka =- a. 
(7.) The scalar, vector, and reciprocal of the same power are given by the 
formule : 


SiS 4 Tah 008m renignietg a= Ta’. Ua. sin; 


RNa tia ea, Ua! =a = Kae Na (comp. 190, (3.)). 
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(8.) If we decompose any vector p into parts p’ and p”, which are respec- 
tively parallel and perpendicular to a, we have the general transformation :* 


AVE. dpa sa lp sp 6 =6,+ Uae Des 


= the new vector obtained by causing p to revolve conically through an angular 
quantity expressed by ta, round the line a as an axis (comp. 297, (15.) ). 
(9.) More generally (comp. 191, (5.)), if g be any quaternion, and if 


XVII. Poa gi =o. 


the new quaternion ¢ is formed from ¢g by such a conical rotation of its own 
avis Ax.q, through ¢, round a, without any change of its angle Z q, or of its 
tensor ‘l'q. 

(10.) Treating vk as three rectangular unit-lines (295), the symbol, or 

expression, 

AV ape te Ole EN ee ee 
in which 

NX or 20 Oe Oe ee eH 0 

may represent any vector; the length or tensor of this line p being 7; its incli- 
nationt to k being sw; and the angle through which the variable plane kp 
may be conceived to have revolved, from the initial position Ai, with an 
initial direction towards the position 4/, being ¢r. 

(11.) In accomplishing the transformation X VL., and in passing from the 
expression X VIII. to the less symmetric but equivalent expression XIX., we 
employ the principle that 

A, oh = BS we Ie) os 


which easily admits of extension, and may be confirmed by such transforma- 
tions as VII. or VIII. 

(12.) It is scarcely necessary to remark, that the definition or interpreta- 
tion I., of the power a’ of any vector a, gives (as in algebra) the exponential 


property, 
AAI ooo, 


whatever scalars may be denoted by s and ¢; and similarly when there are 
more than two factors of this form. 


* Compare the shortly following sub-article (11.). 

t If we conceive (compare the first Note to page 345) that the two lines ¢ and / are directed 
respectively towards the sowsh and west points of the horizon, while the third line / is directed 
towards the zenith, then sm is the zenith-distance of p; and tm is the azimuth of the same line, 
measured from south to west, and thence (if necessary) through north and east, to south again. 
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(13.) As verifications of the expression X VIII., considered as represent- 
ing a vector, we may observe that it gives, 


DOLE en iid a RV ig 


(14.) More generally, it will be found that if w* be any scalar, we have 
the eminently simple transformation : 


BD.) Ey vi 2 9 Md RA bale cael on hy Gy i ae 


In fact, the two last expressions denote generally two equal quaternions, because 
they have, Ist, equal tensors, each = 1”; IInd, equal angles, each = Z (kY) ; and 
IIIrd, equal (or coincident) aves, each formed from + by one common system 
of two successive rotations, one through sm round /, and the other through ¢z 
round kh. 

309. Any quaternion, g, which is not simply a scalar, may be brought to 
the form a‘, by a suitable choice of the base, a, and of the exponent, t; which 
latter may moreover be supposed to fall between the limits 0 and 2; since 
for this purpose we have only to write, . 


ede 


Mt 


Tee TE ey nes Wee 

and thus the general dependence of a Quaternion, on a Scalar and a Vector 
Element, presents itselfin a new way (comp. 17, 207, 292). When the pro- 
posed quaternion is a versor, Ty=1, we have thus Ta=1; or in other words, 
the base a, of the equivalent power at, is an wnit-line. Conversely, every versor 
may be considered as a power of an unit-line, with a scalar exponent, t, which 
may be supposed to be in general positive, and less than two; so that we may 
write generally, 


Ves Ug =a. wilh Vera Am age ls 
and 
sal See yon | Fae ay 


although if this versor degenerate into 1 or —1, the exponent t becomes 0 or 2, 
and the base a has an indeterminate or arbitrary direction. And from such 
transformations of versors new methods may be deduced, for treating questions 
of spherical trigonometry and generally of spherical geometry. 


* The employment of this letter «, to denote what we called, in the two preceding sections, a 
Jourth unit, &c., was stated to be a merely temporary one. In general, we shall henceforth simply 
equate that scalar unit to the number one; and denote it (when necessary to be denoted at all) by the 
usual symbol, 1, for that number. 
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(1.) Conceive that p, a, R, in fig. 46 [p. 153] are replaced by a, B, c, with 
unit-vectors, a, (3, y as usual; and let «, y, z be three scalars between 0 and 2, 
determined by the three equations, 


Vil Cope Oe ye on ar oe: 


where A, B, c denote the angles of the spherical triangle. The three versors, 
indicated by the three arrows in the upper part of the figure, come then to be 
thus denoted : 
VUIL...g=a"; =P; ¢g=y"": 
so that we have the equation, 
ea ne Or ae ey aa Ls 


from which last, by easy divisions and multiplications, these two others imme- 
diately follow: 
pay ee ee ee Baty" =-]; 
the rotation round a from 3 to y being again supposed to be negative. 
(2.) In X. we may write (by 308, VIII.), 


Rls a Cenk Bash sy: — ovac: 


and then the formula becomes, for any spherical triangle, in which the order of 


rotation is as above : 
XIT. .. oysc. c3sn.casa =— 1; 
or (comp. IX.), ; 


XIII. ..-cosc + y sinc = (cos B + (3 sin B) (cosa + asin A). 


(3.) Taking the scalars on both sides of this last equation, and remember- 
ing that Sa =-cosc, we thus immediately derive one form of the fundamental 
equation of spherical trigonometry; namely, the equation, 


XTV...cosc + cosa cos B = cose Sin A Sin B. 
(4.) Taking the vectors, we have this other formula: 
XV...y sinc =asina cosB + 3 sinB cosa + VBasinA sinB; 


which is easily seen to agree with 306, XII., and may also be usefully com- 
pared with the equation 210, XXX VII. 

(5.) The result XV. may be enunciated in the form of a Theorem, as 
follows :— 

“Tf there be any spherical triangle asc, and three lines be drawn from the 
centre o of the sphere, one towards the point a, with a length =sin A cosB; another | 
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towards the point B, with a length=sinB cosa; and the third perpendicular to the 
plane sop, and towards the same side of it as the point c, with a length =sinc sin A 
sin B; and if, with these three lines as edges, we construct a parallelepiped: the 
intermediate diagonal from o will be directed towards c, and will have a length 
Sebi 

(6.) Dividing both members of the same equation XV. by p, and taking 
scalars, we find that if p be any fourth point on the sphere, and a the foot of 
the perpendicular let fall from this point on the arc an, this perpendicular Pa 
being considered as positive when c and P are situated at one common side of 
that arc (or in one common hemisphere, of the two into which the great circle 
through a and B divides the spheric surface), we have then, 


XVI... sinc cospc = sinA COs B COSPA + SINB COSA COSPB + SINA SINB Sinc sin PQ} 


a formula which might have been derived from the equation 210, XXX VIIL., 
by first cyclically changing abcanc to beapca, and then passing from the former 
triangle to its polar or supplementary : and from which many less general equa- 
tions may be deduced, by assigning particular positions to P. 

(7.) For example, if we conceive the point P to be the centre of the curcum- 
scribed small circle anc, and denote by R the arcual radius of that circle, and 
by s the semisum of the three angles, so that 28=A+B+C=a7+0, if o again 
denote, as in 297, (47.), the area* of the triangle anc, whence 


XVII...pA=pB=pco=R, and sinpa=sin Rsin(s—c), 


the formula XVI. gives easily, 


AV ITE. 2 cot. in : = sin ASIN BSINC; 


a relation between radius and area, which agrees with known results, and 
from which we may, by 297, LXX., &c., deduce the known equation : 


b C 
De BS oe = i a i p=y 1 ae 
etan R #sin 5 sin 5 sin 5; 


in which we have still, as in 297, (47.), &c., 
XX...e = (Say =) sina sin 6 sinc = &e. 


(8.) In like manner we might have supposed, in the corresponding general 
equation 210, XXXVIII., that p was placed at the centre of the inscribed 


* Compare the Note to the cited sub-article. 
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small circle, and that the arcual radius of ¢/aé circle was +, the semisum of 
the sides being s; and thus should have with ease deduced this other known 
relation, which is a sort of polar reciprocal of X VIII., 


XXI...2tanr.sins =e, 


But these results are mentioned here, only to exemplify the fertility of the 
formule, to which the present calculus conducts, and from which the theorem 
in (5.) was early seen to be a consequence. 

(9.) We might develop the ternary product in the equation XII., as we 
developed the binary product XIII.; compare scalar and vector parts; and 
operate on the latter, by the symbol 8.p™%. New general theorems, or at least 
new general forms, would thus arise, of which it may be sufficient in this 
place to have merely suggested the investigation. 

(10.) As regards the order of rotation (1.) (2.), it is clear, from a mere 
inspection of the formula XY., that the rotation round y from 3 to a, or that 
round c from B to A, must be positive, when that equation XV. holds good; at 
least if the angles a, B, c, of the triangle aBc, be (as usual) treated as positive : 
because the rotation round the dine Va from 3 to a is always positive (by 
Dol, (o.) he 

(11.) If, then, for any given spherical triangle, asc, with angles still sup- 
posed to be positive, the rotation round c from B to A should happen to be (on 
the contrary) negative, we should be obliged to modify the formula XV.; which 
could be done, for example, so as to restore its correctness, by interchanging a 
with (3, and at the same time a with B. 

(12.) There is, however, a sense in which the formula might be considered 
as still remaining true, without any change in the mode of writing it; namely, 
if we were to interpret the symbols, A, B, c as denoting negative angles, for the 
case last supposed (11.). Accordingly, if we take the reciprocal of the equa- 
tion X., we get this other equation, 


6.44 8 Ree a [Sy =—Il; 


where , y, g are positive, as before, and therefore the new exponents, —x, —y, —3, 
are negative, if the rotation round a from B to y be itse/f negative, as in (1.). 
(13.) On the whole, then, if a, B, y be any given system of three co-imteal 
and diplanar unit-lines, OA, OB, OC, we can always assign a system of three scalars, 
a, y, , which shall satisfy the exponential equation X., and shall have redations 
of the form VII. to the spherical angles A, B,c; but these three scalars, if deter- 
mined so as to fall between the limits + 2, will be al/ positive, or all negative, 
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according as the rotation round a from [ to y is negative, as in (1.), or positive, 
as in (11.). 
(14.) As regards the /imits just mentioned, or the inequalities, 


OCT ve Qe ap Dy i Bie a GS me Bn 


they are introduced with a view to render the problem of finding the expo- 
nents eyz in the formula X. determinate; for since we have, by 308, 


AXLYV. a= b= y= + I, if too Sei, 


we might otherwise add any multiple (positive or negative) of the number four, 
to the value of the exponent of any unit-line, and the value of the resulting 
power would not be altered. 

(15.) If we admitted exponents = +2, we might render the problem of 
satisfying the equation X. indeterminate in another way; for it would then 
be sufficient to suppose that any one of the three exponents was thus equal to 
+ 2, or — 2, and that the two others were each = 0; or else that all three were 
of the form + 2. 

(16.) When it was lately said (13.), that the exponents, x, y, 3, in the 
formula X., if dimited as above, would have one common sign, the case was 
tacitly excluded, for which those exponents, or some of them, when multiplied 
each by a quadrant, give angles not equal to those of the spherical triangle 
ABC, whether positively or negatively taken; bué equal to the supplements of 
those angles, or to the negatives of those supplements. 

(17.) In fact, it is evident (because a? = 3? = y?=— 1), that the equation X., 
or the reciprocal equation XXII., if it be satisfied by any one system of values 
of ryz, will sti// be satisfied, when we divide or multiply any two of the three 
exponential factors, by the squares of the two wait-vectors, of which those factors 
are supposed to be powers: or in other words, if we subtract or add the number 
two, in each of two exponents. 

(18.) We may, for example, derive from XXII. this other equation : 


me We, rs © We dc Soe ees) a. 2. bee a 6 oe = inns 


which, when the rotation is as supposed in (1.), so that ays are positive, may 
be interpreted as follows. 

(19.) Conceive a dune cc’, with points a and B on its two bounding semi- 
circles, and with a negative rotation round a from B to c; or, what comes to 
the same thing, with a positive rotation round a from B to c’.. Then, on the 
plan illustrated by figures 45 and 46, the supplements w- a, 7-8, of the 

3F2 
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angles a and B in the triangle asc, or the angles at the same points a and B in 
the co-lunar triangle anc’, will represent two versors, a multiplier, and a multi- 
plicand, which are precisely those denoted, in XX VI., by the two factors, a?” 
and 3?” ; and the product of these two factors, taken in this order, is that third 
versor, which has its awis directed to c’, and is represented, on the same general 
plan (177), by the external angle of the lune, at that point, c’ ; which, in quantity, 
is equal to the external angle of the same lune at c, or to the angle zw - c. 
This product is therefore equal to that power of the unit-line oc’, or —y, which 


: 2 
has its exponent = = (7-0) =2-2; we have therefore, by this construction, the 


equation, 
POOLE a ea at 


which (by 308, (6.) ) agrees with the recent formula XX VI. 
310. The equation, 


which results from 309, (1.), and in which a, [3, y are the unit-vectors oA, op, 
oc of any three points on the unit-sphere; while the three scalars a, B, Cc, in 
the exponents of the three factors, represent generally the angular quantities 
of rotation, round those three unit-lines, or radii, a, (3, y, from the plane aoc 
to the plane aos, from Boa to soc, and from cos to coa, and are positive or 
negative according as these rotations of planes are themselves positive or 
negative: must be regarded as an important formula, in the applications of 
the present Calculus. It includes, for example, the whole doctrine of Spherical 
Triangles ; not merely because it conducts, as we have seen (809, (8.) ), to one 
form of the fundamental scalar equation of spherical trigonometry, namely to the 
equation, 
II... cosc + cos A COSB = COSC SINA SID B; 


but also because it gives a vector equation (309, (4.)), which serves to connect 
the angles, or the rotations, a, B, c, with the directions™ of the radi, a, (3, y, or 
OA, OB, 0c, for any system of thiee diverging right lines from one origin. It 


* This may be considered to be another instance of that habitual reference to direction, as distin- 
guished from mere quantity (or magnitude), although combined therewith, which pervades the present 
Calculus, and is eminently characteristic of it; whereas Des Cartes, on the contrary, had aimed to 
reduce all problems of geometry to the determination of the lengths of right lines; although (as all 
who use his co-ordinates are of course well aware) a certain reference to direction is even in his theory 
jnevitable, in connexion with the interpretation of negative roots (by him called inverse or false roots) 
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may, therefore, be not improper to make here a few additional remarks, 
respecting the nature, evidence, and extension of the recent formula LI. 
(1.) Multiplying both members of the equation I., by the inverse expo- 
20 


nential y *, we have the transformation (comp. 309, (1.)): 


2A 


(2.) Again, multiplying both members of I. into* a 7, we obtain this other 
formula : 


20 mA Bn) 
LV. oe y" Bz =-—-a ss! =a a . 
2A 2c 


(3.) Multiplying this last equation IV. by a”, and the equation III. into , 
we derive these other forms : 
24 20 2B 2B 2A 2c 
V...a% 6" =-1; Vi... Bray ——1; 
so that cyclical permutation of the letters, a, (3, y, and A, B, ©, ts allowed in the 
equation I.; as indeed was to be expected, from the nature of the theorem 
which that equation expresses. 
(4.) From either V. or VI. we can deduce the formula : 
ee ee 
Vi aye 
by comparing which with III. and IV., we see that cyclical permutation of 
letters is permitted, in ¢hese equations also. 
(5.) Taking the reciprocal (or conjugate) of the equation I., we obtain (com- 
pare 809, XXII.) this other equation: 


2a 2B 2c 


VIll...a* 6 *y *=-1; 


2(47— A) 2 (7 —B) 2 (4 — 0) 


or ah 20 etn a a tat 


of equations. Thus in the first sentence of Schooten’s recently cited translation (1659) of the Geometry 
of Des Cartes, we find it said: ‘‘ Omnia Geometrie Problemata facilé ad hujusmodi terminos reduci 
possunt, ut deinde ad illorum constructionem, opus tantum sit rectarum quarundam longitudinem 
cognoscere.” 

The very different view of geometry, to which the present writer has been led, makes it the more 
proper to express here the profound admiration with which he regards the cited Treatise of Des Cartes : 
containing as it does the germs of so large a portion of all that has since been done in mathematical 
science, even as concerns imayinary roots of equations, considered as marks of geometrical impossibility, 


* For the distinction between multiplying a quaternion indo and by a factor, see the Notes to pages 
147, 159. 
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in which cyclical permutation of letters is again allowed, and from which (or 
from III.) we can at once derive the formula, 


2A 23 2c 


Xa = a 


(6.) The equation X. may also be thus written (comp. 809, XX VII.) : 


2(7—A) 2(7—B) 2 (47 — C) 2(7—C) 


Pa ra tye Te (ay es 

(7.) And all the foregoing equations may be interpreted (comp. 809, (19.) ), 
and at the same time proved, by a reference to that general construction (177) 
for the multiplication of versors, which the figures 45 and 46 were designed to 
illustrate; if we bear in mind that a power a‘, of an unit-line a, with a scalar 
exponent, t, is (by 808, 309) a versor, which has the effect of turning a line 1 a, 
through t right angles, round a as an axis of rotation. 


(8.) The principle expressed by the equation I., from which all the sub- 
sequent equations have been deduced, may be stated in the following manner, 
if we adopt the definition proposed in an earlier part of this work (180, (4.) ), 
for the spherical sum of two angles on a spheric surface : 

“ For any spherical triangle, the Spherical Sum of the three angles, if taken in 
a suitable Order, is equal to Two Right Angles.” 

(9.) In fact, when the rotation round a from B to c is negative, 1f we 
spherically add the angle 8 to the angle a, the spherical sum so obtained is (by 
the definition referred to) equal to the external angle at c; if then we add to 
this sum, or supplement of c, the angle c ttse/f, we get a final or total sum, 
which is exactly equal to 7; addition of spherical angles at one vertex, and 
therefore in one plane, being accomplished in the uswal manner; but the 
spherical summation of angles with different vertices being performed according 
to those new rules, which were deduced in the Ninth Section of Book IL., 
Chapter I.; and were connected (180, (5.)) with the conception of angular 
transvection, or of the composition of angular motions, in different and successive 
planes. 


(10.) Without pretending to attach importance to the following notation, 
we may just propose it in passing, as one which may serve to recall and 
represent the conception here referred to. Using a plus in parentheses, as a 
symbol or characteristic of such spherical addition of angles, the formula I. may 
be abridged as follows: 

XII...c(4)B(4)A=7; 
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the symbol of an added angle being written to the /eft of the symbol of the 
angle to which it is added (comp. 264, (4.)); because such addition corresponds 
(as above) to a multiplication of versors, and we have agreed to write the symbo/ 
of the multiplier to the left* of the symbol of the multiplicand, in every muiti- 
plication of quaternions. 

311. There is, however, another view of the important equation 310, I., 
according to which it is connected rather with addition of arcs (180, (3.)), than 
with addition of angles (180, (4.)); and may be interpreted, and proved anew, 
with the help of the supplementary or polar triangle, a’B’c’, as follows. 

(1.) The rotation round a from B to c being still supposed to be negative, 
let a’, B’, c’ be (as in 175) the positive poles of the sides nc, ca, AB; and let 
a’, 3’, y’ be their unit-vectors. Then, because the rotation round a from y’ 
to 3’ is positive (by 180, (2.)), and is in quantity the supplement of the 
spherical angle a, the product y’P’ will be (by 281, (2.), (8.)) a versor, of 
which a is the avis, and a the angle; with similar results for the two other 
products, a’y’, B’a’. 

(2.) If then we write (comp. 291), 

Liteod =U Oys i oO Nevaeh yalos 
supposing that 
16 Bare Wraead CR Wren beer Gh er Gage 


we shall have (comp. again 180, (2.) ), 
IV...a=UVy7'P’, B=UVa'y, y= UVB ,t 


and 
Vioreas Ly’ 3’, B= La’y’, C= Lisa. 


whence (by 308 or 809) we have the following exponential expressions for these 
three last products of unit-lines. 
2A 2c 


2B 
pVal sos ace =a™ 5 a’y’ = Br; airs yr : 


(3.) Multiplying these three expressions, in an inverted order, we have, 
therefore, the new product: 
20 2B 2a 


NETS: y™ Bt es [3’a’. a’y’ sy’ [3’ ioe Ba? aE S| 


and the equation 310, I. is in this way proved anew. 


* Compare the Note to page 147. 
t [Here UVB’y’ = UVVyaVaB = U (— aSaBy) = — aUSaBy.] 
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(4.) And because, instead of VI., we might have written, 
2a , / 20 , 


VIL... a = = i555 pr=-5; yr =-5, 


Y a 
we see that the equation to be proved may be reduced to the form of the 
edentity Aa 
De eat era 

ay B 
and may be interpreted as expressing, what is evident, that if a point be 
supposed to move first along the side B’c’, of the polar triangle a’n’c’, from B’ 
to c’; then along the successive side c’a’, from o’ to a’; and finally along the 
remaining side a’B’, from a’ to B’, it will thus have returned to the position 
from which it set out, or will on the whole have not changed place at all. 

(5.) In this view, then, we perform what we have elsewhere called an 
addition of arcs (instead of angles as in 310); and in a notation already used 
(264, (4.) ), we may express the result by the formula, 

X.+snAB+tACA +n BC=0; 
each of the two left-handed symbols denoting an arc, which is conceived to be 
added (as a successive vector-arc, 180, (3.)), to the are whose symbol immediately 
follows it, or is written next it, but towards the right-hand. 

(6.) The expressions VI. or VIII., for the exponential factors in 310, L., 
show in a new way the necessity of attending to the order of those factors, in 
that formula: for if we should invert that order, without altering (as in 310, 
VIII.) the exponents, we may now see that we should obtain this new product: 


24 2B 2c fern p 
XI...a7 BP" y7=-5 | GeH= aa 

a B ey / y a’ a (y p a ) o] 
which, on account of the diplanurity of the lines a’, [3’, y’, is not equal to 
negative unity, but to a certain other versor; the properties of which may be 
inferred from what was shown in 297, (64.), and in 298, (8.), but upon which 
we cannot here delay. 

312. In general (comp. 221), an equation, such as 


z 
Lag =; 
between two quaternions, includes a system of four* scalar equations, such as the 
following : 


IT...89°=8¢; Sad =Sag; SG =S8¢q; Sy =Sy¢; 


* The propriety, which such results as this establish, for the use of the mame, QUATERNIONS, as 
applied to this whole Calculus, on account of its essential connexion with the nwmber Foun, does not 
require to be again insisted on. 
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where a, [3, y may be any three actual and diplanar vectors : and conversely, 
if a, B, y be any three such vectors, then the four scalar equations II. repro- 
duce, and are sufficiently replaced by, the one quaternion equation I. But 
an equation between two vectors is equivalent only to a system of three scalar 
equations, such as the three lust equations II.; for example, in 294, (12.), the 
one vector equation XXII. is equivalent to the three scalar equations XXI., 
under the immediately preceding condition of diplanarity XX. In like manner, 
an equation between two versors of quaternions,* such as the equation 


Ti alle = oe, 


includes generally a system of three, but of not more than three, scalar equa- 
tions; because the versor Uq depends generally (comp. 157) on a system of three 
scalars, namely the ¢wo which determine its avis Ax.g, and the one which 
determines its angle 2q; or because the versor equation III. requires to be 
combined with the tensor equation, 


TV oe = Tp. compare 187 (13.), 


in order to reproduce the quaternion equation I. Now the recent equation, 
310, I., is evidently of this versor-form III., if a, B, y be still supposed to be 
unit-lines. If then we met that equation, or if one of its form had occurred to 
us, without any knowledge of its geometrical signification, we might propose to 
resolve it, with respect to the three scalars a, B, c, treated as three unknown 
quantities. The few following remarks, on the problem thus proposed, may 
be not out of place, nor uninstructive, here. 
(1.) Writing for abridgment, 


Vil veota =%, cotp =u, ‘cote = 9, 
and 


VI. ..s = — cosec A cosec B cosec ¢, 
the equation to be resolved becomes (by 308, VII., or 309, XII.), 
VII... (vo + y) (w+ B) (E+ a) =8; 
in which the ¢ensors on both sides are already equal, because 


VIIL... 8? = (0? +1) (wW +1) (+1). 


* An equation, Up’ = Up, or UVg’ = UVg, between two versors of vectors (156), or between the 
axes of two quaternions (291), is equivalent only to a system of two scalar equations; because the 
direction of an axis, or of a vector, depends on a system of two angular elements (111). 
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(2.) Multiplying the equation VII. by ¢ + a, and into ¢ — a, and dividing 
the result by # +1, we have this new equation of the same form, but differing 
by cyclical permutation (comp. 310, (8.)): 


IX... (¢+a)(v+y)(u+ B) =s; 
and in like manner, 


X...(u+ P)(t+a)(v+y) =s. 


(3.) Taking the half difference of the two last equations, and observing 
that (by 279, IV., and 294, IT.) 


(Bay - ayB) = V. BVay = ySaB - aSBy, 
(Ba - a3) = VBa, 4 (By - yB) = VBy, 


we arrive at this new equation, of vector form: 


XII. ..0 = v0VBa + (VBy + ySaB - aSBy; 


xe 
nap 
1 

.2 


which is equivalent only to a system of two scalar equations, because it gives 
0 = 0, when operated on by 8. (3 (comp. 294, (9.) ). 
(4.) It enables us, however, to determine the two scalars, t and v; for if we 
operate on it by S.a, we get (comp. 298, XX VI.), 
XIII... SSaBy = aSBy - SBa Say = 8(VBa.Vay) ; 
and if we operate on the same equation XII. by S.-y, we get in like manner, 
XIV... SaBy = y’SaB - SaySyB =8 (Vay .Vyf). 
(5.) Processes quite similar give the analogous result, 


XV... uSaBy = B’Sya - SyP SBa = 8 (VyB .VBa): 


and thus the problem is resolved, in the sense that expressions have been found 
for the three sought scalars, t, u, v, or for the cotangents V. of the three sought 
angles A, B, C: whence the fourth scalar, s, in the quaternion equation VIL., 
can easily be deduced, as follows. 

(6.) Since (by 294, (6.), changing 6 to a, and afterwards cyclically per- 
muting) we have, for any three vectors a, 3, y, the general transformations, 


aSaBy = V (VBa.Vay), 
Vee ] BSaBy = V (VyB.VBa), 
ySaBy = V (Vay.Vyp), 
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the expressions XIII. XV. XIV. give, 


(¢ + a) SaBy = VBa.Vay; 
XVII... { (w+ B) SaBy = VyB.VBa; 
(v+ y) SaBy = Vay .VyB; 
whence, by VII., 


XVIII. .. s (SaBy)* = (Vy)? (V Ba)? (Vay)’; 


and thus the remaining scalar, s, is also entirely determined. 
(7.) And the equation VIII. may be verified, by observing that the 
expressions XVII. give, 


(# + 1) (SaBy)’ = (VBa)* (Vay); 
XIX... ¢ (w+1) (SaBy) = (Vy)? (VBa)’; 
| (x? + 1) (SaBy)’ = (Vay)? (Vyp)’. 


(8.) The equations XIII. XIV. XV. XVI. give, by elimination of SaBy, 


these new expressions : 
KX-s- att=(V: SV Ba.Vay) sou = CV oe) CV bev ida): 
yot= (V:8)(Vay. Vy); 


by comparing which with the formula 281, XX VIII., after suppressing (291) 
the characteristic I., we find that the three scalars, t, u, v, are either Ist, the 
cotangents of the angles opposite to the sides a, b, c, of the spherical triangle in 
which the three given unit-lines a, 3, y terminate, or IInd, the negatives of those 
cotangents, the angles themselves of that triangle being as usual supposed to be 
positive (3809, (10.) ), according as the rotation round a from [3 to y is negative 
or positive: that is (294, (3.)), according as Say > or < 0; or finally, by 
XVIIL., according as the fourth scalar, s, is negative or positive, because the 
second member of that equation XVIII. is always negative, as being the 
product of three squares of vectors (282, 292). 

(9.) In the Ist case, which is that of 309, (1.), we see then anew, by V. 
and VI., that we are permitted to interpret the scalars A, B, C, in the exponential 
formula 310, I., as equal to the angles of the spherical triangle (8.), which are 
usually denoted by the same Jetters. But we see also, that we may add any 
— even multiples of w to those three angles, without disturbing the exponential 
equation ; or any one even, and two odd multiples of 7, in any order, so as to 
preserve a positive product of cosecants, because s is, for this case, negative in 
NE; DY (8). 


3G 2 
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(10.) In the IInd case, which is that of 309, (11.), we may, for similar 
reasons, interpret the scalars A, B, C, in the formula 310, I., as equal to the 
negatives of the angles of the triangle; and as thus having, what VI. now 
requires, because s is now positive (8.), a negative product of cosecants, while 
their cotangents have the values required. But we may also add, as in (9.), 
any multiples of w, to the scalars thus found for the formula, provided that 
the number of the odd multiples, so added, is itself even (0 or 2). 

(11.) The conclusions of 309, or 310, respecting the interpretation of the 
exponential formula, are therefore confirmed, and might have been anticipated, 
by the present new analysis: in conducting which it is evident that we have 
been dealing with veal scalars, and with veal vectors, only. 

(12.) If this last restriction were removed, and imaginary values admitted, in 
the solution of the guaternion equation VII., we might have begun by operating, 
as in II., on that equation, by the four characteristics, 


Deel ed oe oli ens 


which would have given, with the significations 297, (1.), (3.), of 4, m, n, and e, 
and therefore with the following redation between those four scalar data, 
XXIT...@=1 —- P- m? — n? + Qimn, 

a system of four scalar equations, involving the four sought scalars, s, t, u,v; 
from which it might have been required to deduce the (real or imaginary) 
values of those four scalars, by the ordinary processes of a/gebra. 

(13.) The four scalar equations, so obtained, are the following : 
(O=e+lt+mut+ne—tuwt+s; 
0=e(+ mtut+nto+u—T; 


XXIT. 4 O=-—eut+ ltut+ to+nuv+m—2n; 


(O = ev t+ tut iv + mu - 0; 


eliminating wv and wu between the three last of which, we find, with the help 
of XXII., the determinant, 


1, mt, ntv + et —1 
XXIV...0=| m, t, to+ev-—n =e(+1)(ev-n+ ln); 


n, lt’—e, tv+m—2ln 


and analogous eliminations give, 
XXYV...0 =¢ (#41) (eu-m+ni), 
and XXVI...0=(f+1) {@w—(m-— nl) (n— dn) + (1-0) (eb - 24+ mn)}. 
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(14.) Rejecting then the factor ¢ + 1 we find, as the on/y real solution of 
the problem (12.), the following system of values: 


XXVII...e¢=l-mn; euw=m-nl; ev=n—-in; 
and XXVIII... &s=-(1-?) (1l-m’) (1-7); 


which correspond precisely to those otherwise found before, in (4.) (5.) (6.), 
and might therefore serve to reproduce the interpretation of the exponential 
Jormula (310). 

(15.) But on the purely algebraic side, it is found, by a similar analysis, 
that the four equations XXIII. are satisfied also by a system of four wmaginary 
solutions, represented by the following formule : 

Pit SO ees 

pO. B.S 

s=tuv—lt-mu-nv-—e=0; 
which it may be sufficient to have mentioned in passing, since they do not 
appear to have any such geometrical interest, as to deserve to be dwelt on here: 
though, as regards the consistency of the different processes employed, it may 
be remembered that in passing (2.) from the equation VII. to IX., after 
certain preliminary multiplications, we divided by t? + 1, as we were entitled 
to do, when seeking only for vea/ solutions, because ¢ was supposed to bea 
scalar. 

(16.) This seems to be a natural occasion for remarking that the following 
general transformation exists, whatever three vectors may be denoted by a, 3, y: 


XXX... S(VBy .Vya. Va) = - (SaBy)?; 
which proves in a new way (comp. 180), that the rotation round the line VBy, 
Srom Vya to Va, ts always positive; or is directed in the same sense (281, (3.)), 
as the rotation round Vaj3 from a to 3, &e. 
(17.) In like manner we have generally, 
XXXII... 8 (Va .Vya.VBy) = + (SaBy)’, 
and XXXII... 8 (VyB.Vay . VBa) = + (Say)?; 


so that the rotation round Vy from Vay fo VBa is negative, whatever arrange- 
ment the three diplanar vectors a, (3, y may have among themselves. 
(18.) If then a”, 8”, c” be the negative poles of the three successive sides, 


BC, CA, AB, Of any spherical triangle, the rotation round a” from B” to Cc” és 
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negative: which is entirely consistent with the opposite result (180), respecting 
the system of the three positive poles a’, B’, C’. 

(19.) A quantitative interpretation of the equation XXX. may also be easily 
assigned : for we may infer from it (by 281, (4.), and 294, (3.) ) that if oaBc 
be any pyramid, and if normals oa’, oB’, oc’ to the three faces Boc, CoA, AOB have 
their lengths numerically equal to the areas of those faces (as bearing the same 
ratios to wnits, &e.), then (with a similar reference to units) the volume of the 
new pyramid, oa’B’c’, will be three quarters of the square of the volume of the old 
pyramid, OABC. 

313. But an allusion was made, in 310, to an extension of the exponential 
formula which has lately been under discussion; and in fact, that formula 
admits of being easily extended, from triangles to polygons upon the sphere : 
for we may write, generally, 

2A 2A] 2A, 2A, 


n 


be: ee An = An-1 ud ee a2 us Qa, * = (- Le 


if AyAg... An-1 An be any spherical polygon, and if the scalars A,, Az, ...in the 
exponents denote the positive or negative angles of that polygon, considered as 
the rotations A,AiAs, AiAgA3, ... namely those from A,A, to A,A2, &e.; while n 
is any positive whole number* > 2. 

(1.) One mode of proving this extended formula is the following. Let 
oc = y be the unit-vector of an arbitrary point c on the spheric surface; and 
conceive that arcs of great circles are drawn from this point c to the » suc- 
cessive corners of the polygon. We shall thus have a system of » spherical 
triangles, and each angle of the polygon wiil (generally) be decomposed into 
two (positive or negative) partial angles, which may be thus denoted: 


dy o “e CA,Ag = ee CAz,A3 Sr Aa, eee ; 
TE ae — oe AAO SA ee 
so that, with attention to signs of angles in the additions, 


IV. ~ -Ap= es zs A’'ty Ag, = he = A’’s, &e. 
Also let 
V... AQCAL=C), AgCAg= CG, &O. ; 
and therefore 
VI...cq+c,+..+0¢, =an even multiple of z, 


which reduces itself to 27 in the simple case of a polygon with no re-entrant 
angles, and with the point c in its interior. 


* The formula admits of interpretation, even for the case n = 2. 
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(2.) Then, for the triangle ca,a,, of which the angles are c, A’, A”2, we 
have, by 310, III., the equation, 


VT a a, peer es aks 


and in like manner, for the triangle ca,A;, we have 


2A'', 2A’ 2¢, 


VIII...a; 7 a ™=-y 7, &e. 
But, when we multiply VII. by VIII., we obtain, by IV., the product, 


EX. ay "venta, 2 Sy ees 


and so proceeding, we have at last, by VI., a product of the form, 


2a") 2a”) 
which reduces itself to I., when it is multiplied by a * , and into a * (comp. 
310, (3.) ). The theorem is therefore proved. 

(3.) In words (comp. 310, (8.) ), “ the spherical sum of the successive angles 
of any spherical polygon, if taken in a suitable order, is equal to a multiple of two 
right angles, which ts odd or even, according as the number of the sides (or corners) 
of the polygon 7s itse/f odd or even”: the definition formerly given (180, (4.) ), 
of a Spherical Sum of Angles, being of course retained. And the reasoning 
may be briefly stated thus. When an arbitrary point c is taken on the 
spherical surface, as in (1.), the spherical sum of the two partial angles, at the 
ends of any one side, is the supplement of the angle which that side subtends, at 
the pont c; but the swum of all such subtended angles is either four right angles, 
or some whole mudtiple thereof: therefore the swm of their supplements can 
differ only by some such multiple from mz, if n be the number of the 
sides. 

(4.) Whatever that nwmber may be, if we denote by pp the exponential 
product in the formula I., we have for every vector p, and for every quaternion q, 
the equations: 

AON 0G Le nd ln = a 


whereof the former may (by 308, (8.)) be thus interpreted : 
“Tf any line ov, drawn from the centre o of a sphere, be made to revolve 
conically round any n radii, OAy,.. OAn, as n successive axes of rotation, through 
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angles equal respectively to the doubles of the angles of the spherical polygon Ay. An, 
the line will be brought back to rts initial position, by the composition of these 
n rotations.” 

(5.) Another way of proving the extended formula I., for any spherical 
polygon, is analogous to that which was employed in 311 for the case of a 
triangle on a sphere, and may be stated as follows. Let a’;, 4%, ... A’n be the 
positive poles of the arcs A;Az, AsAs,. ~~. AnAi; and let a’), a’2,...a’, be the 
unit-vectors of those x poles. Then the point a, is the positive pole of the 
new are A’;A’,, and the angle A; of the polygon at that point is measured by 
the supplement of that are; with similar results for other corners of the 
polygon. Thus we have the system of expressions (comp. 311, VI.) : 

2a, 2A, 
Pelee nee. = a4 ee ence ay ™ = a fans 
so that the product of powers in I. is equal to the following product of n squares 
of unit-lines, and therefore to the n power of negative unity. 


XIV 2 , , ale Ae 1)": 
eel nn Onda «s shel, City = |— je 


and thus the extended theorem is proved anew. 

(6.) This latter process may be translated into another theorem of rotation, 
on which it is possible that we may briefly return,* in the Second and last 
Chapter of this Third Book, but upon which we cannot here delay. 

(7.) It may be remarked however here (comp. 809, XII.), that the extended 
exponential formula 1. may be thus written : 


XV... CaaS An + Capi Ant» « » CaS Ap. CaS Ai = (— 1)", 


(8.) For example, if ancp be any spherical quadrilateral, of which the 
angles (suitably measured) are denoted by a,..p, so that a represents the 
positive or negative rotation from ap to AB, &c., while a, (3, y, 6 are the 
unit vectors of its corners, then 


XVI... césp.cysc.cGsB.casa=+1. 
(9.) Hence (comp. 309, XIII.), we may write also, 
XVII... (cosc —y sinc) (cos p — 6 sin D) = (cos B + (3 sin B) (cos A +a SIN A) 5 
and therefore, by taking scalars on both sides, and changing signs, 


XVIII. ..—cosccosp+sinc sin D cos CD = — COS B COSA + SIN B SiN A COS BA} 


* Compare 297, (24.). 
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in fact, each member of this last formula is equal (by 309, XIV.) to the 
cosine of the angle ars, or cED, if the opposite sides ap, Bc of the quadri- 
lateral intersect in E. 

(10.) Let p=or be the unit vector of any fifth point, Pp, upon the spheric 
surface; then operating by S.p on XVII., we obtain this other general 
formula, 
XIX 0 =sin A COS B COS AP + SiN B COS A COS BP + SiN A SiN B SiN AB Sin PQ 

aoe + sin C COS D COS CP + SiN D COSC COS DP + SINC SiN D Sin CD sin PR; 
in which the sines of the sides aB, cD are treated as always positive; but the 
sines of the perpendiculars PQ and PR, on those two sides, are regarded as 
positive or negative, according as the rotations round Pp, from a to B and from 
cto Dp, are negative or positive: and hence, by assigning particular positions 
to p, several other but less general equations of spherical tetragonometry can 
be derived. 

(11.) For example, if we place P at the intersection, say ¥, of the opposite 
sides AB, CD, the two last perpendiculars will vanish, and two of the siz terms 
will disappear, from the general formula XIX.; and a similar reduction to 
four terms will occur, if we make the arbitrary point p the pole of a side, or 
of a diagonal. 

314. The definition of the power a‘, which was assigned in 308, enables us 
to form some useful expressions, by quaternions, for circular, elliptic, and spiral 
loci, in a given plane, or in space, a few of which may be mentioned here. 

(1.) Let a be any given unit-vector oa, and (3 any other given line os, 
perpendicular to it; then, by the definition (308), if we write, 


Tens OP =p) =n, Lo — 1 bale — 0, 


the locus of the point Pp will be the circumference of a circle, with o for centre, 
and os for radius, and in a plane perpendicular to OA. 

(2.) If we refain the condition Ta =1, but not the condition Saf3 = 0, then 
the product a‘f3 will be in general a guaternion, and not merely a vector; but 
if we take its vector-part (292), we can form this new vector-expression, 


II...op=p=V.a‘'B = BP cosx+ ysina, 
Pilevete = tire sand IN. 5. y= 0G= Vals: 


where 


and now the /ocus of P is a plane ellipse, with its centre at 0, and with op and 
oc for its major and minor semiaxes: while the angular quantity, z, is what is 
often called the excentric anomaly. 
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(3.) If we write, under the same conditions (2.), 
IV: OBS B= VBa es a! aa and: Vi, 0P = p = Voa :a= aVpa, 


so that p’ and P’ are the proaections (203) of B and P on a plane drawn through o, 
at right angles to the unit-line oa, we have then, by II., the equation, 


Vili) = pce sine ol; 
so that the locus of this projected point P’ is a circle, with op’ and oc for two 
rectangular radii. 
(4.) Under the same conditions, the eddiptic locus (2.), of the point P ttself, 
is the section of the right cylinder (compare 2038, (5.)), 


YO... TVen= 2 Va0--— Ty, 
made by the plane, 


IX...0=Syfp, or IX’... B’Sap = SaBSPp (comp. 298, XXVI_) ; 
as a confirmation of which last form we have, by II. and IV., 
X... Sap = Sa cosz, Sp = f° cosa. 


(5.) If we retain the condition Sa = 0 (1.), but not now the condition 
Ta = 1, we may again write the equation I. for p; but the locus of P will 
now be a logarithmic spiral, with o for its pole, in the plane perpendicular 
to oa; because equal angular motions, of the turning line op, correspond now 
to equal multiplications of the length of that line p. 

(6.) For example, when the scalar exponent ¢ is increased by 4, so that 
the revolving unit line, 

Mb ie at 
returns (comp. 309, XXIV.) to the direction which it had before the increase 
of ¢ was made, the Jength Tp of the turning line p itself, or of the radius vector 
of the locus, is multiplied by Tat; which constant and positive scalar is not now 
equal to unity. 

(7.) If we reject both the conditions (1.), 


Ta=1, and Saf =0, 
so that the Zine a, or the base of the power at, is now neither an unit-line, nor 


perpendicular to [3, namely to the line on which that power operates, as a factor, 
we must again take vector parts, but we have now this new expression : 


XII... op =p = V.a‘3 = a'(B cose + y sin) ; 


in which we have written, for abridgment, 


XIIL...¢=Ta, y=.¥(Ua.). 
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(8.) In this more complex case, the /ocus of p is still a plane curve, and 
may be said to be now an elliptic* logarithmic spiral; tor if we suppress the 
scalar factor, at, we fall back on the form IJ., and have again an ellipse as the 
locus: but when we take account of that factor, we find (comp. (2.) ) that equal 
increments of excentric anomaly (x), in the auwiliary ellipse so determined, cor- 
respond to equal multiplications of the length (Tp), of the vector of the new 
spiral. — 

(9.) We may also project 8 and p, as in (3.), into points B’ and Pp’, on the 
plane through o perpendicular to oa, which plane still contains the extremity c 
of the auxiliary vector y; and then, since it is easily proved that y= Ua.(’, 
the equation of the projected spiral becomes (with Ta > or < 1), 


XIV... p’=a'(' cosa + y sina) = af’; 


so that we are brought back to the case (5.), and the projected curve is seen to 
be a logarithmic spiral, of the known and ordinary kind. 

(10.) Several spirals of double curvature are easily represented, on the same 
general plan, by merely introducing a vector-term proportional to t, combined 
or not with a cons‘ant vector-term, in each of the expressions above given, for 
the variable vector p. For example, the equation, 


XV...p=ctat+a’B, with Ta=1, and SaG=0, 


while ¢ is any constant scalar different from zero, represents a helix, on the right 
circular cylinder VIII. | 


(11.) And if we introduce a new and variable scalar, w, as a factor in the 
right-hand term, and so write, 


XVI... p = cia + ua’, 


we shall have an expression for a variable vector p, considered as depending on 
two variable scalars (t and v), which thus becomes (99) the expression for a 
vector of a surface: namely of that important Screw Surface, which is the locus 
of the perpendiculars, let fall from the various points of a given helix, on the 


avis of the cylinder of revolution, on which that helix, or spiral curve, is 
traced. 


* The usual logarithmic spiral might perhaps be called, by contrast to this one, a circular loga- 
rithmic spiral. Compare the following sub-article (9.), respecting the projection of what is here called 
an elliptic logarithmic spiral. 
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315. Without at present pursuing farther the study of these /oci by quater- 
nions, it may be remarked that the definition (808) of the power a’, especially 
for the case when T’a = 1, combined with the laws (182) of 7, 7, 4, and with 
the identification (295) of those three important right versors with their own 
indices, enables us to establish the following among other transformations, 
which will be found useful on several occasions. 


(1.) Let a be any unit-vector, and let ¢ be any scalar; then, 
ope joa. ll hag 8 at Seas 
Pla hea 4 ao. ANG = ee aba: 
Voc (S20) (oe) aa, =. 
(2.) Let a and c be any two unit-vectors, and let ¢ be still any scalar; then 
Wie Site Ste Vl Ne a eos a 
Mit aia aaa 6 as 
(3.) Hence, by the laws of ¢, y, A, 
TX AV 9 Vf eek =O. a. 
(4.) We have also, by the same principles and laws, 
Kiet Vg = VR aN aN Ne, 
Mg SN ee NN 


(5.) The expression 308, (10.), for an arbitrary vector p, may be put under 
the following form: | 
Me oN eae ne 
(6.) And it may be expanded as follows: 


XIII... p=1{(écos tr +7 sin tw) sin sw + k cos sz}. 


(7.) We shall return, briefly, in the Second Chapter of this Book [387], 
on some of these last expressions, in connexion with differentials and derivatives 
of powers of vectors; but, for the purposes of the present section, they may 
suffice. 


* [Since j** = jSi?*1 + 8h this follows at once from p = rk j** ki, remembering that 
jli-t = key = kt.) 
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SECTION 11. 


On Powers and Logarithms of Diplanar Quaternions; with some 
Additional Formuiz. 


316. We shall conclude the present Chapter with a short Supplementary 
Section, in which the recent definition (808) of a power of a vector, with a 
scalar exponent, shall be extended so as to include the general case, of a Power 
of a Quaternion, with a Quaternion Exponent, even when the two quaternions 
so combined are diplanar: and a connected definition shall be given (consistent 
with the less general one of the same kind, which was assigned in the Second 
Chapter of the Second Book), for the Logarithm of a Quaternion in an arbitrary 
Plane :* together with a few additional Formule, which could not be so con- 
veniently introduced before. 

(1.) We propose, then, to write, generally, 

Ge as q 


I..e@= 1424-4 


1'rT.2* pag t & 


q being any quaternion, and « being the real and known base of the natural 


(or Napierian) system of logarithms, of real and positive scalars: so that (as 
usual), 


jt 1? ; 
— 1 — —- — y 
Il...c=¢ L+ 7+ y5t &. Dr toy to hare 


(Compare 240, (1.) and (2.).) 


(2.) We shall also write, for any quaternion g, the following expression 
for what we shall call its principal logarithm, or simply its Logarithm: 


TIT. lg = 189s 29. Ue; 
and thus shall have (comp. 243) the equation, 
EV... eo = 0. 
(3.) When ¢ is any actual quaternion (144), which does not degenerate (181) 


into a negative scalar, the formula III. assigns a definite value for the logarithm, 
1g; which is such (comp. again 243) that 
Vee oSlg—199: Wie. Vid age: 
VU Vige UVGs VIEL aT Vio= 7a. 


* The quaternions considered, in the Chapter referred to, were all supposed to be in the plane of 
the right versor 7. But see the Second Note to page 277. 
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the scalar part of the logarithm being thus the (natural) logarithm of the tensor ; 
and the vector part of the same logarithm lg being constructed by a dine in the 
direction of the avis Ax.q, of which the length bears, to the assumed unit of 
length, the same ratio as that which the angle 2 q bears, to the usual unit of 
angle (comp. 241, (2.), (4.)). 
(4.) If it were merely required to satisfy the equation, 
sD eee ee 


in which g is supposed to be a given and actual quaternion, which is not equal 
to any negative scalar (3.), we might do this by writing (compare again 243), 


xX. .¢9 = log ¢),= le + nr UV ¢, 


where n is aduy whole number, positive or negative or null; and in this view, 
what we have called the logarithm, lg, of the quaternion q, is only what may 
be considered as the simplest solution of the exponential equation IX., and may, 


as such, be thus denoted : 
Mel oar = loop. 


(5.) The excepted case (3.), where g is a negative scalar, becomes on this 
plan a case of indetermination, but not of impossibility: since we have, for 
example, by the definition III., the following expression for the logarithm of 
negative unity, 

Ato he a Zeal: 
which in its form agrees with old and well-known results, but is here inter- 
preted as signifying any unit-vector, of which the length bears to the wnit of 
length the ratio of 7 to 1 (comp. 243, VIL). 

(6.) We propose also to write, generally, for any two quaternions, g and q’, 
even if diplanar, the following expression (comp. 248, (4.)) for what may be 
called the principal value of the power, or simply the Power, in which the 
former quaternion g is the dase, while the latter quaternion q’ is the exponent: 

bE Ey are 
and thus this guaternion power receives, in gexeral, with the help of the defini- 
tions I. and III., a perfectly definite signification. 


(7.) When the dase, g, becomes a vector, p, its angle becomes a right angle ; 
the definition III. gives therefore, for this case, 


xh: .. Ip =1Tp + 5 Up; 


and this is the quaternion which is to be multiplied by 9’, in the expression, 
DG args pv = ¢V/lP, 
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(8.) When, for the same vector-base, the exponent q becomes a scalar, t, the 
last formula becomes: 


DOV ep eh pees anode bas 
and because, by I., the relation (Up)? = - 1 gives, 
XVII... = cosx+ Upsinz, or briefly, XVII’... <%= epsz, 


we see that the former definition, 308, I., of the power a’, is in this way 
reproduced, as one which is included in the more general definition XIIL., of the 
power qt’; for we may write, by the last mentioned definition, 


XVIIL . . (Up) = &% = cps (comp. 234, VIIL, 


with the recent values XVI. and XVII, of x and ep. 


(9.) In the present theory of diplanar quaternions, we cannot expect to find 
that the sum of the logarithms of any two proposed factors, shall be generally 
equal to the logarithm of the product; but for the simpler and earlier case of 
complanar quaternions, that algebraic property may be considered to exist, with 
due modifications for multiplicity of value.* 


(10.) The definition III. enables us, however, to establish generally the 
very simple formula (comp. 248, IT. III.) : 


AE eee lg Up) Eg aaa 
in which (comp. (3.) ), 
AX lg Loo V¢g= Vigo: Sell g=vgs RC we lg = 0 Vo: 


(11.) We have also generally, by XIII., for any scalar exponent, t, and 
any quaternion base, q, the power, 


XXIII... gts = (Tq). (cost 2g + UVe.sint 29); 
or briefly, 
XXII’... g= Tg.cust zg, if v= UVqg; 
in which the parentheses about Tg may be omitted, because 


RATYV.. . Lo) = (1g) = To (comp..237, IT.). 


* In 243, (3), it might have been observed, that every value of each member of the formula IX., 
there given, is one of the values of the other member ; and a similar remark applies to the formule I. 
and II. of 236, 
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(12.) When the base and exponent of a power are two rectangular vectors, 
p and p’, then, whatever their /engths may be, the product p’lp is, by XIV., a 
vector; but «* is always a versor, 
XXYV... «= cos T'a + Uasin Ta, if a be any vector ; 


we have therefore, 
Re Vb ae  e Pe Lae aes cin oe Oe 

or in words, the power p” is a versor, under this condition of rectangularity. 

(13.) For example (comp. 242, (7.),* and the shortly following formula 
XXVITI.), ; 

XXVII...#%=e%=-hs gi=eVaik; 

and generally if the base be an unit-line, and the exponent a line of any length, 
but perpendicular to the base, the axis of the power is a line perpendicular to both ; 
unless the direction of that axis becomes indeterminate, by the power reducing 
itself to a scalar, which in certain cases may happen. 

(14.) Thus whatever scalar c may be, we may write, 

SOX VE oe Se are = 00s 3 —ksin 33 

this power, then, is a versor (12.), and its avis is generally the line +k; but in 
the case when c is any whole and even number, this versor degenerates into posi- 
tive or negative wnity (153), and the axis becomes tndeterminate (131). 

(15.) If, for any veal quaternion g, we write again, 


XXIX...UVq=», and therefore XXX...og=qv, and XXXI...0=—l, 


the process of 239 will hold good, wien we change 7 to v; the series, denoted 
in I. by &2, is therefore always at last convergent,t however great (but finite) the 
tensor Tq may be; and in like manner the two following other series, derived 
from it, which represent (comp. 242, (3.)) what we shall call, generally, by 
analogy to known expressions, the cosine and sine of the quaternion q, are 
always ultimately convergent : 


ah eat q q ee 
SO Oe ee) ae eo a 


Rik ny ee ee 
i a ity i Re 


* In the theory of complanar quaternions, it was found convenient to admit a certain multiplicity 
of value for a power, when the exponent was not a whole number; and therefore a notation for the 
principal value of a power was employed, with which the conventions of the present section enable us 
now to dispense. 

+ In fact, it can be proved that this final convergence exists, even when the quaternion is imagi- 
nary, or when it is replaced by a biquaternion (214, (8.) ); but we have no occasion here to consider 
any but real quaternions. 


Art. 816. | POWERS AND FUNCTIONS OF QUATERNIONS. 425 


(16.) We shall also define that the secant, cosecant, tangent, and cotangent 
of a quaternion, supposed still to be real, are the functions: 


2Qu 


XXXIV... secg = cosee Y = 77} 


rd ge? 


yt (<9 i gv) 


poe (e+ e-%2) 
Ts ae 


ere’ 


DOO Ves. tang = 


and thus shall have the usual relations, sec g=1: cosgq, &e. 
(17.) We shall also have, 


XXXVI...e%=cosg+using, ©%=cosqg—vsing; 


and therefore, as in trigonometry (comp. 315, (1.) ), 
XXXVI. . ..(cosg)? + (sing)? = &%. 4% =2 = 1, 


whatever quaternion g may be. 


(18.) And all the formule of trigonometry, for cosines and sines of sums of 
two or more ares, &e., will thus hold good for quaternions also, provided that the 
quaternions to be combined are in any common plane; for example, 


XXXVITI...cos(¢’+ 9) =cos/ cosg-sing sing, if ¢|[l¢. 


(19.) This condition of complanarity is here a necessary one; because (comp. 
(9.)) it is necessary for the establishment of the exponential relation between 
sums and powers, 


(20.) Thus, we may indeed write, 
MXN et a oe, fg es 


but, in general, the developments of these two expressions give the difference, 


XL... #2 - Met = a ae + terms of third and higher dimensions; 


and Ail... 4(¢¢ — 7g) = Viva: V7), 


an expression which does not vanish, when the quaternions g and q’ are 
diplanar. 


(21.) A few supplementary formule, connected with the present Chapter, 
may be appended here, as was mentioned at the commencement of this Article 
(3816). And first it may be remarked, as connected with the theory of powers 
of vectors, that if a, 3, y be any three unit-lines, OA, OB, oc, and if « denote the 
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area of the spherical triangle anc, then the formula 298, XX. may be thus 
written : 
XL. 178 te By _ os, 
B =) a 3 yrta ; 


the exponent being here a scalar. 


(22.) The immediately preceding formula, 298, XIX., gives for any three 
vectors, the relation : 


XLII... (UaBy)? + (UBy) + (Vay)? + (Ua)? + 4Uay .SUaB .SUBy =- 2; 


for example, if a, [3, y be made equal to ¢, 7, #, the first member of this equa- 
tion becomes, 1-1-1-1+0=-2. 

(23.) The following is a much more complex identity, involving as it does 
not only three arbitrary vectors a, 3, y, but also four arbitrary scalars, a, ), ¢, 
and *; but it has some geometrical applications, and a student would find it a 
good exercise in transformations, to investigate a proof of it for himself. To 
abridge notation, the three vectors a, 3, y, and the three scalars a, 6, ¢, are 
considered as each composing a cycle, with respect to which are formed sums &, 
and products II, on a plan which may be thus exemplified : 


XLIV... SaVBy = aVBy + bVyateVaB; Tle’ = &b?e’. 
This being understood, the formula to be proved is the following : 
XLV... (SaPy) + (ZaVBy)’ + 7°(BVBy)? - 1°(Ba (6 - y) ? 
+ QI] (vr? + SBy + be) = 211 (7? + a) + 21a’ 
+ Br + at + a) {(VBy)? + 2be (x? + SBy) - 1°(B - N45 


the sign of summation in the last line governing all that follows it. 
(24.) For example, by making the four scalars a, b, ce, r each = 0, this 
formula gives, for any thice vectors a, [3, y, the relation, 


XLVI... (SaBy)? + 20S6y = 20a? + 3.0 (VBy)’; 
which agrees with the very useful equation 294, LIIT., because 
AVIS a (Vey) — a opy B’y*} = (aSPy)? — Ma’. 


(25.) Let a, (3, y be the vectors of three points a, B, Cc, which are exterior to 
a given sphere, of which the radius is r, and the equation is, 


XLVIII... p? + 77 = 0 (comp. 282, XIII.) ; 
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and let a, b, ¢ denote the lengths of the tangents to that sphere, which are 
drawn from those three points respectively. We shall then have the rela- 


tions : 
XLIX...@+@7=8 +P =y+=-P; 


thus 7?+a?=-a’, &e., and the second member of the formula XLV. vanishes ; 
the first member of that formula is therefore a/so equal to zero, for these 
significations of the letters: and thus a ¢heorem is obtained, which is found 
to be extremely useful, in the investigation by quaternions of the system of 
the eight (real or imaginary) small circles, which touch a given set of three small 
circles on a sphere. 

(26.) We cannot enter upon that investigation here; but may remark that 
because the vector p of the foot p, of the perpendicular op let fall the origin o 
on the right line an, is given by the expression, 


as may be proved in various ways, the condition of contact of that right line as 
with the sphere XLVIIL. is expressed by the equation, 


eh ba = 7 a= 19) Ge Or al ON a) a 
or by another easy transformation, with the help of XLIX., 
TE oO? eed) a ie i) a 


(27.) This last equation evidently admits of decomposition into two factors, 
representing two alternative conditions, namely, 


LIV...7°+S8a8-ab=0; LY...7°+8a8+ad=0; 


and if we still consider the tangents a and } (25.) as positive, it is easy to prove, 

in several different ways, that the first or the second factor is to be selected, 

according as the point p, at which the /ine aB touches the sphere, does or does 

not fall between the points a and B; or in other words, according as the length 

of that line is equal to the swm, or to the difference, of those two tangents. 
(28.) In fact we have, for the first case, 


LVI...T(B-a)=b+a, or O=(B-a)?+ (b+a)*=-2(r + SaB — ad), 
in virtue of the relations XLIX.; but, for the second case, 


LVII...T(B-a)=+(b-a), or 0=(B-a)?+(b-a)*=-2 (17+ Sa + ad) ; 
312 
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and it may be remarked, that we might in this way have been led to find the 
system of the two conditions (27.) and thence the equation LIIL., or its CEE 
formations, LII. and LI. 

‘(29.) We may conceive a cone of tangents from A, circumscribing the sphere 
XLVIIL., and touching it along a small circle, of which the plane, or the polar 
plane of the point A, is easily found to have for its equation, 


LVIII. ..Sap + 7? = 0 (comp. 294, (28.), and 215, (10.) ) ; 


and in like manner the equation, 
EEX, -88o:4.77= 0, 


represents the polar plane of the point B, which plane cuts the sphere in a 
second small circle: and these two circles touch each other, when either of the two 
conditions (27.) is satisfied; such contact being externa/ for the case LIV., but 
internal for the case LY. oe 

(30.) The condition of contact (26.), of the dine and sphere, might have been 
otherwise found, as the condition of equality of roots in the quadratic equation 
(comp. 216, (2.)), 

LX. ..0 = (wa + yf)? + (@ + y)??’, 
or 
LXI...0 =a (7? + a’) + 2ay(r? + SaB) + ¥ (7? + 8"); 

the contact being thus considered here as a case of coincidence of inter- 
sections. 

(31.) The equation of conjugation (comp. 215, (18.)), which expresses that 
each of the two points A and B is in the polar plane of the other, is (with the 


present notations), 
LXITI...7? + SaB = 0; 


the equal but opposite roots of LXI., which then exist if the line cuts the 
sphere, answering here to the well-known harmonic division of the secant line 
AB (comp. 215, (16.) ), which thus connects two conjugate points. 

(82.) In like manner, from the quadratic equation 216, III., we get this 
analogous equation, 


LXUL..8*s#-8(V5.v4)=1 
ie ce 


connecting the vectors A, » of any two points L, M, which are conjugate rela- 
tively to the ellipsoid 216, II.; and if we place the point 1, on the surface, the 
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equation LXIII. will represent the tangent plane at that point i, considered as 
the locus of the conjugate point mM; whence it is easy to deduce the normal, at 
any point of the ellipsoid. But all researches respecting normals to surfaces 
can be better conducted, in connexion with the Differential Calculus of Qua- 
ternions, to which we shall next proceed. 

(33.) It may however be added here, as regards Powers of Quaternions 
with scalar exponents (11.), that the symbol g‘rg* represents a quaternion 
formed from 7, by a conical rotation of its axis round that of g, through an 
angle = 2¢2q; and that both members of the equation, 


LOOT Gros org 


are symbols of one common quaternion. 


[Some care must be taken in the interpretation of the expressions 9g?” and 
(q@’)?”. By the definition XIII., 


/?} , 
gee” = Va = at = (gt and (q%)” = eV" = g'70 = gt”, 


This is quite consistent with the rule that in an operating product the 
factor to the right operates first on the operand. If the expression lg” had 
been interpreted as equal to lq. q’ instead of ¢’.1q, then indeed the equality 
(q2")2” = qv’a” = e+” would have held good, but the general rule would 
have been disobeyed. | 
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CHAE Tih. Ef, 


ON DIFFERENTIALS AND DEVELOPMENTS OF FUNCTIONS OF 
QUATERNIONS; AND ON SOME APPLICATIONS OF QUATER- 
NIONS, TO GEOMETRICAL AND PHYSICAL QUESTIONS. 


SECTION 1. 
On the Definition of Simultaneous Differentials. 


317. In the foregoing Chapter of the present Book, and in several parts of 
the Book preceding it, we have taken occasion to exhibit, as we went along, 
a considerable variety of Hxamples, of the Geometrical Application of Quater- 
nions: but these have been given, chiefly as assisting to impress on the reader 
the meanings of new notations, or of new combinations of symbols, when such 
presented themselves in turn to our notice. In this concluding Chapter, we 
desire to offer a few additional examples, of the same geometrical kind, but 
dealing, more freely than before, with tangents and normals to curves and 
surfaces ; and to give at least some specimens, of the application of quaternions 
to Physical Inquiries. But it seems necessary that we should first establish 
here some Principles, and some Notations, respecting Differentials of Quater- 
nions, and of their Functions, generally. 

818. The usual definitions, of differential coefficients, and of derived functions, 
are found to be inapplicable generally to the present Calculus, on account of 
the (generally) non-commutative character of quaternion-multiplication (168, 
191). It becomes, therefore, necessary to have recourse to a new Definition of 
Differentials, which yet ought to be so framed, as te he consistent with, and to 
nelude, the usual Rules of Differentiation: because scalars (131), as well as 
vectors (292), have been seen to be included, under the general Conception 
of Quaternions. 
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319. In seeking for such a new definition, it is natural to go back to the 
first principles of the whole subject of Differentials: and to consider how the 
great Inventor of Fluwions might be supposed to have dealt with the question, 
if he had been deprived of that powerful resource of common calculation, which 
is supplied by the commutative property of algebraic multiplication; or by the 
familiar equation, 

LY = Yt, 
considered as a general one, or as subsisting for every pair of factors, 2 and y; 
while “mits should still be allowed, but infinitesimals be still excluded: and 
indeed the fluxions themselves should be regarded as generally finite,* according 
to what seems to have been the ultimate view of Newron. 


320. The answer to this question, which a study of the Principia appears 
to suggest, is contained in the following Definition, which we believe to be a 
perfectly general one, as regards the o/der Calculus, and which we propose to 
adopt for Quaternions :— 

“ Simultancous Differentials (or Corresponding Fluxions) are Limits of Equi- 
multiples t of Simultaneous and Decreasing Differences.” 

And conversely, whenever any simultaneous differences, of any system of 
variables, all tend to vanish together, according to any /aw, or system of laws ; 
then, if any eqguimultiples of those decreasing differences all tend together to 
any system of finite mits, those Limits are said to be Simultaneous Differentials 
of the related Variables of the System; and are denoted, as such, by prefixing 
the detter d, as a characteristic of differentiation, to the Symbol of each such 
variable. 


* Compare the remarks annexed to the Second Lemma of the Second Book of the Principia (Third 
Edition, London, 1726); and especially the following passage (page 244) : 

‘¢Neque enim spectatur in hoc Lemmate magnitudo momentorum, sed prima nascentium proportio. 
Eodem recidit si loco momentorum usurpentur vel velocitates incrementorum ac decrementorum (quas 
etiam motus, mutationes et fluxiones quantitatum nominare licet) vel finite quevis quantitates velo- 
citatibus hisce proportionales.”’ 

t As regards the notion of multiplying such differences, or generally any quantities which all 
diminish together, in order to render their witimate relations more evident, it may be suggested by 
various parts of the Principia of Sir Isaac Newton; but especially by the First Section of the First 
Book. See for example the Seventh Lemma (p. 31), under which such expressions as the following 
occur: ‘‘intelligantur semper 4B et AD ad puncta longinqua 0 et d produci,’”’. . . . ‘‘ideoque rect 
semper finite 4b, Ad,...’’? The direction, ‘‘ad puncta longinqua produci,”’ is repeated in connexion 
with the Eighth and Ninth Lemmas of the same Book and Section; while under the former of those 
two Lemmas we meet the expression, ‘‘ triangula semper finita,’’ applied to the magnified representa- 
tions of three triangles, which all diminish indefinitely together: and under the latter Lemma the words 
occur, ‘‘manente longitudine Ae,’’? where de is a finite and constant line, obtained by a constantly 
increasing multiplication of a constantly diminishing line AE (page 33 of the edition cited). 
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3821. More fully and symbolically, let 
ees ree deat: 
denote any system of connected variables (quaternions or others) ; and let 
Ee NOy AP AS tre 


denote, as usual, a system of their connected (or simultaneous) differences; in 
such a manner that the sums, 


bd A aa Pe ie ae eee te aa, 


shall be a new system of variables, satisfying the same laws of connexion, what- 
ever they may be, as those which are satisfied by the o/d system I. Then, in 
returning gradually from the new system to the old one, or in proceeding 
eradually from the old to the new, the simultaneous differences II. can all be 
made (in general) to approach together to zero, since it is evident that they may 
all vanish together. But if, while the differences themselves are thus supposed to 
decrease™ indefinitely together, we multiply them all by some one common but 
increasing number, n, the system of their equimultiples, 


DVS AG, WA WAGs a: 


may tend to become equal to some determined system of finite limits. And 
when this happens, as in all ordinary cases it may be made to do, by a suitable 
adjustment of the increase of n to the decrease of Aq, &c., the imits thus obtained 
are said to be simultaneous differentials of the related variables, g, 7, s; and are 
denoted, as such, by the symbols, 


Nie te gy A Ute ORs ea 


SECTION 2. 


Elementary Lllustrations of the Definition, from Algebra and 
Geometry. 


$22. To leave no possible doubt, or obscurity, on the import of the 
foregoing Definition, we shall here apply it to determine the differential of 
a square, in algebra, and that of a rectangle, in geometry ; in doing which we 
shall show, that while for such cases the o/d rules are reproduced, the differen- 
tials treated of need not be small; and that it would be a vitiation, and not a 


* A quaternion may be said to decr ae when its tensor decreases; and to decrease indefinitely, 
when that tensor tends to zero. 
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correction, of the results, if any additional ¢erms were introduced into their 
expressions, for the purpose of rendering adl/ the differentials equal to the cor- 
responding differences: though some of them may be assumed to be so, namely, 
in the first Example, one, and in the second Example, two. 

(1.) In Algebra, then, let us consider the equation, 


I... sy = 2’, 
which gives, 
TE yt Ay os Ag)? 
and therefore, as usual,* 


Tif... Ay = 2vAzv + Aa’; 


or what comes to the same thing, 
IV... nAy = 2enAw + n7 (nAz)’, 


where is an arbitrary multiplier, which may be supposed, for simplicity, to 
be a positive whole number. 

(2.) Conceive now that while the differences Av and Ay, remaining always 
connected with each other and with x by the equation III., decrease, and 
tend together to sero, the number n increases, in the transformed equation IV., 
and tends ¢o infinity, in such a manner that the product, or multiple, nAx, tends 
to some finite limit a; which may happen, for example, by our obliging Aw to 
satisfy always the condition, 3 


V...Av=n a, or nAv=a, 


after a previous selection of some given and finite value for a. 
(3.) We shall then have, with this last condition V., the following ex- 
pression by IV., for the eguimultiple nAy, of the other difference, Ay: 


VI... nAy=22a+me@ab+nia@, if b=2Qza. 


But because a, and therefore a’, is given and finite, (2.), while the number n 
increases indefinitely, the ¢erm n=! a’, in this expression VI. for nAy, indefi- 
nitely tends to zero, and its limit is rigorously null. Hence the two Jinite 
quantities, a and b (since # is supposed to be finite), are ¢eo simultaneous limits, 
to which, under the supposed conditions, the two equimultiples, nAx and nAy, 


* We write here, as is common, Az? to denote (Ax); while A. 2? would be written, on the same 
known plan, for A(«?), or Ay. In like manner we shall write dz, as usual, for (dx)? ; and shall 
denote d(x?) by d. a. Compare the notations Sg?, S.g2, and Vg®, V. g?, in 199 and 204. 
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tend ;* they are, therefore, by the definition (320), simultaneous differentials of 
wand y: and we may write accordingly (821), 


VIL...dv=a, dy=b=2za; 
or, as usual, after elimination of a, 


VIII... dy=d. a = 2adz. 


(4.) And it would not improve, but vitiate, according to the adopted defi- 
nition (320), this usual expression for the differential of the square of a variable x 
in algebra, if we were to add to it the ¢erm dz’, in imitation of the formula III. 
for the difference A.w*. For this would come to supposing that, for a given 
and finite value, a, of dx, or of nAz, the term na’, or nde’, in the expres- 
sion VI. for nAy, could fail to tend to zero, while the number, n, by which the 
square of dx is divided, increases without limit, or tends (as above) to infinity. 


(5.) As an arithmetical example, let there be the given values, 
Xe fae ae = 1000; 


and let it be required to compute, as a consequence of the definition (320), the 
arithmetical value of the simultaneous differential, dy. We have now the 
following equimultiples of simultaneous differences, 


X...nAv=d7=1000; nAy=4000+ 1000000n7 ; 


but the limit of the n™ part of a million (or of any greater, but given and finite 
number) is exactly zero, if n increase without limit; the required value of dy is, 
therefore, rigorously, in this example, 


XI... dy = 4000. 
(6.) And we see that these two simultaneous differentials, 
XII...dz=1000, dy = 4000, 


are not, in this example, even approximately equal to the two simultaneous 


differences, 
-XITII... Av=dz=1000, Ay=1002? —- 2’ = 1004000, 


which answer to the value xn =1; although, no doubt, from the very conception 


* In this case, indeed, the multiple xAx has by V. a constant value, namely a; but it is found 
convenient to extend the use of the word, limit, so as to include the case of constants: or to say, 
generally, that a constant is its own limit. 


Arts. 822, 323. | ILLUSTRATION FROM GEOMETRY. 435 


of simultaneous differentials, as embodied in the definition (320), they must 
admit of having such equiswbmultiples of themselves taken, 


XIV...n'de and wn'dy, 


as to be neurly equal, for large values of the number n, to some system of simul- 
taneous and decreasing differences, 


NV ce. Aaa dys 


and more and more nearly equal to such a system, even in the way of ratio, as 
they all become smaller and smaller together, and tend together to vanish, 

(7.) For example, while the differentials themselves retain the constant 
values XII., their millionth parts are, respectively, 


XVI... 27dxv=0:001, and n'*dy=0:004, if n=1000000; 


and the same value of the number » gives, by X., the equally rigorous values 
of two simultancous differences, as follows, 


XVII... Av=0:001, and Ay =0-004001; 


so that these values of the decreasing differences XV. may already be considered 
to be nearly equal to the two equisubmultiples, XIV. or XVI., of the two 
simultaneous differentials, XII. And itis evident that this approximation would 
be improved, by taking higher values of the number, n, without the rigorous and 
constant values XII., of dx and dy, being at all affected thereby. 

(8.) It is, however, evident also, that after assuming y = 2’, and @ = 2, as 
in IX., we might have assumed any other finite value for the differential da, 
instead of the value 1000; and should then have deduced a different (but still 
finite) value for the other differential, dy, and not the formeriy deduced value, 
4000: but there would always exist, in this example, or for this form of the 
Junction, y, and for this value of the variable, x, the rigorous relation between 
the two simultaneous differentials, dx and dy, 


XVIII. . . dy = 4dz, 


which is obviously a case of the equation VIIJ., and can be proved by similar 
reasoning’. 

323. Proceeding to the promised Example from Geometry (322), we shall 
again see that differences and differentials are not in general to be confounded 
with each other, and that the latter (like the former) need not be small. But 
we shall a/so see that the differentials (like the differences), which enter into a 


3K 2 
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statement of relation, or into the enunciation of a proposition, respecting 
quantities which vary together, according to any daw or laws, need not even be 
homogeneous among themselves: it being sufficient that each separately should be 
homogeneous with the variable to which it corresponds, and of which it ¢s the 
differential, as line of line, or area of area. It will also be seen that the 
definition (320) enables us to construct the differential of a rectangle, as the sum 
of two other (finite) rectangles, without any reference to units of length, or of 
area, and without even the thought of employing any numerical calculation 
whatever. | 

(1.) Let, then, as in the annexed figure 74, ancp be any given rectangle, 
and let Be and pe be any arbitrary but given and 


ee ee : M 
finite increments of its sides, an and Ap. Complete ° f 
the increased rectangle Garr¥, or briefly ar, which 
will thus exceed the given rectangle ac, or ca, by , eee : 
the sum of the three partial rectangles, cE, cF, CG; pb 5 
or by what we may call the gnomon,* cBEFapc. On the 

A BH E 
diagonal cr take a point 1, so that the line ct may be Fig. 74 


any arbitrarily selected submultiple of that diagonal ; 

and draw through 1, as in the figure, lines uM, KL, parallel to the sides 
AD, AB; and therefore intercepting, on the sides aB, AD prolonged, equisub- 
multiples BH, DK of the two given increments, BE, Da, of those two given 
sides. 

(2.) Conceive now that, in this construction, the point 1 approaches to oc, 
or that we take a series of new points 1, on the given diagonal cr, nearer and 
nearer to the given point c, by taking the dime ci successively a smaller and 
smaller part of that diagonal. Then the two new linear intervals, BH, DK, and 
the new gnomon, CBHIKDC, or the swum of the three new partial rectangles, CH, Cl, 
ck, will a// indefinitely decrease, and will tend to vanish together: remaining, 
however, always a system of three simultaneous differences (or increments), of the 
two given sides, AB, AD, and of the given area, or rectangle, ac. 

(3.) But the given increments, BE and DG, of the two given sides, are always 
(by the construction) equimultiples of the two first of the three new and decreasing 
differences ; they may, therefore, by the definition (320), be arbitrarily taken as 
two simultaneous differentials of the two sides, AB and AD, provided that we then 
treat, as the corresponding or simultaneous differential of the rectangle ac, the 


* The word, gnomon, is here used with a slightly more extended signification, than in the Second 
Book of Euclid. 
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limit of the equimultiple of the new gnomon (2.), or of the decreasing difference 
between the two rectangles, ac and At, whereof the first is given. 

(4.) We are then, first, to increase this new gnomon, or the difference of ac, 
AI, or the sum (2.) of the three partial rectangles, cH, cI, cK, in the ratio of 
BE to BH, or of DG to DK; and secondly, to seek the dimit of the area so increased. 
For this last limit will, by the definition (320), be exactly and rigorously equal 
to the sought differential of the rectangle ac; if the given and finite increments, 
BE and DG, be assumed (as by (3.) they may) to be the differentials of the sides, 
AB, AD. 

(5.) Now when we thus increase the ¢wo new partial rectangles, cu and cx, 
we get precisely the two old partial rectangles, ce and cc; which, as being 
given and constant, must be considered to be their own limits.* But when we 
increase, in the same ratio, the other new partial rectangle ct, we do not recover 
the old partial rectangle cr, corresponding to it; but obtain the new rectangle 
cL, or the equal rectangle om, which is not constant, but diminishes indefinitely 
as the point I approaches to c; in such a manner that the limit of the area, of 
this new rectangle cn or om, is rigorously null. 

(6.) Jf, then, the given increments, BE, DG, be stil/ assumed to be the differ- 
tials of the given sides, AB, AD (an assumption which has been seen to be 
permitted), the differential of the given area, or rectangle, ac, is proved (not 
assumed) to be, as a necessary consequence of the definition (3820), exactly and 
rigorously equal to the sum of the two partial rectangles ck and cG; because such 
is the limit (5.) of the multiple of the new gnomon (2.), in the construction. 

(7.) And if any one were to suppose that he could improve this known 
value for the differential of a rectangle, by adding to it the rectangle cr, as anew 
term, or part, so as to make it equal to the old or given gnomon (1.), he would 
(the definition being granted) commit a geometrical error, equivalent to that of 
supposing that the two similar rectangles c1 and cr, bear to each other the 
simple ratio, instead of bearing (as they do) the duplicate ratio, of their 
homologous sides. 


* Compare the note to page 434. 
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SECTION 3. 
On some general Consequences of the Definition. 


324, Let there be any proposed equation of the form, 
LPs emi Cre Surana i 


and let dg, dv,...be any asswmed (but generally finite) and simultaneous 
differentials of the variables, g, 7, ... whether scalars, or vectors, or quaternions, 
on which Q is supposed to depend, by the equation I. Then the corresponding 
(or simultaneous) differential of their function, Q, is equal (by the defini- 
tion 320, compare 321) to the following limit: 

Tl. dQ nator da en dt...) Pio, Fy); 


where 2 is any whole number (or other positive* scalar) which, as the formula 
expresses, 1s conceived to become indefinitely greater and greater, and so to 
tend to infinity. And if, in particular, we consider the function Q as in- 
volving only one variable g, so that 


EEL Qh = 7 70; 
then IV... dQ=dfg=lim.n {f(q¢ +7" dq) -.fq}; 


Nn=o 


a formula for the differential of a single explicit function of a single variable, which 
agrees perfectly with those given, near the end of the First Book, for the 
differentials of a vector, and of a scalar, considered each as a function (100) of 
a single scalar variable, t: but which is now extended, as a consequence of the 
general definition (320), tothe case when the connected variables, g, Q, and their 
differentials, dg, AQ, are quaternions: with an analogous application, of the 
still more general Formula of Differentiation II., to Functions of several Quater- 
NIONS. 

(1.) As an example of the use of the formula IV., let the function of q be 
its square, so that 


: V...Q=fy=’. 
Then, by the formula, 


VI... dQ=d/g=lim. n {(¢+ mn" dg)? g*} =lim. (¢. dg+ dg. g+ 7" dq’), 


* Except in some rare cases of discontinuity, not at present under our consideration, this scalar n 
may as well be conceived to tend to negative infinity. 
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where dq’ signifies* the square of dq; that is, 

VII...d.¢g=q.dq+dq.q; 
or without the pointst between g and dg, 

Wail, eo 0, 0) = cdg 400 0 
an expression for the differential of the square of a quaternion, which does not 
in general admit of any further reduction: because g and dq are not generally 
commutative, as factors in multiplication. When, however, it happens, as in 
algebra, that ¢.dg =dq.q, by the two quaternions g and dq being complanar, 
the expression VII. then evidently reproduces the usual form, 322, VIIL., or 
becomes, 


VOI... d.g’=29dq, if dg ||| ¢ (128). 
(2.) As another example, let the function be the reciprocal, 
PX 6) 7 oe. 
XX... f(g +n dq) — fg = (q+n7 dgy? - 9g? 
= (q+n7 dg) {g-(g+ m*d9)\q" 
=-—n (q+n'dg)y'.dq.¢°, 


Then, because 


of which, when multiplied by », the limit is - g1#dq.q“, we have the following 
expression for the differential of the reciprocal of a quaternion, 


Mee a eo oe ee 


or without the pointst in the second member, dq being treated (as in VII’.) 


as a whole symbol, 
AL dee gs 


an expression which does not generally admit of being any farther reduced, but 
becomes, as in the ordinary calculus, 


XII...d.g¢?=-g?dq, # dg|llq, 


that is, for the case of complanarity, of the quaternion and its differential.§ 


* Compare the note to page 433. 

+ The point between d and g?, in the first member of VII., is indispensable, to distinguish the 
differential of the square from the square of the differential. But just as this latter square is denoted 
briefly by dg, so the products, g.dg and dg.q, may be written as gdg and dqq; the symbol, dg, 
being thus treated as a whole one, or as if it were a single letter. Yet, for greater clearness of expres- 
sion, we shall retain the point between g and dg, in several (though not in all) of the subsequent 
formulz, leaving it to the student to omit it, at his pleasure. 

{ Compare the note immediately preceding. 

§ [See 329 (4.) for a result including XI.] 
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325. Other Examples of Quaternion Differentiation will be given in the 
following section ; but the two foregoing may serve sufficiently to exhibit the 
nature of the operation, and to show the analogy of its results to those of the 
older calculus, while exemplifying also the distinction which generally exists 
between them. And we shall here proceed to explain a notation, which (at 
least in the statement of the present theory of differentials) appears to possess 
some advantages; and will enable us to offer a still more brief symbolical defi- 
nition, of the differential of a function fq, than betore. 

(1.) We have defined (320, 324), that if dg be called the differential of a 
(quaternion or other) variable, q, then the limit of the multiple, 


I...n{f(q + 71 dq) - fq}, 


of an indefinitely decreasing difference of the function, fg, of that (single) 
variable g, when taken relatively to an indefinite increase of the multiplying 
number, n, is the corresponding or simultaneous differential of that function, and 
is denoted, as such, by the symbol dfq. 

(2.) But before we thus pass to the dimit, relatively to », and while that 
muitiplier, n, is still considered and treated as finite, the multiple I. is evidently 
a function of that number, n, as well as of the two independent variables, qand dq. 
And we propose to denote (at least for the present) this new function of the 
three variables, 

Te to, and od. 


of which the form depends, according to the Jaw expressed by the formula I., 
on the form of the given function, f, by the new symbol, 


1 Reeeee Aa As Re 


in such a manner as to write, for any two variables, q and q’, and any number, n, 
the equation, 


IV...fn(, KD) =e (fqtnd) -sa); 
which may obviously be also written thus, 
Ve. S(qtnty) =S9+ tn CAVOP 


and is here regarded as rigorously exact, in virtue of the definitions, and without 
anything {whatever being neglected, as small, 
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(3.) For example, it appears from fe little calculation in 324, (1.), that, 
VI... Aled) =a tgg+nrg?, if fy=9; 
and from 324, (2.), that, 
VIL... Ala ”)=-@t+eyy’e, wfg=_'. 
(4.) And the definition of d/g may now be briefly thus expressed : 
Woh dyg — 7a (Gaels 
or, if the sub-index ,, be understood, we may write, still more simply, 


IX... df7 =/(q, dq); 


this last expression, /(g, dq), or /(g, 9’), denoting thus a function of two inde- 
pendent variables q and q, of which the form is derived* or deduced (comp. (2.)), 
from the given or proposed form of the function fq, of a single variable, qg, accord- 
ing to a daw which it is one of the main objects of the Differential Calculus (at 
least as regards Quaternions) to study. 

326. One of the most important general properties, of the functions of this 
class f(q, q’), is that they are all distributive with respect to the second indepen- 
dent variable, ¢, which is introduced in the foregoing process of what we have 
called derivation,t from some given function fy, of a single variable, q: a theorem 
which may be proved as follows, whether the two independent variables be, or 
be not, quaternions. 

(1.) Let q be any third independent variable, and let » be any number ; 
then the formula 325, V. gives the three following equations, resulting from 
the daw of derivation of f,(q, ¢’) from fq: 


I... f(g + tg”) = fo + 0 (GW); 
IL... f(g tng’ +0’) =f 4+ 0'g') +o lgt nd’, 7); 
TI... f(g t+ nd + 039”) =fo+ wpa + )3 


* It was remarked, or hinted, in 318, that the wswal definition of a derived function, namely, that 
given by Lagrange in the Calcul des Fonctions, cannot be taken as a foundation for a differential cal- 
culus of quaternions: although such derived functions of scalars present themselves occasionally in the 
applications of that calculus, as in 100, (3.) and (4.), and in some analogous but more general cases, 
which will be noticed soon. The present Law of Derivation is of an entirely different kind, since it 
conducts, as we see, from a given fuction of one variable, to a derived function of two variables, which 
are in general independent of each other. The function f(g, 9’), of the three variables, », g, g', may 
also be called a derived function, since it is deduced, by the fixed law IV., from the same given function 
Sq, although it has in general a less simple form than its own limit, fo (9, 7), Ort (g, @’)- 


t+ Compare the note immediately preceding. 
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by comparing which we see at once that 


IV... fala f+ 9”) =Silg + 079s 9) +.4n(Q 9”), 


the form of the original function, fg, and the values of the four variables, q, 7, 
7’, and , remaining altogether arbitrary: except that » is supposed to be a 
number, or at least a scalar, while q, q', q’’ may (or may not) be quaternions. 

(2.) For example, if we take the particular function /g = ¢*, which gives 
the form 325, VI. of the derived function f(g, 9’), we have 


4 yee 


Ve. ola) =a +g + 0g”; 
A NC a Oe Me OO ae Oe a ee 
and therefore 
Me. ; BU ACE g + qd”) — Ful 7’) pies qd + V4 x n(q” ‘a fy’ + 7) 
=(q+ug) f+” (twig) + v7? 
=fn (7 + ng’, q); 
as required by the formula IV. 
(3.) Admitting then that formula as proved, for a// values of the number 


n, we have only to conceive that number (or scalar) to tend to infinity, in order 
to deduce this Zimiting form of the equation: 


VOT. fe (G9 +9) =fo (4 Y) + fo 9); 
or simply, with the abridged notation of 325, (4.), 


EX OG FP Hse) PSY ) 3 


which contains the expression of the functional property, above asserted to 
exist. 


(4.) For example, by what has been already shown (comp. 825, (8.) and 


(4.) ), : 2 , - , 
X...if fg=¢*, then /(¢, 9) =9¢7 +99; 


and XI... .if /g=¢", then /f(¢,¢) =-¢¢¢'; 
in each of which instances we see that the derived function f(q, 9’) is distributive 
relatively to q’, although it is only in the first of them that it happens to be 


distributive with respect to q also. 
(5.) It follows at once from the formula IX. that we have generally* 


pS aay a PRU aia 


* We abstract here from some exceptional cases of discontinuity, &c. 
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and it is not difficult to prove, as a result including this, that 
XIII... f(g, x9’) = af(q, 7), if @ be any scalar. 


(6.) As a confirmation of this last result, we may observe that the defini- 
tion of f(g, g’) may be expressed by the following formula (comp. 324, IV., 
and 325, IX.): 

RIV. . AG 7) = lim. nf P(g + wg’) - fa) § 


we have therefore, if # be any finite scalar, and m = vn, 
KV. . f(g, wY) =o. tim mi f(g + mq) - Fa}; 


a transformation which gives the recent property XIII., since it is evident 
that the letter m may be written instead of , in the formula of definition XIV. 
327. Resuming then the general expression 325, IX., or writing anew, 


ibaa dq =S(% dq), 


we see (by 326, IX.) that this derived function, A fy, of g and dg, is always (as 
in the examples 324, VII. and XL.) distributive with respect to that differential 
dg, considered as an independent variable, whatever the form of the given func- 
tion fg may be. We see also (by 326, XIITI.), that ¢f the differential dq of the 
cariable, q, be multiplied by any scalar, x, the differential Afq, of the function fq, 
comes to be multiplied, at the same time, by the same scalar, or that 


II... f(g, wdg) = xf (q, dq), if be any scalar. 


And in fact it is evident, from the very conception and definition (820) of 
simultaneous differentials, that every system of such differentials must admit of 
being all changed together to any system of equimultiples, or equisubmuitiples, of 
themselves, without ceasing to be simultaneous differentials: or more generally, 
that it is permitted to multiply all the differentials of a system, by any common 
scalar. 

(1.) It follows that the quotient, 


TTT Gra t-do = 719, aq) <-dq, 


of the two simultaneous differentials, dfg and dq, does not change when the 

differential dg is thus multiplied by any scalar; and consequently that this 

quotient III. is endependent of the tensor Tdq, although it is not generally inde- 

pendent of the versor Udg, if g and dq be quaternions: except that it remains 
38L 2 
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in general unchanged, when we merely change that versor to its own opposite 
(or negative), or to—Udg, because this comes to multiplying dg by - 1, which 
is a scalar. 

(2.) For example, the quotient, 


WV. v7 dg =—¢4 dg.¢.dg' = 97 +Udg.97.bd¢ * 


in which dg? and Udg" denote the reciprocals of dg and Udy, is very far from 
being independent of dg, or at least of Udq; since it represents, as we see, 
the swm of the given quaternion g, and of a certain other quaternion, which 
latter, in its geometrical interpretation (comp. 191, (5.)), may be considered as 
being derived from gq, by a conical rotation of Ax .q round Az. dq, through an 
angle = 2Zdq: so that both the axis and the quantity of this rotation depend on 
the versor Udg, and vary with that versor. 

(3.) In general we may, if we please, say that the quotient III. is a 
Differential Quotient ; but we ought not to call it a Differential Coefficient 
(comp. 318), becouse dfg does not generally admit of decomposition into two 
factors, whereof one shall be the differential dg, and the other a function of q 
alone. 

(4.) And for the same reason, we ought not to call that Quotient a Derived 
Function (comp. again 318), unless in so speaking we understand a Function 
of Two* independent Variables, namely of g and Udg, as before. 

(o.) When, however, a guaternion, q, is considered as a function of a scalar 
variable, t, so that we have an equation of the form, 


V...q=/t, where ¢ denotes a scalar, 


it is then permitted (comp. 100, (38.) and (4.) ) to write, 


VI... dg: dt = dt: dt = lim a(t) Al 
iim. Ar f(t + h) -—St} 


aye = Dift = Di; 


and to call this limit, as usual, a derived function of t, because it is (in fact) a 
Junction of that scalar variable, t, alone, and is independent of the scalar differen- 
tial, dé. 


* Compare the note to 326, (4.). 
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(6.) We may also write, under these circumstances, the differential equation, 
Vile wdg— Dai de, or Vi sdjoa fe. a, 


and may call the derived quaternion, D,q, or f’t, as usual, a differential coefficient 
in this formula, because the scalar differential, dt, is (in fact) multiplied by tt, 
in the expression thus found for the qguaternion differential, dq or aft. 

(7.) But as regards the Jogic of the question (comp. again 100, (8.) ), it is 
important to remember that we regard this derived function, or differential 
coefficient, 


Xe Fite Oba et oreo) 
as being an actual quotient VI., obtained by dividing an actual quaternion, 
De od fos MOE Gs 


by an actual scalar, dt, of which the value is altogether arbitrary, and may (if 
we choose) be supposed to be darge (comp. 322); while the dividend quaternion 
X. depends, for its value, on the values of the two independent scalars, t and dt, 
and on the form of the function ft, according to the daw which is expressed by 
the general formula 324, LYV., for the differentiation of explicit functions of any 
single variable. 

828. It is easy to conceive that similar remarks apply to quaternion func- 
tions of more variables than one; and that when the differential of such a func- 
tion is expressed (comp. 324, IT.) under the form, 


este tO gs seer) ig, ty SG, es), 


the new function Fis always distributive, with respect to each separately of the 
differentials dg, dr, ds, ..; being also homogeneous of the first dimension (comp. 
327), with respect to all those differentials, considered as a system; in such a 
manner that, whatever may be the form of the given quaternion function, Q, or 
F, the derived* function F, or the third member of the formula I., must possess 
this general functional property (comp. 826, XIII., and 327, II1.), 


Leite tare, alg. war, wae. 4) = OE Gy Ts 8s 2 Ge Ag las) 


where # may be any scalar: so that products, as well as squares, of the differen- 
tials dg, dr, &c., of g, r, &c. considered as so many variables on which Q 
depends, are excluded from the expanded expression of the differential AQ of the 
Junction Q. 


* Compare the note last referred to. 
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(1.) For example, if the function to be differentiated be a product of two 


quaternions, 
TT 0 = Ger). =.0r, 


then it is easily found from the general formula 324, II., that (because the 
limit of n.dq.dr is null, when the number n increases without limit) the 
differential of the function is, 


LV... dQ=d.¢r=dl(g, r) = F(¢, r, dg, dr) =¢. dr + dq.7; 


with analogous results, for differentials of products of more than two quater- 
nions. 
(2.) Again, if we take this other function, 


Vi HW = Fler) 9%, 


then, applying the same general formula 324, II., and observing that we 
have, for all values of the number (or other scalar), n, and of the four quater- 
Mons, J, 1, 7, 1”, the identical transformation (comp. 324, (2.)), 


VIL. n{(gt tg’)? (rte) - greg’ —-(¢t md’) ert nr), 


we find, as the required /imit, when n tends to infinity, the following differen- 
tial of the function : 


Vile. dQ =d 9 r= aig, 7) = ig, 9. 09, dr) 9 oar ag dg.-o7 rs 


which is again, like the expression IV., distributive with respect to each of the 
differentials dq, dr, of the variables gq, r, and does not involve the product of 
those two differentials: although these two differential expressions, IV. and 
and VII., are both entirely rigorous, and are not in any way dependent on 
any supposition that the ¢ensors of dg and dr are smail/ (comp. again 322). 

329. In thus differentiating a function of more variables than one, we are 
led to consider what may be called Partial Differentials of Functions of two or 
more Quaternions ; which may be thus denoted, 


Le dG aq doo. 


if Q be a function, as above, of g, 7, 8s, ... which is here supposed to be 
differentiated with respect to each variable separately, as if the others were 
constant. And then, if dQ denote, as before, what may be called, by contrast, 
the Total Differential of the function Q, we shall have the General Formula, 


II...dQ=d,Q+4,Q0+d,.Q+...5 
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or, briefly and symbolically, 
Di. Pad + ded, oe, 


if g, 7, 8, ... denote the quaternion variables on which the guaternion function 

depends, of which the total differential is to be taken; whether those variables 

be all independent, or be connected with each other, by any redation or relations. 
(1.) For example (comp. 828, (1.) ), 


IV. .. if Q = qr, then d,Q = dg.7, and d,Q = q.dr; 


and the sum of these two partial differentials of Q makes up its total differential 
dQ, as otherwise found above. 
(2.) Again (comp. 328, (2.) ), 


V...if Q=q's, then d,Q=-q'dg.g'r; d-Q=q'dr; 


and d,Q + d,Q = the same dQ as that which was otherwise found before, for 
this form of the function Q. 

(3.) T'o exemplify the possibility of a relation existing between the variables 
g and 1, let those variables be now supposed equa/ to each other in V.; we 
shall then have Q=1,dQ=0; and accordingly we have here d,Q =- q'‘dq 
=- d4,Q. 

(4.) Again, in IV., let gr =c = any constant quaternion; we shall then 
again have 0 =dQ=d,Q+4d,Q; and may infer that 


Vie 2dr == 9 4.do. 7 or —e — const, « 


a result which evidently agrees with, and includes, the expression 324, XI, 
for the differential of a reciprocal. 

(5.) A quaternion, g, may happen to be expressed as a function of two or 
more scalar variables, t, u,...3 and then it will have, as such, by the present 
Article, its partial differentials, dig, dug, &c. But because, by 327, VIL. we 
may in this case write, 


Vibes dg = Dod. duf eq. at, 


where the coefficients are independent of the differentials (as in the ordinary 
calculus), we shall have (by II.) an expression for the total differential dq, of 
the form, 


VITI...dg=dgidg+...=Dg.dé+ Dig.du+...; 
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and may at pleasure say, wnder the conditions here supposed, that the derived 
quaternions, 
LX 20, Dee 
are either the Partial Derivatives, or the Partial Differential Coefficients, of the 
Quaternion Function, 
Ds Gara eae esha cere 

with analogous remarks for the case, when the quaternion, q, degenerates (comp. 
289) into a vector, p. 

330. In general, it may be considered as evident, from the definition in 
320, that the differential of a constant is zero; so that if Q be changed to any 
constant quaternion, c, in the equation 324, I., then dQ is to be replaced by 0, 
in the differentiated equation, 324, II. And if there be given any system of 
equations, connecting the quaternion variables, q, 7, 8,... we may treat the 
corresponding system of differentiated equations, as holding good, for the system of 
simultaneous differentials, dq, dr, ds,...; and may therefore, legitimately in 
theory, whenever in practice it shall be found to be possible, e/iminate any 
one or more of those differentials, between the equations of this system. 

(1.) As an example, let there be the two equations, 


Teton and bi ee 


where ¢ denotes a constant quaternion. Then (comp. 828, (1.), and 324, (1.) ) 
we have the two differentiated equations corresponding, 


EL eed «Cece ge es Ty cd = Pn On ae: 
in which the points* might be omitted. The former gives, 
Y...dr=—- ¢g'dq.7, as in 329, VI.; 


and when we substitute this value in the latter, we thereby eliminate the 
differential dr, and obtain this new differential equation, 


VI... ds=-rgq".dg.r-q'.dg.1’. 
(2.) The equation I. gives also the expression, 
VPs = test 
the equation IT. gives therefore this other expression, 


WP a ey cde 


* Compare the second note to 324, (1.). 
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by elimination before differentiation. And if, in the formula VI., we substitute 
the expressions VII. and VIII. for r and s, we get this other differential 


equation, 
EX fa (gre) = “9 eg dog 6 9 dg. eg 


which might have been otherwise obtained (comp. again 324, (1.) and (2.) ), 
under the form, 
ain Melee. e 0 gue) 40 (ere) nigae. 

331. No special rules are required, for the differentiation of functions of 
functions of quaternions ; but it may be instructive to show, briefly, how the 
consideration of swch differentiation conducts (comp. 326) to a general property 
of functions of the class f(q, 7); and how that property can be otherwise esta- 
blished. | 

(1.) Let 4 ¢, and ~ denote any functional operators, such that 


then writing I... ¢¢ = 9(7/9)3 


II...r=/g, and ITI. ..s=¢r, we have IV...¢=y¢; 
whence V... ds = dq = d¢r. 


That is, we may (as usual) differentiate the compound function, (fq), as tf fa 
were an independent variable, r; and then, in the expression so found, replace 
the differential Afg by its value, obtained by differentiating the simple function, fq. 
For this comes virtually to the elimination of the differential dr, or of the 
symbol dfg, in a way which we have seen to be permitted (330). 

(2.) But, by the definitions of dfg and f,(q, 9’), we saw (325, VIII. IX.) 
that the differential dfg might generally be denoted by f.(g, dg), or briefly 
by f(q, dg); whence dgr and dig may also, by an extension of the same 
notation, be represented by the analogous symbols, ¢..(7, dr) and (gq, dg), 
or simply by ¢(r, dv) and W(q, dg). 

(3.) We ought, therefore, to find that 


VI... fo (q, dy) = 2 (44, Fo(9, dg)), if Yo =9(79)s 
or briefly that 


VIL ..¥G, 7) =¢(707G7)), if Yo = ofe, 


for any two quaternions, q, ¢, and any two functions, f, ; provided that the 
functions fn(Z, 9’), dn(Q, 9’) Wnlg, q’) are deduced (or derived) from the func- 
tions /7, oq, Yg, according to the Jaw expressed by the formula 325, IV. ; 
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and that then the limits to which these derived functions f,(q, 7’), &e. tend, 
when the number n tends to infinity, are denoted by these other fe tema 


symbols, f(q, 7), & 
(4.) To prove ee De or to establish this general property VII., of 


Functions of this class f(q, q/), without any use of differentials, we may observe 
that the general and rigorous transformation 325, V., of the formula 325, IV. 
by which the functions f,(q, q’) are defined, gives for all values of n the 
equation : 


VITL... of(gt ng’) = 6 (fot rng, /”)) = oft Lea fi IG 1) )3 
but also, by the same general transformation, 


IX... b(gt ng’) = q+ dala 7); 


hence generally, for all values of the number n, as well as for ad/ values of the 
two independent quaternions, q, g’, and for all forms of the two functions, f, o, we 
may write, 


xX. . Un (9 9 ‘) = bids ee ys if La = 0/93 


an equation of which the limiting form, for n =, is (with the notations used) 
the equation VII. which was to be proved. 

(5.) It is scarcely worth while to verify the general formula X., by any 
particular example: yet, merely as an exercise, it may be remarked that if 


we take the forms, 
I... fg=9, gg=%, W=%, 


of which the two first give, by 325, VI., the common derived form, 


Lk Als 8) = Gals 7) = Og + + ee; 


the formula X. becomes, 


XIII... daly, ¥) = pn(g*, 99’ + 99 + 0719'*) 
=a +7qt+ wie?) + (a+ q+ wig?) P+ wt (qf + qq + wig); 


which agrees with the value deduced immediately from the function {gq or 9’, 
by the definition 325, LV., namely, 


a eee bn(Qs 7’) a n{(q 4 n-1q’\4 as g}=n{(q? + n7(qq/ + q'9 “i nq’)? ms (q°)}. 
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(6.) In general, the theorem, or rule, for differentiating as in (1.) a function 
of a function, of a quaternion or other variable, may be briefly and symboli- 
cally expressed by the formula, 


XV... d(¢f)¢ = 49(79) ; ° 


and if we did not otherwise know it, a proof of its correctness would be 
supplied, by the recent proof of the correctness of the equivalent formula VII. 


ee 


SECTION 4. 


Examples of Quaternion Differentiation. 


382. It will now be easy and useful to give a short collection of Kxamples 
of Differentiation of Quaternion Functions and Equations, additional to and 
inclusive of those which have incidentally occurred already, in treating of the 
principles of the subject. 7 

(1.) If¢ be any constant quaternion (as in 330), then 


te ade Ue I],..d(f¢ +e) =f; 
Wt... d-ofg=cdjas LY... dg.¢) = dq. ¢. 
(2.) In general, 
V...d(fa+¢qt...)=dfy+dgq+...3 or briefly, VI...d3 = Xd, 
if = be used as a mark of summation. 
(3.) Also, VII... d( fg. 69) = 4/9. o¢ +47. A093 


and similarly for a product of more functions than two: the rude being 
simply, to differentiate each factor separately, in its own place, or without dis- 
turbing the order of the factors (comp. 318, 319); and then to add together the 
partial results (comp. 329). 

(4.) In particular, if m be any positive whole number, 


NU dingo! dg oda, geo + gag. 9": + dds ge; 
and because we have seen (324, (2.) ) that 


BX id. = ag" 0g. Gay 
8M 2 
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we have this analogous expression for the differential of a power of a quater- 
nion, with a negative but whole exponent, 


DAG YS etre ik Ma) jie 
= 9 dg 90 9 Ag oe Age add 


(5.) To differentiate a square root, we are to resolve the linear equation,* 
Leite ta Ge ge — ap? Or XT eine ae ge 
if we write, for abridgment, | 
XII...r=¢7, g=dqg, r=d.g@e=dr. 
(6.) Writing also, for this purpose, 
XIII...s=Kr=-K.¢, 
whence (by 190, 196) it will follow that 
XIV...78=Nr=Tr?=Tg, and XV...ri+s8 = 287 = 28. ¢?, 


the product and sum of these two conjugate quaternions, r and s, being thus 
scalars (140, 145), we have, by XI’,, 


RNG 8 = 8 Aer 
whence, by addition, 


XVII... .¢+ri¢s=(ris\rter (rts) =2r' (rts); 
and finally, | 
RVI cr = 


4 


tc 


1g/ A ee 
Soe yg en ts a 


48 ..¢ ; 


an expression for the differential of the square-root of a quaternion, which 
will be found to admit of many transformations, not needful to be considered 
here. 

(7.) In the three last sub-articles, as in the three preceding them, it has 
been supposed, for the sake of generality, that g and dg are two diplanar 


* Although such solution of a linear equation, or equation of the first degree, in quaternions, is 
easily enough accomplished in tie present instance, yet in general the problem presents difficulties, 
without the consideration of which the theory of differentiation of implicit functions of quaternions 
would be entirely incomplete. But a general method, for the solution of all such equations, will be 
sketched in a subsequent Section. 
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quaternions; but if in any application they happen, on the contrary, to be 
complanar, the expressions are then simplified, and take usual, or algebraic 
forms, as follows: 


DOs Ys ate (0 uae Ue XXI...d.g" =— mq™ dq; 


and 
XXII... d.g¢=gqtdg, if XXIIL .. dg|||g(128) ; 


because, when 9’ is complanar with q, and therefore with g, or with 7, in the 
expression X VIII., the numerator of that expression may be written as 771q’ 
‘r + 8), 

(8.) More generally, if x be any scalar exponent, we may write, as in the 
ordinary calculus, but still under the condition of complanarity XXIIL., 


XXIV...d.g?=ag™"'dq; or XXV...@d. q*%=aq7d¢. 


333. The functions of quaternions, which have been lately differentiated, 
may he said to be of algebraic form; the following are a few examples of 
differentials of what may be called, by contrast, transcendental functions of 
quaternions: the condition of complanarity (dq|||q) being however here sup- 
posed to be satisfied, in order that the expressions may not become too com- 
plex. In fact, with this simplification, they will be found to assume, for the 
most part, the known and usual forms, of the ordinary differential calculus. 

(1.) Admitting the definitions in 316, and supposing throughout that 
dq|||g, we have the usual expressions for the differentials of «? and lg, namely, 


Pea Oe dg ie ig 
(2.) We have also, by the same system of definitions (316), 
Ill. ..dsing=cosgdg; IV...dcosgy=-singdg; &e. 
(3.) Also, if » and dx be complanar with g and dg, then, by 316, 
IV’...d.g°=d.e¥=9'd.rlg = g(Igdr + g*rdq) ; 
or in the notation of partial differentials (329), 
| Weed ote facade. and Wied, ore algae. 


(4.) In particular, if the dase ¢ be a given or constant vector, a, and if the 
exponent r be a variable scalar, t, then (by the value 316, XIY. of Ip) the 
recent formula LV. becomes, 


Vibe ter (1 A 5 Ua)atdt 
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(o.) If then the base a be a given unit line, so that 1Ta = 0, and Ua = a, 
we may write simply, 


VIII. ..d.a'= 5 adi, if da=0, and Te=1. 


(6.) This useful formula, for the differential of a power of a constant unit 
line, with a variable scalar exponent, may be obtained more rapidly from the 
equation 808, VII., which gives, 


IX. ..a'= 008 a sin st if Ta=1; 
since it is evident that the differential of this expression is equal to the ex- 
pression itself multiplied by $ad¢, because a’ = — 1. 

(7.) The formula VIII. admits also of a simple geometrical interpretation, 
connected with the rotation through ¢ right angles, in a plane perpendicular to 
a, of which rotation, or version, the power a‘, or the versor Ua', is considered 
(808) to be the instrument,* or agent, or operator (comp. 298). 

384. Besides algebraical and transcendental forms, there are other results of 
operation on a quaternion, g, or on a function thereof, which may be regarded 
as forming a new class (or kind) of functions, arising out of the principles and 
rules of the Quaternion Calculus itse/f: namely those which we have denoted 


in former Chapters by the symbols, 
I... Kg, Sg, Vg, Ng, Tg, Ug, 


or by symbols formed through combinations of the same signs of operation, 
such as 


Te ex BUg, V Ug U VG, &e. 


And it is essential that we should know how to differentiate expressions of 
these forms, which can be done in the following manner, with the help of the 
principles of the present and former Chapters, and without now assuming the 
complanarity, dq ||| q. 

(1.) In general, let f represent, for a moment, any distributive symbol, so 
that for any two quaternions, g and q’, we shall have the equation, 


Ill... f(¢+Y)=+/V; 


* Compare the first note to page 135. 
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and therefore also* (comp. 326, (5.)), 
IV... f (xq) = xq, if w be any scalar. 
(2.) Then, with the notation 3826, IV., we shall have 
Ve. falG 7) = mg + 077’) - A= S0'; 


and therefore, by 325, VIII., for any such function fg, we shall have the 
differential expression, 


Vie dja — sda. 


(3.) But S, V, K have been seen to be distributive symbols (197, 207); we 
can therefore infer at once that 


Wil:..dKko=Kdg; Vill... dSo=—Sd¢;. EX... dVg—Vag. 


or in words, that the differentials of the conjugate, the scalar, and the vector of a 
quaternion are, respectively, the conjugate, the scalar, and the vector of the 
differential of that quaternion. 

(4.) To find the differential of the norm, Nq, or to deduce an expression for 
dNq, we have (by VII. and-145) the equation, 


Xo. .0Ng—d .¢Ko = doko +o. Kdg; 
but qKq' = K. Ka, by 145, and 192, IT. ; 
and (1+ K).9’Kqg =28. Kg = 28(Kq. 7), by 196, IT., and 198, I. ; 
therefore XI... dNg = 28(Kq. dg). 


(5.) Or we might have deduced this expression XI. for dNg, more im- 
mediately, by the general formula 324, IV., from the earlier expression 200, 
VIL., or 210, XX., for the norm of a sum, under the form, 


XI’... dNg =lim.n{N(g + n“*dq) - Ng} 
= lim .{28(Kg. dg) + »*Ndg} 
= 28(Kq. dg), 


as before. 


* In quaternions the equation III. is not a necessary consequence of IV., although the latter is 
so of the former; for example, the equation IV., but mot the equation III., will be satisfied, if we 


assume fq = geq-'e’'g, where ¢ and ¢ are any two constant quaternions, which do not degenerate into 
scalars. 
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(6.) The tensor, Tg, is the square-root (190) of the norm, Nq; and because 
Tg and Ng are scalars, the formula 332, XXII. may be applied; which gives, 
for the differential of the tensor of a quaternion, the expression (comp. 158), 


XII. _. ay = Sat = 8 (KUg. dy) -8 


a result which is more easily remembered, under the form, 


(7.) The versor Ug is equal (by 188) to the quotient, g: Tq, of the quater- 
nion g divided by its tensor Tg; hence the differential of the versor is, 


dg_ gdg\¢ dg 
ene lore di-(f-s2)t -v4.u : 
ot 
whence follows at once this formula, analogous to XIII., and like it easily 
remembered, 
Saye ee 
Ug q 


(8.) We might also have observed that because (by 188) we have generally 
q= Tq. Ug, therefore (by 382, (3.)) we have also, 


RAL dg — Glove to ag, 


and 


dg dTq dUg¢q 
XVII. Ht Lae eanera Fee as 
Ca ey 


if then we have in any manner established the equation XIII., we can im- 
mediately deduce XV.; and conversely, the former equation would follow at 
once from the latter. 

(9.) It may be considered as remarkable, that we should thus have 
generally, or for any two quaternions, g and dq, the formula :* 


XVIII... 8(dUg:Ug)=0; or XVIII... dUg:Ug=870; 


* When the connexion of the theory of normals to surfaces, with the differential calculus of quater- 
nions, shall have been (even briefly) explained in a subsequent Section, the student will perhaps be 
able to perceive, in this formula XVIII., a recognition, though not a very direct one, of the geo- 
metrical principle, that the radii of a sphere are its normals. 
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but this vector character of the quotient dUq:Uq can easily be confirmed, as 
follows. Taking the conjugate of that quotient, we have, by VII. (comp. 192, 
iil 84 "and 324, X1.,), 


Mix idle Uggs) Kuo. dug =o. dtUg = ag. Ug: 


whence 


Ame, (lot I) Ue: Ug?) 0 


which agrees (by 196, II.) with XVIII. 
(10.) The scalar character of the tensor, ‘Tg, enables us always to write, as 
in the ordinary calculus, 


ed lg alg 2 gs 


but 1Tg =Slg, by 316, V.; the recent formula XIII. may therefore, by VIII., 


be thus written, 
MOL. Sdlg=dSlg =dT¢:dg=S8 (dq: 9); or SIT. digg dg—=8 0. 


(11.) When dg|||¢, this last difference vanishes, by 333, II.; and the 
equation XY. takes the form, 


XXIII... dlUg = Vdlg = dVg. 


And in fact we have generally, 1Uq = Vlg, by 316, XX., although the differen- 
tials of these two equal expressions do not separately coincide with the members 
of the recent formula XV., when qg and dg are diplunar. We may however 
write generally (comp. XXIT.), 


XXIV... dlUg - dUqg: Ug = V (dlg - dg: ¢) = dlg - dq: 4. 


335. We have now differentiated the six simple functions 334, I., which 
are formed by the operation of the six characteristics, 


€ Vi, Nick, Us 


and as regards the differentiation of the compound functions 384, II., which 
are formed by combinations of those former operations, it is easy on the same 
principles to determine them, as may be seen in the few following examples. 

(1.) The ais Ax. ¢ of a quaternion has been seen (291) to admit of being 
represented by the combination UVq; the differential of this axis may there- 
fore, by 334, IX. and XLV., be thus expressed : 
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I... d(Ax. g) = dUVq¢ = V(Vdq: Vy). UV¢; 


whence 


d(Ax.g) dUVq _V Vdg_ 


NS ok Ax.g) 0 Ve V¢ 


The differential of the axis is therefore, generally, a line perpendicular to that 
axis, or situated in the plane of the quaternion; but it vanishes, when the plane 
(and therefore the avis) of that quaternion is constant; or when the quaternion 
and its differential are complanar. 


(2.) Hence, 
Hoy dU Vo 00 2at Eve dolly: 


and conversely this complanarity TV. may be expressed by the equation III. 
(3.) It is easy to prove, on similar principles, that 


V...dVU¢ = VdU¢ -V/ = .U1)5 
and 


VL .. dSUg = SdUy = 8( Un): 


(4.) But in general, for any two quaternions, g and q’, we have (comp. 
223, (5.)) the transformations, 


NV eo Ny ea 


and when we thus suppress the characteristic V before dg: q, and insert it 
before Ug, under the sign S in the last expression VI., we may replace the 
new factor VUqg by TVUq.UVUgq (188), or by TVUg.UVq (274, XIII.), 
or by - TVUq: UVgq (204, V.), where the scalar factor TV Ug may be taken 
outside (by 196, VIII.) ; also for g!: UVqg we may substitute 1: (UVq. q), 
or 1:qgUVq, because UVq|||¢; the formula VI. may therefore be thus written, 


VIL. . . 8Ug = - Say. TV Ug. 


(5.) Now it may be remembered, that among the earliest connewxions of 
quaternions with trigonometry, the following formule occurred (196, XVI., 
and 204, XIX..), 

TX SUe = cos 27, fy bo sm 2 


we had also, in 316, these expressions for the angle of a quaternion, 


Clearer ad bed WB 
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we may therefore establish the following expression for the differential of the 
angle of a quaternion, 


XI...dZq=dTVlg = dTlU¢ =5 ——— Rien 
(6.) The following is another way of arriving at the same result, through 
the differentiation of the sve instead of the cosine of the angle, or through 
the calculation of dT VUgq, instead of dSUg. For this purpose, it is only 
necessary to remark that we have, by 334, XII. XIV., and by some easy 
transformations of the kind lately employed in (4.), the formula, 


VdUg ig SUG q Ug 

KUL. aTVWU¢ = Sayers = Spy -8(V wy)" fee Wi 
dividing which by SUq, and attending to IX. and X., we arrive again at 
the expression XI., for the differential of the angle of a quaternion. 


(7.) Eliminating S(dg:gUVq) between VIII. and XII., we obtain the 
differential equation, 


ST i DUG. AS Uy. e Ved yg 0), 


pice: 


of which, on account of the sca/ar character of the differentiated variables, the 
integral is evidently of the form, 


XIV... (SUg)? + (LV Ug) = const. ; 


and accordingly we saw, in 204, XX., that the sum in the first member of 
this equation is constantly equal to positive unity. 
(8.) The formula XI. may also be thus written, 


XV...d2q=S8(V(dg.q) :UVq); 


with the verification, that when we suppose dq|||g, as in IV., and therefore 
dUVgq = 0 by III., the expression under the sign 8S becomes the differential 
of the quotient, Vlg: UVq, and therefore, by 316, VI., of the angle Zq itself. 

336. An important application of the foregoing principles and rules 
consists in the differentiation of scalar functions of vectors, when those functions 
are defined and expressed according to the laws and notations of quaternions. 
It will be found, in fact, that such differentiations play a very extensive part, 
in the applications of quaternions to geometry; but, for the moment, we shall 
treat them ere, as merely exercises of calculation. ‘The following are a few 
examples. 


3.N 2 
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(1.) Let p denote, in these sub-articles, a variable vector; and let the 
following equation be proposed, 


L,.. p= 07 in whichasyVr = 0; 


so that 7 is a (generally variable) scalar. Differentiating, and observing that, 


by 279, III., pp’ + p’p = 28pp’, if p’ be any second vector, such as we suppose 
dp to be, we have, by 322, VIII., and 324, VII., the equation, 


II... rdr+Spdo=0; or III... dr=-r'Spdp = r8p'do. 


In fact, if + be supposed positive, it is here, by 282, II., the tensor of p; so 
that this last expression III. for di is included in the general formula, 334, 


AIT. 
(2.) If this tensor, r, be constant, the differential equation II. becomes 


simply, 
PVs eepdp — 0 ik 6. Oolsr. Clit. dlp 0. 
(3.) Again, let the proposed equation be (comp. 282, XIX.), 
V...r=T(to+ px), with de=0, de=0, 


so that « and « are here ¢wo constant vectors. Then, squaring and differen- 
tiating, we have (by 334, XI., because Kip = pi, &e.), 


VI... 2r3dr = SdN(cp + px) = S (oe + xp) (cdo + dox) = (2 + x”) Sodp + 2Sxprdp ; 


or more briefly, 
VII... 2r dr = Sudo, 


if y be an auwiliary vector, determined by the equation, 
VIII... ty = (8 + &*) p + 2Vicpe; 


which admits of several transformations. 
(4.) For example we may write, by 295, VIL., 


IX... ¢tv = (? 4+ a p+ kot + (pk = «(tp + pk) SE k (pt + Kp) ; 
or, by 294, III., and 282, XIT., 


X... ry =(? +) +2 (cSip — pSuc + Sxp) = (e- «Kp + 2(Skp + kSip); &e. 
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(5.) The equation V. gives (comp. 190, V.), when squared without 
differentiation, 
XI... rt = N(tp t+ px) = (ep + px) (pt + Kp) 
= (? +k’) p® + ipkp + pxpt 
= (" +k’) p? + 28ipxp 
= («—xk)* p’ + 48:p Sxp = &e., 


by transformations of the same kind as before; we have therefore, by the 
recent expressions for 7*v, the following remarkably simple ve/ation between 
the two variable vectors, p and v, 


eA bsp Aas OF we ee pak. 


(6.) When the scalar, r, is constant, we have, by VII., the differential 
equation, 


XITI...Svdo =0; whencealso XIV...Spodv=0, by XIL.; 


a relation of reciprocity thus existing, between the two vectors p and v, of which 
the geometrical signification will soon be seen. 

(7.) Meanwhile, supposing r again to vary, we see that the last expression 
VI. for 2r%dr may be otherwise obtained, by taking half the differential of 
either of the two last expanded expressions XI. for 7*; it being remembered, 
in all these little calculations, that cyclical permutation of factors, under the 
sign S, is permitted (228, (10.) ), even if those factors be guaternions, and what- 
ever their number may be: and that if they be vectors, and if their number be 
odd, it is then permitted, wnder the sign V, to invert their order (295, (9.) ), 
and so to write, for instance, Vipx instead of V«ps, in the formula VIII. 

(8.) As another example of a scalar function of a vector, let p denote the 
proximity (or nearness) of a variable point P to the origin 0; so that 


XV...p=(-p*)t=Tp?, or XV’... p%+p’?= 0. 
AVI...dp=Srdp, if XVII...v=p'p =p'Up; 


Then, 


v being here a new auxiliary vector, distinct from the one -lately considered 
(VIII.), and having (as we see) the same versor (or the same direction) as the 
vector p itse/f, but having its tensor equal to the square of the proximity of P too; 
or equal to the inverse square of the distance, of one of those two points from 
the other. 

337. On the other hand, we have often occasion, in the applications, to 
consider vectors as functions of scalurs, as in 99, but now with forms arising 
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out of operations on quaternions, and therefore such as had not been considered 
in the First Book. And whenever we have thus an expression such as either 
of the two following, 


Loe pbs OMe Lae ao hieees 


for the variable vector of a curve, or of a surface (comp. again 99), s and ¢ 
being two variable scalars, and $(¢) and ¢(s, ¢) denoting any functions of vector 
form, whereof the /atfer is here supposed to be entirely independent* of the 
former, we may then employ (comp. 100, (4.) and (9.) and the more recent 
sub-articles, 327, (5.), (6.), and 329, (5.) ) the notations of derivatives, total or 
partial ; and so may write, as the differentiated equations, resulting from the 
forms I. and II. respectively, the following: _ 


hile. -dp = ¢¢.dt=pdt = Dp. dt; 
yee dp = dsp + dip = D,o.ds + Dip. dé; 


of which the geometrical significations have been already partially seen, in 
the sub-articles to 100, and will soon be more fully developed. 
(1.) Thus, for the circular locus, 814, (1.), for which 


Nie tp — aio, hae le ta = 0, 
we have, by 333, VIII., the following derived vector, 
VI... 6 = Dip = Sap = 5 ap. 
(2.) And for the ed/iptic focus, 314, (2.), for which 
VIT...p=V.aiB, Ta=1, but not Sa6 = 0, 
we have, in like manner, this other derived vector, 
VII... p= Dp = 5 V. ap. 


(3.) As an example of a vector-function of more scalars than one, let us 
resume the expression (308, XVIII.), 


IX. Se | ees rkt pki ek s 


* We are therefore not employing here the temporary notation of some recent Articles, according 
to which we should have had, dgg = $(g, dq). 
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in which we shall now suppose that the tensor r is given, so that p is the 
variable vector of a point upon a given spheric surface, of which the radius is r, 
and the centre is at the origin; while s and ¢ are two independent scalar variables, 
with respect to which the ¢wo partial derivatives of the vector p are to be 
determined. 

(4.) The derivation relatively to ¢ is easy; for, since wk are vector-units 
(295), and since we have generally, by 333, VIIL., 


Re ar at = a’'dz, and therefore XI... D;.a*= 5 Den, 


if Ta = 1, and if 2 be any scalar function of ¢, we may write, at once, by 
279, IY., 
All... Dip = ‘ (kp — pk) = aVikp; 
and we see that 
XII... SpDip = 0, 


a result which was to be expected, on account of the equation, 
MLV e hep eo a, 


which follows, by 308, XXIV., from the recent expression IX. for p. 

(5.) ‘To form an expression of about the same degree of simplicity, for the 
other partial derivative of o, we may observe that j**/7-* is equal to its own 
vector part (its scalar vanishing); lhence* 


XV... Dip = akjk*p; or XVI... Dip = hp = ak %p, 


by the transformation 308, (11.). And because the scalar of ‘jk is zero, we 
have thus the equation, 


RVI eo) =o 


which is analogous to XIII., and might have been otherwise obtained, by 
taking the derivative of XIV. with respect to the variable scalar s. 

(6.) The partial derivative D,o must be a vector; hence, by XV. or XVI., 
p must be perpendicular to the vector kjk, or kj, or jk; a result which, 
under the last form, is easily confirmed by the expression 815, XII. for p. 
In fact that expression gives, by 315, (8.) and (4.), and by the recent values 


* [Thus Ds (yskj-*) =5 (jst hj-s + jshj-s-1) = s+ 1hy-s, and therefore Dsp =m rhtjk-thtjshj-sk-t which 
is equivalent to XV.] 
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XII. XVI., these other forms for the two partial derivatives of p, which have 
been above considered : 


VEE Dios athe Vas RIX Dig an Vek. 


which might have been immediately obtained, by partial derivations, from 
the expression 315, XII. itself, and of which both are vector-forms. 

(7.) And hence, or immediately by derivating the expanded expression 
815, XIII., we obtain these new forms for the partial derivatives of p : 


XX... Dip = rr(j cos tw — 7 sin tr) sin 87 ; 
XXI... Ds = ar{(¢ cos tw +7 sin tr) cos sm - k sin sz}. 


(8.) We may add that not only is the variable vector p perpendicular to 
each of the two derived vectors, Dp and D,p, but also they are perpendicular to 
each other ; for we may write, by XII. and XVI., 


XXII... S(Dio. Dip) = — 8. PYyp'h = W'S. PG = 0; 


and the same conclusion may be drawn from the expressions XX. and XXI. 

(9.) A vector may be considered as a function of three independent scalar 
variables, such as 7, 8, £; or rather it must be so considered, if it is to admit of 
being the vector of an arbitrary point of space: and then it will have a total 
differential (329) of the trinomial form, 


>.@.6 Gk Bape dp = d,p + dsp ne dip = D,p .dr + D;p . 8+ Dip . dé; 


and will thus have three* partial derivatives. 
(10.) For example, when p has the expression IX., we have this third 
partial derivative, 


XXIV... Dp =7"'p = Up, 
which may also be thus more fully written (comp. again 315, XIII), 
XXV...D,p = hjkj*k* = (i costw +7 sin tm) sin sa + k cos s7 5 
and we see that the three derived vectors, 
XX VE. 2.-Dip; Dip. Dip; 


compose here a rectangular system. 


* That is to say, three of the first order; for we shall soon have occasion to consider successive 
differentials, of functions of one or more variables, and so shall be conducted to the consideration of 
orders of differentials and derivatives, higher than the first. 
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SECTION 5. 


@n Successive Differentials, and Developments, of Functions 
of Quaternions. 


338. There will now be no difficulty in the successive differentiation, total 
or partial, of functions of one or more quaternions; and such differentiation 
will be found to be useful, as in the ordinary calculus, in connexion with 
developments of functions: besides that it 1s necessary for many of those 
geometrical and physical applications of differentials of quaternions, on which 
we have not entered yet. A few examples of successive differentiation may 
serve to show, more easily than any general precepts, the nature and effects 
of the operation ; and we shall begin, for simplicity, with explicit functions of 
one qguaternion variable. 

(1.) Take then the square, g’, of a quaternion, as a function fy, which is to 
be twice differentiated. We saw, in 824, VII., that a first differentiation 


gave the equation, 
I...dfg=d.@=q.dg+dq.q; 


but we are now to differentiate again, in order to form the second differential 
di7q of the function q’, treating the differential of the variable g as s¢i// equal 
to dg, and in general writing ddg = d’¢, where d’g is a new arbitrary quaternion, 
of which the tensor, Td*g, need not be small (comp. 822). And thus we get, 
in general, this twice wifferentiated expression, or differential of the second order, 


hs aes ay = a. =. dy + 2dq? + d’q.q. 


(2.) The second differential of the reciprocal of a quaternion is generally 
(comp. 324, XI), 
IIT... d?. g? =2(g'dg)* g — gid?g. gq. 


(3.) If p be a variable vector, then (comp. 336, (1.)) we have, for the first 
and second differentials of its square, the expressions: 


Pete dp = epedos. § Vics tp = 28pd’p + 2dp?. 


(4.) If fp be any other scalar function of a variable vector p, and if (comp. 
again the sub-articles to 336) its first differential be put under the Jorm, 


VI... d/p = 28vdp, when pv is another variable vector, 
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then the second differential of the same function may be expressed as follows: 


Niles dp = 28vd’p oe 28drdp ; 


in which we have written, briefly, Sdvdp, instead of S (dy. dp). 
(5.) The following very simple equation will be found useful, in the 
theory of motions, performed under the influence of central forces: 


VIII. ..dVpdp = Vpd’p; because V.dp’= 0. 


(6.) As an example of the second differential of a quaternion, considered 
as a function of a scalar variable (comp. 333, VIII., and 337, (1.)), the follow- 
ing may be assigned, in which a denotes a given unit line, so that a’ = — 1, 
da = 0, but z is a variable scalar : 


7 see ap No 
Tae a(5artde)=5 a®*'d2y — (5) ada’. 
(7.) The second differential of the product of any two functions of a quater- 
nton g may be expressed as follows (comp. II.): 


X... (fy $9) = V7. og + 2dfq. dog + fy. d’o9. 


339. The second differential, d’g, of the variable quaternion q, enters 
generally (as has been seen) into the expression of the second differential d*/q, 
of the function fy, as a new and arbitrary quaternion: but, for that very 
reason, it is permitted, and it is frequently found to be convenient, to assume 
that this second differential d?g is equal to zero: or, what comes to the same 
thing, that the first differential dg is constant. And when we make this new 
supposition, 

Te hdg = constane or ol dy =, 


the expressions for d?/7 become of course more simple, as in the following 
examples. | 

(1.) With this last supposition, I. or I’., we have the following second 
differentials, of the square and the reciprocal of a quaternion : 


Tl... d?.g?=2dg?; IIL... &. 92 = 2(q7dg)’q? = 2g (dg. 7°)’. 


_(2.) Again, if we suppose that %, ¢,, ¢: are any three constant quaternions, 
and take the function, 
IV. . «fa = Cogesges, 
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we find, under the same condition I. or I’., that its first and second differen- 


tials are, 


Vi... dfy = adg. eige, + ogandg.@; VI... difg= Qeodg . dg. Ca; 


in writing which, the points* may be omitted. 

(3.) The first differential, dg, remaining still entirely arbitrary (comp. 
322, (8.), and 325, (2.)), so that no supposition is made that its éensor Tdgq is 
small, although we now suppose this differential dg to be constant (I.) we have 


“wany / 
rUgorously, VI. cs (q+ dy)? = Q+ d.g?+ id’, q°; 


an equation which may be also written thus, 
VIII... (¢ + dg)? = (1+d+ $d’). 9’. 


(4.) And in like manner we shall have, more generally, under the same 
condition of constancy of dq, the equation, 


IX... f(q + dg) = (1+ 4+ 3d’) /y, 


if the function fy be the sum of any number of monomes, each separately of the 
form IV., and therefore each rational, integral, and homogeneous of the second 
dimension, with respect to the variable quaternion, g; or of swch monomes, 
combined with others of the first dimension, and with constant terms: that is, 
if do, by, bi, 6’, 01, . . ANA Cy, Cy, C25 Coy C15 Cn) « . be any constant quaternions, 


and 
X.. . fg = do + Bh ghi + Veyqeager. 


340. It is easy to carry on the operation of differentiating, to the third 
and higher orders; remembering only that if, in any former stage, we have 
denoted the first differentials of g, dg, .. by dg, d’g,. . we then continue so to 
denote them, in every subsequent stage of the successive differentiation: and 
that if we find it convenient to treat any one differential as constant, we must 
then treat all its successive differentials as vanishing. A few examples may be 
given, chiefly with a view to the extension of the recent formula 339, IX., for 
the function f(¢ + dg) of a sum, of any two quaternions, g and dq, to polynomial 
forms, of dimensions higher than the second. 


* Compare the second Note to page 439. 
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(1.) The third differential of a square is generally (comp. 388, IT.), 
I... d?.g=q.d'¢+ d’¢.q¢+3(dgq.d’¢ + d’g. dg). 


(2.) More generally, the third differential of a product of two quaternion 
functions (comp. 338, X.) may be thus expressed : 


II... d°( fq. $9) = d°/9. oq + 80°fy. dog + 8d fy. Vogt fq. Bede. 


(3.) More generally still, the » differential of a product is, as in the 
ordinary calculus, 


TIT. . . d*( fy. 9) = d*/q. oq+ nda” fy. dog + nd” fy. Vog+..+/q.d"9q, 
n(n — 1) Pom n(n — 1) (n - 2) 


i ares cee 


&e. 3 


the only thing peculiar to quaternions being, that we are obliged to retain 
(generally) the order of the factors, in each term of this expansion III. 
(4.) Hence, in particular, denoting briefly the function fy by 7, and 
changing ¢¢ to gq, 
PVG 70 = nde edo, hag. — 0: 


(5.) Hence also, under this condition that dq is constant, if ¢ be any other 
constant quaternion, we have the transformation, 


1 1 \ 

BUD: i eed @ Oe ik oe onteencdney: 1 Per saa 
V...(1+d+4d tad oar 
(lsdvgaey te ee ! dd" |r.(g+dg)c, if d®r=0. 
oe eS 2.3...(n—1) 


(6.) Hence, by 339, (4.), it is easy to infer that if we cuterpret the symbol 

é* by the equation (comp. 816, I.), 
Vie a el ed ad sig dt + bo, 

that is, if we interpret this other symbol e4/g, as concisely denoting the series 
which is formed from fg, by operating on it with this symbolic development ; 
and if the function fg, thus operated on, be any finite polynome, involving (like 
the expression 339, X.) no fractional nor negative exponents; we may then 
write, as an extension of a recent equation (339, LX.) the formula: 


Vib. i e470 =f tag), ui d’ga0; 
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which is here a perfectly sigorous one, all the terms of this expansion for a 
Junction of a sum of two quaternions, g and dg, becoming separately equal to 
zero, as soon as the symbolic exponent of d becomes greater than the dimension 
of the polynome. 

(7.) We shall soon [342] see that there is a sense, in which this exponential 
transformation VII. may be extended, to other functional forms which are not 
composed as above: and that thus an analogue of Taylor’s Theorem can be 
established for Quaternions. Meanwhile it may be observed that by changing 
dg to Ag, in the finite expansion obtained as above, we may write the formula 
as follows: 


VII... ef =f(¢+ Ag)=(1+A)fq, or briefly, IX... e4=1+A; 


which last symbolical equation may be operated on, or transformed, as in the 
usual calculus of differences and differentials. For instance, it being under- 
stood that we treat A’g as well as d’g as vanishing, we have thus (for any 
positive and whole exponent m), the two following transformations of [X., 


A... A™ = (et 1)", and XT... d™= (low (1+ A))™: 


the results of operating, with the symbols thus equated, on any polynomial 
function fg, of the kind above described, being always finite eapunsions, which 
are rigorously equal to each other. 

341. Let He and gx be any two functions of a scalar variable, of which both 
vanish with that variable; so that they satisfy the two conditions, 


Li. BOs Op oO 0, 
Then the three simultaneous values, 
It... 2, Fe, oz, 


of the variable and the two functions, are at the same time (comp. 320, 321) 
three simultaneous differences, as compared with this other system of three 
simultaneous values, 


PE UO a0) 
If, then, any equimultiples, 


LVS Peon. nase, 


of the three values II., can be made, by any suitable increase of the number, 
n, combined with a decrease of the variable, x, to tend together to any system of 
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limits, those limits must (by the definition in 320, compare again 321) admit 
of being considered as a system of simultaneous differentials, 


Ne da Sar odie 


answering to the system of initial values III.; and must be proportional to the 
ultimate values of the connected system of derivatives, 


Nios Ty Po, - oe, “when @ tends to’ sero. 


We may therefore write, as expressions for those ultimate values of the two 
last derived functions, 


VII... F’0 =lim. Fa ii 


+ 
n=o nr 


¢0 = lim. nos, if FO =¢40=0. 


And even if these last values vanish, or if the two new conditions 
VA re 


are satisfied, so that w, F”v, and ¢’v are now (comp. II.) a new system of 
simultaneous differences, we may sti// establish the following equation of limits 
of quotients, which is independent of these /ast conditions VIIL., 


TX, 22 lim (ies oe) = lim (ee a), 0 — 0: = 0 


it being understood that, in certain cases, these two quotients may both vanish 
with «; or may tend together to infinity, when a tends, as before, to sero. 

(1.) This theorem is so important, that it will not be useless to confirm it 
by a geometrical illustration, which may at the same time serve for a geometri- 
cal proof; at least for the extensive case where both the functions fe and ox 
are of scalar forms, and consequently may be represented, or constructed, by 
the corresponding ordinates, XY and XZ (or ordinates answering to one com- 
mon abscissa OX), of two curves O¥Y and OsZ, which are in one plane, and set 
out from (or pass through) one common origin O, as in the annexed figure 75. 
We shall afterwards see that the result, so obtained, can be extended to quater- 
nion functions. 

(2.) Suppose then, first, that the ordinates of these two curves are pro- 
portional, or that they bear to each other one fized and constant ratio; so that 


the equation, 
Mee ky tes ye oe 


is satisfied for every pair of abscisse, OX and Oz, however great or small the 
corresponding ordinates may be. Prolonging then (if necessary) the chord 
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Yy of the first curve, to meet the axis of abscissee in some point ¢, and so to 
determine a subsecant {X, we see at once (by similar triangles) that the 
corresponding chord Za of the second curve will meet the same axis in the same 
point, ¢; and therefore that it will determine (rigorously) the same subsecant, tX. 

(3.) Hence, if the point « be conceived to approach to X, so that the 
secant Yyt of the first curve tends to coincide with the tangent YT to that 
curve at the point Y, the secant Zzt of the second curve must tend to coincide 
with the line ZT, which line therefore must be the tangent to that second 
curve: or in other words, corresponding subtangents 
coincide, and of course are equa/, under the supposed A 
condition X., of a constant proportionality of ordi- 
nates. 2 

(4.) Suppose next that corresponding ordinates 
only tend to bear a given or constant ratio to each 
other; or that their (now) variable ratio tends to a 
given or fixed /imit, when the common abscissa is 
indefinitely diminished, or when the potné X tends 
to O; and let T be still the variable point in which 
the tangent to the first curve at Y meets the axis, so that the line TX is still 
the first subtangent. ‘hen the corresponding tangent to the second curve at 
Z will not in general pass through the point T, but will meet the axisin some 
different point U. But the ratio of the two corresponding subtangents, TX and 
UX, which had been a ratio of equality, when the condition of proportionality 
X. was satisfied rigorously, will now at least tend to such a ratio; so that we 
shall have, under this new condition, of tendency to proportionality of ordinates, 
the limiting equation, 


O yee Se ie. & 
Fig. 75. 


ALS; um. Xs UX 
whence the equation IX. results, under the geometrical form, 
XII... lim (tan XTY : tan XUZ) = lim(XY: XZ). 


(5.) We might also have observed that, when the proportion X. is rigorous, 
corresponding areas* (such as eX Yy and xrXZsz) of the two curves are then 
exactly in the given ratio of the ordinates; so that this other equation, or 
proportion, 


XIII... OXYyO : OXZz0 = XY: XZ, 


* Compare the Fourth Lemma of the First Book of the Principia; and see especially its 
Corollary, in which the reasoning of the present sub-article is virtually anticipated, 
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is then also rigorous. Hence if we only suppose, as in (4.), that the ordinates 
tend to some fixed limiting ratio, the areas must tend to the same; so that if 
the second member of the equation IX. have any definite value, as a limit, the 
first member must have the same: whereas the recent proof, by subtangents, 
served rather to show that 7f the first (or left hand) “imét in IX. existed, then 
the second limit in that equation existed a/so, and was equal to the first. 

(6.) If the function Fe be a quaternion, we may (by 221) express it as 


follows, 


XIV... Fe =W+iX + 9V 4+ kZ, 


where W, X, Y, Z are four scalar functions of x, of which each separately can 
be constructed, as the ordinate of a plane curve; and the recent geometrical * 
reasoning will thus apply to each of them, and therefore to their Zinear combi- 
nation Fe: which quaternion function reduces itself to a vector function of x, 
when W= 0. 

(7.) And if ~x were another quaternion or vector function, we might first 
substitute it for Fv, and then eliminate the scalar function 7; so that a 
limiting equation of the form IX. may thus be proved to hold good, when 
both the functions compared are vectors, or quaternions, supposed still to vanish 
with w. 

(8.) The general considerations, however, on which the equation IX., was 
lately established, appear to be more simple and direct; and it is evident 
that they give, in like manner, this other but analogous equation, in which 
F’x and $’x are second derivatives, and the conditions VIII. are now supposed 


to be satisfied : 
XV... lim(F'@: g’e) = lim (Fe: 9%), if F’0=0, 90 =0. 
w=0 r=0 


* Instead of the equation IX., it has become usual, in modern works on the Differential Calculus, 
to give one of the following form (deduced from principles of Lagrange) : 


if F(0) = 9(0) =0; 


Ox)’ 


—_—~ 


g(x) 9 


6 denoting some proper fraction, or quantity between 0 and 1. And a geometrical illustration, which 
is also a geometrical proof, when the functions Fx and px can be constructed (or conceived to be con- 
structed) as the ordinates of two plane curves, is sometimes derived from the axiom (or geometrical 
intuition), that the chord of any finite and plane are must be parallel to the tangent, drawn at some 
point of that finite are. But this parallelism no longer exists, in general, when the evrve is one of 
double curvature; and accordingly the equation in this note is not generally true, when the functions 
are quaternions ; or even when one of them is a quaternion, or a vector, 
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And so we might proceed, as long as successive derivatives, of higher orders, 
continue to vanish together. 
(9.) Hence, in particular, if we take this scalar form, 


Vs he 


which evidently gives the values, 
Via 0.0, 00, ih 0 OG eta OO erage 1, 
and if we suppose that the function Fv is such that 
Vis FO S00 Oe On 
while #()0 has any finite value, we may then establish this limiting equation : 
DX Lm Ce heen BY); 


in which the function Fx, and the calue F™)0, are here supposed to be generally 
quaternions; although they may Happen, in particular cases, to reduce them- 
selves (292) to vectors, or to scalars. 

342. It will now be easy to extend the Exponential Transformation 340, 
VII. ; and to show that there is a sense in which that very important Formula, 


eG SF A ge 


which is, in fact, a known* mode of expressing the Series or Theorem of 
Taylor, holds good for Quaternion Functions generally, and not merely for 
those functions of finite and polynomial form, with positive and whole exponents, 
for which it was lately deduced, in 340, (6.). For let fg and f(q + dg) 
denote any two states, or values, of which neither is infinite, of any function of a 
quaternion ; and of the m first differentials, 


EL ed fg; 204g, «hs -d@ fo; in whiol dg = const., 


let it be supposed that no one is infinite, and that the Jast of them is different 
from zero; while all that precede it, and the functions fy and /(q¢ + dq) them- 
selves, may or may not happen to vanish. Let the first m terms, of the 


* Lacroix, for instance, in page 168 of the First Volume of his larger Treatise on the Differential 
and Integral Calculus (Paris, 1810), presents the Theorem of Taylor under the form, 
pears du : d?u du iy dtu 
o a ge i a ee 
where w’ denotes the value which the function « receives, when the variable 2 receives the arbitrary 
increment dx (Vaccroissement queleonque dz). 


+ &e. ; 
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exponential development of the symbol (e*- 1) fq, be denoted briefly by q., ga, . « 
dm; and let *,, denote what may be called the vemainder of the series, or the 
correction which must be conceived to be added to the sum of these m terms, 
in order to produce the exact value of the difference, 


Ill... Afg=f(g+ dg) — fo =F (9 + Ag) - fq; 


in such a manner that we shall have rigorously, by the notations employed, 
the equation, 

ayy 
OS aie 


IV... fi(gtdg) =/¢t+m+Q2++++Gmt+?m, Where gm = 


this term dm being different from sero, but no one of the terms being infinite, 
by what has been above supposed. Then we shall prove, as a Theorem, that 


Wee Hine bon Ute Edge. Oi 


or in words, that the tensor of the remainder may be made to bear as small a 
ratio as we please, to the tensor of the last term retained, by diminishing the tensor, 
without changing the versor, of the differential (or difference) dg. And this very 
general result, which will soon be seen to extend to functions of several 
quaternions, is in the present Calculus that analogue of Taylor’s theorem to 
which we lately alluded (in 340, (7.) ); and it may be called, for the sake of 
reference, “ Taylor’s Theorem adapted to Quaternions.” 


(1.) Writing 
2 gm-l F 
VI... Fe =f(¢ + xdq) -— fy - «df - 54/7 a SG ata: 


we shall have the following successive derivatives with respect to 2, 


gin? 


23 (m= 2) 
gins 


ee ae ee a ~ 2.3.. (m—8) sla Coe 


F’x = df (q+«dq) -— df - ad?*fg-.. d™-179 ; 


FO) = d™ (q+ «dq) - d™ fq; and finally, 
LF = d”f(q + adg) ; 
because, by 327, VI., and 324, LV., 
VII... Df(g+axdg) = iim. n{ f(q + adg + n dq) —/(¢ + rdg)} = df(q + xdq), 


and in like manner, 


IX... D?f(q+adg) = d?/(1+ wdq), &e. ; 
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the mark of derivation D referring to the scalar variable v, while d operates 


on g alone, and not here on 2, nor on dq. 
(2.) We have therefore, by VI. and VII., the values, 


engi = Oath 0. eh Os One 0 =O aera 
whence, by 341, XIX., we have this limiting equation, 


)- d"7g ; 


m 


>. Wear lim. (Be; 


pat 2:de.0M 
or 


KIL... lim.(Fe:ye)=1, if yo= (a4). 

(3.) But these two functions, fv and yz, are formed by IV. from gm + im 
and dm, by changing dg to dq; and instead of thus multiplying dq by a 
decreasing scalar, *, we may diminish its tensor Tdg, without changing its 
versor Udg. We may therefore say that, when this is done, the quotient 
(Gm +m) Gm tends to unity, or this other quotient 7m: Ym to zero, as its Limit; 
or in other words, the limiting equation V. holds good. 

(4.) As an example, let the function fq be the reciprocal, g'; then (comp. 
339, III.) its m™ differential is (for dg = const.), 


AT ed ode Oe he te ai) 
and it is easy to prove, without differentials, that 
XIV... (gtrgtaq (l+rpeg {l-rtr—-..t (—r)™4 (-7)™ (Le r)7)}; 
we have therefore here 
RN Up He eh) Ta nl (Pad) yore Galo ee ae 
and this last tensor mceaitery diminishes with Tdg, the quaternion ¢ being 


supposed to have some given value different from zero. 
(5.) In general, if we establish the following equation, 


n 1-m 


2.3...(m-1) 


nm 


+ ea Fn” (q, dq), 


Parr / (3 


XVI... f(¢+n7dq) =fat+ n dfq+ > dfgt..+ aig 


as a definitional extension of the equation 825, V.; and if we suppose that 
neither the function fg itself, nor any one of its differentials as far as d"™"/g 
is infinite; the result contained in the limiting equation XI. may then be 
expressed by the formula, 
AVI... fe (g, dg) = a"7a5 
3P2 
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which for the particular value m =1, if we suppress the upper index, coincides 
with the form 825, VIII. of the definition dfr, but for higher values of m 
contains a theorem: namely (when d”/q is supposed neither to vanish, nor to 
become infinite), what we have called Taylors Theorem adapted to Quaternions. 

343. That very important theorem may be applied to cases, in which a 
quaternion (as in 327, (5.)), or a vector (as in 837), is expressed as a function of 
a scalar; also to transcendental forms (333), whenever the differentiations can 
be effected; and to those new forms (334), which result from the peculiar 
operations of the present Calculus itself. A few such applications may here 
be given. 

(1.) Taking first this transcendental and quaternion function of a variable 
scalar, 

Dg ee ee ee OD == CONSE 

we have, by 333, VIII., the general term, 


Or rae al Tua a eae: 
ee es eee a f is are dé; 
2.3..m tal 2 Daag ee 
dividing then «*. a’ by a’, we obtain an infinite series, which is found to be 
correct, and convergent; namely (comp. 808, (4.) ), 


EE 


ae (wa)* (va)” ieee! mat : wdt 

ite Soper =1+ea+ —y— oes Spee ae cos 9 +asin De 
(2.) Correct and finite expansions, for S (¢+dq), V(q¢+ dg), K(q+dg), and 
N (¢ +g), are obtained when we operate with c4on Sq, Vg, Kg, and Nq; for 
example (dg being still constant), the third and higher differentials of Ng 


vanish by 334, XI., and we have 
IV... Ng=(1+d+ 4d’) Ng=Ngq+ 28 (Kg. dg) + Ndg=N (q+) ; 
an expression for the norm of a sum, which agrees with 210, XX., and with 
200, VII. 
(3.) To develop, on like principles, the tensor and versor of a sum, let us 


again write 7 for dg: q, and denote the scalar and vector parts of this quotient 


by sand v; so that, by 334, XIII. and XV., 
dg dU 
V...c28r=8 225%; VL. oe We VS =F 
q 9 Y q 
(4.) Then writing also, for abridgment, as in a known notation of 
Factorials, 


Vibe be (eo) Oe em, 
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we shall have, by 342, XIII., dg being still treated as constant, the equation, 
VIII... d*(s-+0) = dr = [- 1 Jo = [-1] (s+ 0)", 
of which it is easy to separate the scalar and vector parts; for example, 

IX...ds=-8. (s+0)?=-(s? +0); dv=-V.(s+0)?=— 250. 
(5.) We have also, by V. and VLI., 


oh We i qt Tg ‘s S a 
xX T¢ ( a = (s+ d) he 
d7Uq" qv aU q Z . < 
DSI ceed d) Wea ee ij 


the notation being such that we have, for instance, by 1X., 


KIT... (st+dj)l=s; (s+d)?l=(std)s=s*+ds=-—¢; 


? 


XIII... (0+ d)l=v; (v+d)?1l=(v+d)v=0'?+ dv=e? — dso. 
(6.) The exponential formula 342, L., gives, therefore, 
XIV... 1 (¢ + dg) = "To = 91. Te; 
AN Ul (94 dg) eg fe 
or, dividing and substituting, 
ON Te a) aed VA ee 


s and v being here a scalar and a vector, which are entirely independent of each 
other; but of which, in the applications, the ¢ensors must not be taken foo 
large, in order that the series may converge. 

(7.) The symbolical expressions, XVI. and X VIL., for those two series, may 
be developed by (4.) and (5.); thus, if we only write down the terms which do 
not exceed the second dimension, with respect to s and v, we have by XII. 
and XIII. the development, 


XVITI...T(l+s+0)=1+s-407 +..., 
XIX...U (L+s+0) = 1+0+ ($v -sv)+...; 


of which accordingly the product is 1 + s + v, to the same order of approxi- 
mation. 

(8.) A function of a sum of two quaternions can sometimes be developed, 
without differentials, by processes of a more algebraical character; and when 
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this happens, we may compare the result with the form given by Taylor’s 
Series, as adapted to quaternions in 342, and so deduce the values of the 
successive differentials of the function ; for example, we can infer the expression 
342, XIII. for d”. g", from the series 342, XIV., for the reciprocal of a sum. 

(9.) And not only may we verify the recent developments, XVIII. and 
XIX., by comparing them with the more algebraical forms,* 


XX...T(l+s+v) = (L+s+v)#(1+s-)A, 
XXI...U (L+s+0) = (l4+s+0)3(1+s-0)4, 


but also, if the first of these, for example (when expanded by ordinary 
processes, Which are in ¢his case applicable), have given us, without differen- 
tials, 


XXIT...T(¢+9’)=(1+8-4e..) Tg, where s=S¢¢", and v= Vq’q", 
we can then infer the values of the first and second differentials of the tensor of 
a quaternion, as follows: 


XXUL..dTy=87.Ty; aTy=~ (VA) 193 


\ 


whereof the first agrees with 334, XII. or XIII., and the second can be 
deduced from it, under the form, 
XXIV...d°Ty=4 (s ae Ty) : ((s a) - Sg. (“2)) Ty. 
7 q TF) 

(10.) In general, if we can only develop a function f(g + 9’) as far as the 
term or terms which are of the jirst dimension relatively to g’, we shall stall 
obtain thus an expression for the jist differential dfq, by merely writing dg in 
the place of g’. But we have not chosen (comp. 100, (14.)) to regard this 
property of the differential of a function as the fundamental one, or to adopt it as 
the definition of dfg; because we have not chosen to postulate the general 
possibility of such developments of functions of quaternion sums, of which in fact 
it is in many cases difficult to discover the laws, or even to prove the eaistence, 
except in some such way as that above explained. 

(11.) This opportunity may be taken to observe, that (with recent nota- 
tions) we have, by VIII., the symbolical expression, 

XN ees FM 4 ror RN Vy ce let 


* [These are equivalent to the transformations 
pe laa Vg 
Vq VKq =—~=- VKg=Tg¢ and fame = ae = Ug. 
VKg : , VKg I 


+ [In fact by VIII, dr =-—97? and (r+4)?.l=(rtd).rer—-1r=0.] 
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344. Successive differentials are also connected with successive differences, by 
laws which it is easy to investigate, and on which only a few words need here 
be said. 

(1.) We can easily prove, from the definition 324, IV. of d/q, that if dg 
be constant, 

I... dy = lim. n? {f(¢ + 2n71 dg) - 2f(¢ + nw dg) +79}; 


with analogous expressions for differentials of higher orders. 
(2.) Hence we may say (comp. 340, X.) that the successive differentials, 


Pri sds OO fai Or arg = 
are limits to which the following mu/tiples of successive differences, 
dea 0S Jone, Ae, or eg 20, 


all simultaneously tend, when the multiple nAg is either constantly equal to 
dq, or at least tends to become equal thereto, while the number n increases 
indefinitely. 

(3.) And hence we might prove, in a new way, that 7 the function 
f(q + dg) can be developed, in a series proceeding according to ascending and 
whole dimensions with respect to dq, the parts of this series, which are of those 
successive dimensions, must follow the /aw expressed by TYaylor’s Theorem* 
adapted to Quaternions (342). 

345. It is easy to conceive that the foregoing results may be extended 
(comp. 338), to the successive differentiations of functions of several quater- 
nions ; and that thus there arises, in each such case, a system of successive 
differentials, total and partial: as also a system of partial derivatives, of orders 
higher than the first, when a quaternion, or a vector, is regarded (comp. 337) 
as a function of several scalars. 

(1.) The general expression for the second total differential, 

bo Gal (957, 
involves d’g, d’r,..; but it is often convenient to suppose that all these second 
differentials vanish, or that the jirst differentials dg, dr,.. are constant; and 
then dQ, or d”I’(q, 7,..), becomes a rational, integral, and homogeneous 
function of the m‘* dimension, of those first differentials dg, dr,.., which 
may (comp. 329, III.) be thus denoted, 

I]... d"Q = (d,+d,+..)"Q; or briefly, III...d™= (dod), 


* Some remarks on the adaptation and proof of this important theorem will be found in the 
Lectures, pages 589, &e. © i 


480 ELEMENTS OF QUATERNIONS. (IIT. mr. § 5. 


in developing which symbolical power, the multinomial theorem of algebra may 
be employed: because we have generally, for quaternions as in the ordinary 
calculus, 
TN. Addy G0 
(2.) For example, if we denote dg and dr by 9’ and 7”, and suppose 
Vie 0 ee thom Vil ged,0 res VEL... dO 7 on tags 
and VIM... dd,0 = 076,.0.= 7) pero 7, 
And in general, each of the two equated symbols IV. gives, by its operation 
on F'(q, r), the “imit of this other function, or product (comp. 344, I.), 


IX... nn {F(qtntdg, r+u’ dr) -F (gq, rt+n dr) - F(q+ n7 dg, r) + Fg, r)}3 


in which the numbers 2 and »’ are supposed to tend to infinity. 
(3.) We may also write, for functions of several quaternions, 


X...Q+ AQ=Figtdg, r+dr,..) = clatdt-- Fig, 1); 

or briefly, Bokeh A coer tees 
with interpretations and transformations analogous to those which have 
occurred already, for functions of a single quaternion. 

(4.) Finally, asan example of successive and partial derivation, if we resume 
the vector expression 308, XVIII. (comp. 315, XII. and XIII.), namely, 

MSS re ie es 

which has been seen to be capable of representing the vector of any point of 


space, we may observe that it gives, without trigonometry, by the principle 
mentioned in 308, (11.), and by the sub-articles to 315, not only the form 


Op = Thee as Wh 80S, wt ws, 
but also, if a be any vector unit, 


IV Op a th pe aT hon Oe Ata on) ohio; 
whence 


DNV lp at Vile Ns a as noo ul 


(5.) We have therefore the following new expressions (compare the sub- 
articles to 337), for the two partial derivatives of the first order, of this variable 
vector p, taken with respect to s and ¢: 

XVI... Dip = wrk *k* = — wok jk", 
with the verification, that 
meV AL, pD,p = nr" . hath he ok Piyk* = arhik*; and 
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XVII. .. Die = wrk V 7? = wrk4B. a = 1 pDyp.8.a* 
whence 
XIX... pVio =—1Dp.8.a*", and XX... Dp. Dip = a'rpS .a*"; 


while 
DOR Be roto =k ie, Bb IN OO,, oe V se 


so that we have the following ‘ternary product of these derived vectors of the 
first order, 


>. Dep - Dp ; Dip = 7 p's ee ae 7D S . a’; 


the scalar character of which product depends (comp. 299, (9.)) on the cir- 
cumstance, that the vectors thus multiplied compose (837, (10.)) a rectangular 
systenr. 

(6.) It is easy then to infer, for the siz partial derivatives of p, of the 
second order, taken with respect to the same three scalar variables, 7, s, ¢, 
the expressions : 


XXIT.. DZo9 =0; D,Dip = D,D,p =7'D,p; D,Dip = D:D,p = 1" Dip ; 
2.0.4 Oa ee D3p =- 7; D;Dip =DDio= eek 7 Dp = — ake Vt 


(7.) The three partial differentials of the first order, of the same variable 
vector p, are the following: 


DERN oe Oyp g riodr; dsp aay .ds; dio = Dip. dt; 
with the products, 
AAV I... do, dip =— mrpds at. de; 
XXVIII... i d.p. dso. dio = ar'dr. d8 ..a™. di: 


(8.) These differential vectors, d,p, dsp, dy, are (in the present theory) 
generally finite ; d,p, like D,p, being a line in the direction of p, or of the 
radius of this sphere round the origin, at least if dv, like 1, be positive; while 
dsp, like Dsp, is (comp. 100, (9.)) a tangent to the meridian of that spheric 
surface, for which 7 and ¢ are constant ; but d,p, like D,p, is on the contrary 
a tangent to the small circle (or parallel), on the same sphere, for which 7 and 
s are constant. 

(9.) Treating only the radius r as constant, and writing p = op, if we pass 
from the point P, or (s, ¢), to another point a, or (s + As, t), on the same 


meridian, the chord Pq is represented by the finite difference, Aso; and in like 
HAMILTON’s ELEMENTS OF QUATERNIONS. 3Q 
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manner, if we pass from Pp to a point R, or (s, ¢ + At), on the same parallel, the 
new chord pr is represented by the other partial and finite difference, Ajo; 
while the point (s + As, £+ At) may be denoted by s. 

(10.) If now the two points a and R be conceived to approach to Pp, and to 
come to be very near tt, the chords Pa and PR will very nearly coincide with the 
two corresponding ares of meridian and parallel; or with the tangents to the 
same two circles at p, so drawn as to have the /engths of those two ares: 
or finally with the differential and tangential vectors, dsp and d,p, if we suppose 
(as we may, comp. 822) that the two arbitrary and scalar differentials, ds and 
dt, are so assumed as to be constantly equal to the two differences, As and At, 
and consequently to diminish with them. 

(11.) Whether the differentials ds and d¢ be Jarge or small, the product 
do . dip, like the product D.p . Dip, represents rigorously a normal vector 
(as in XXVI. and XX.); of which the /ength bears to the unit of length 
(comp. 281) the same ratio, as that which the rectangle under the two perpen- 
diculur tangents, dso and dip, to the sphere, bears to the wnit of area. Hence, 
with the recent suppositions (10.), we may regard this product dsp . dip as 
representing, with a continually and indefinitely increasing accuracy, even 
in the way of ratio, what we may call the directed element of spheric surface, 
pars, considered as thus represented (or constructed) by a normal at Pp; and 
the tensor of the same product, namely (by XX VI.), 


XXVIII... T(dso. dio) = — m7*dS. a”. dé, 


in which the negative sign is retained, because 8. a’ decreases from +1 to-1, 
while s increases from 0 to 1, is an expression on the same plan for what we 
may call by contrast the undirected element of spheric area, or that element 
considered with reference merely to quantity, and not with reference to 
direction. 

(12.) Integrating, then, this last differential expression XXVIII., from 
t= 0 to ¢=2, and from s = s, tos = 8, that is, taking the Jimit of the sum of 
all the elements pars between these bounding values, we find the following 
equation: | 
XXIX... Area of Spheric Zone = 2rr*S(a**o — a1) ; 


whence 
XXX... Area of Spheric Cap (s) = 2nr°(1 - 8. a*) = 407° (TV.a°)’; 


and finally, 
XXXII... Area of Sphere = 47r*, as usual. 
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(13.) In like manner the expression XX VII., with its sign changed (on 
account of the decrease of 8 . a**, as in (11.)), represents the element of volume ; 
and thus, by integrating from r =7 to 7 =7,, from s=0tos=1, and from 
t = 0 to ¢ = 2, we obtain anew the known values: 


XXXII... Volume of Spheric Shell = Zins ae 
and 
ys 
XXXII... Volume of Sphere (r) = — as usual. 


(14.) These are however only specimens of what may be called Scalar 
Integration, although connected with qguaternion forms; and it will be more 
characteristic of the present Calculus, if we apply it briefly to take the 
Vector Integral, or the limit of the vector-sum of the directed elements (11.) of 
a portion of a spheric surface: a problem which corresponds, in hydrostatics, 
to calculating the resultant of the pressures on that surface, each pressure 
having a normal direction, and a quantity proportional to the element of area. 

(15.) For this purpose, we may employ the expression X XVI. with its 
sign changed, in order to denote an ¢nward normal, or a pressure acting from 
without; and if we then substitute for p its value XV., and observe that 


XXXIV... | wae = (0, because #? = —1,* 


0 


and remember that V.i**#! = k8 . a’, we easily deduce the expressions : 


XXXV... Sum of Directed Elements of Elementary Zone = wkd .(S. a®}? ; 


XXXVI... Sum of Directed Elements of Spherie Cap (s) = — wr*k(1—(S . a®)’) 
= rPk(V.a"*)? = rw k( Dip)? = rk(Vip)’. 


(16.) But the radius of the plane and circular base, of the spheric segment 
corresponding, is I'Vip, so that its area is in quantity = — r(Vkp)?; and the 
common direction of all its inward normals is that of + &; hence, if we still 
represent the directed elements by normals thus drawn ‘nwards, we have this 
new expression : 


XXXVII. .. Sum of Directed Elements of Circular Base = — xk(Vip)’; 
comparing which with XXXVI, we arrive at the formula, 


t 1 
* [Since d/2t1 = yin (2¢— 1) by 383 (5.), the integral | Wtdt = — (ke — #1), 
0 


3Q2 
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XXXVIII. .. Sum of Directed Elements of Spheric Segment = Zero ; 
a result which may be greatly extended, and which evidently answers to a 
known case of equilibrium in hydrostatics. 

(17.) These few examples may serve to show already, that Differentials of 
Quaternions (or of Vectors) may be applied to various geometrical and physical 
questions ; and that, when so applied, it is permitted to treat them as smadl, if 
any convenience be gained thereby, as in cases of integration there always is. 
But we must now pass to an important investigation of another kind, with 
which differentials will be found to have only a sort of indirect or suggestive 


connexion. 


SECTION 6. 


@n the Differentiation of Implicit Functions of Quaternions ; 
and on the General Iaversion of a Linear Function, of a 
Vector or a Quaternion: with some connected Investigations. 


346. We saw, when differentiating the square-root of a quaternion (382, 
(5.) and (6.) ), that it was necessary for that purpose to resolve a linear 
equation,* or an equation of the first degree; namely the equation, 


LO ee ee 


in which r and 9’ represented two given quaternions, g* and dg, while 7’ 
represented a sought quaternion, namely dr ord.q*. And generally, from 
the dinear or distributive form (327), of the quaternion differential 


TiS ie OO 0 fy = 7, 40) 


of any given and ewplicit function fg, when considered as depending on the 
differential dg of the quaternion variable g, we see that the return from the 
former differential to the latter, that is from dQ to dq, or the differentiation of 
the inverse or implicit function F7*Q, requires for its accomplishment the 
Solution of an Equation of the First Degree: or what may be called the 
Inversion of a Linear Function of a Quaternion. We are therefore led to con- 
sider here that general Problem; to which accordingly, and to investigations 
connected with which, we shall devote the present Section, dismissing however. 
now the special consideration of the Differentials above mentioned, or treating 


t Compare the Note to page 462. 
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them only as Quaternions, sought or given, of which the redations to each other 


are to be studied. 
347. Whatever the particular form of the given linear or distributive 
function, fq, may be, we can always decompose it as follows: 


I... fg =f (Sq + Vq) = f8q+fVa =8¢.f14+7V9; 


taking then separately scalars and vectors, or operating with S and V on the 
proposed dinear equation, 

ge 
where r is a given quaternion, and g a sought one, we can in general eliminate 
Sq, and so reduce the problem to the solution of a dinear and vector equation, 


of the form, 
iB a Rae op =o; 


where o is a given vector, but p(=Vq) is a sought one, and @ is used as the 
characteristic of a given linear and vector function of a vector, which function 
we shall throughout suppose to be a real one, or to involve no imaginary 
constants in its composition. But, to every such function ¢p, there always 
corresponds what may be called a conjugate linear and vector function ¢’p, 
connected with it by the following Equation of Conjugation, 


Lc, SAdge = Sp¢’A ; 


where A and p are any two vectors. Assuming then, as we may, that and v 
are two auxiliary vectors, so chosen as to satisfy the equation, 


Veer Vill 10, 


and therefore also, 
Vie Siar = SAm,- ona. 0, 2 ove 0, 


where X is a third auxiliary and arbitrary vector, we may (comp. 312) replace 
the one vector equation III. by the three scalar equations, 


VII... Spp’A = Srv, Spd’ n= 0, Spd’v = 0. 


And these give, by principles with which the reader is supposed to be already 
familiar,* the expression, 


VIIL...mp=%e, or IX... p = G's =m YWo, 


* A student might find it useful, at this stage, to read again the Sixth Section of the preceding 
Chapter ; or at least the early sub-articles to Art. 294, a familiar acquaintance with which is 
presumed in the present Section. 
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if m be a scalar-constant, and an auxiliary linear and vector function, of which 
the value and the form are determined by the two following equations : 


X... mSApv = 8 (9A. on. ov) 5 
XI... b(Vuv) = V(p'n. gv) 5 


or briefly, 
XX’... mSduv =8. d’Ad'nd’v, 


and 


XI’... PVuv = V. o’'nud’v. 


And thus the proposed Problem of Inversion, of the linear and vector function 
p, may be considered to be, in allits generality, resolved; because it is always 
possible so to prepare the second members of the equations X. and XI., that 
they shall take the forms indicated in the first members of those equations.* 

(1.) For example, if we assume any three diplanar vectors a, a’, a’, and 
deduce from them three other vectors (3o, 3’o, (3, by the equations, 


OGL AS, 3, Saa’a” = Va'a’, 30S aa =Va‘a, 2B" Saa’a”’ = Vad, 
then any vector p may, by 294, XV., be expressed as follows: 
d. 2 8 2 ieee p= B.Sap — [3 .Sa’p = Sa’ ps 


if then we write, 


Mie Cryo Oo eee vet 


we shall have the following General Expression, or Standard Trinomial Form, 
for a Linear and Vector Function of a Vector, 


Ve pp = Sap + (3’Sa’p + 3’Sa’p ; 


containing, as we see, three vector constants, [3, 9’, 8”, or nine scalar constants, 


such as 
XVI... Sap, Sa'B, Sab; Sa’, Ba 5 Ba 93) Sab. > Ba 5 Sap 


which may (and generally will) all cary, in passing from one linear and vector 
function @p-to another such function ; but which are ad/ supposed to be real, 
and given, for each particular form of that function. 


* [For a more elementary solution of the problem of Inversion, see sub-art. (4.).] 


+ [The equations XIV. lead to a useful expression for a linear vector function in terms of three 
diplanar vectors Bo, B’o, and B"o, and the derived vectors £, B’, and p’’.] 
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(2.) Passing to what we have called the conjugate linear function ¢’p, the 
form XV. gives, by IV., the expression, 


Gg Ea ¢’p = aSBp 7 a SP’p < a’ S3’’p } 


Ve (aSBu ag a SP’ pn) (aSpv + aS’) = Vad'’S. 2B’ (SBu ze uSByv) 
= Vaa'S . B’'V. BVuv = Vaa'S. BBV uv ; 


but 


therefore the transformation XI. succeeds, and gives, 
XVIII... dp = Vu'a"SB"P’p + Va"aSBB"p + Vaa'SP'Bp, 


as an expression for the auwiliary function ~; of which the conjugate may be 
thus written, 


XIX. ..¢’p = VP'B’Sa’’a'p + VR" BSaa'p + VBB'Sa’ap ; 


so that W is changed to y’, when ¢ is changed to 9’, by interchanging each of 
the three alphas with the corresponding beta. 
(3.) If we write, as in this whole investigation we propose to do, 


RON, Vis Bee VN 
the formule XI. and X. become, 
XXII... Yd’ =V.g¢ne'v, and XXII... mSAV =8. PA, 


with the same sort of abridgment of notation as in XI’.; and because the 
coefficient of Saa’a” in this last expression XXII. is by XVII. XVIII, 


SBASB’’ BV’ + SB’AS BBN’ + SB” ASB’ BY’ = SB” P’BSAX’, 
the division by SAX’, or by SAuv, succeeds, and we find the expression, 
XXIII. . . m = Saa’a”S3"3'8 ; 
which may also be thus written, 
AOL. = SOO baa, 


so that m does not change when we pass from ¢ to ¢’, on which account we 
may write also, 


XXIV... mSAN’ =8. gdp’, or XXIV’... mSdAuv = 8. prgugy, 


because, by (2.), we can deduce from XI. the conjugate expression, 


Re ee oy 
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(4.) We ought then to find that the Jinear equation, 
XXVI...0= ¢p = PSap + B’8a’p + B’8a’’p, 
has its solution expressed (comp. VIII.) by the formula, 
XXVII. .. pSaa’a”8B"B'B = Va’a" SB" P'o + Va" aSBB"s + Vaa’SP'Be ; 


and accordingly, if we operate on the expression XX VI. for o with the three 


symbols, 
MeeVee 8 EO a OO 


we obtain the three scalar equations, 
XXIX. .. 86" B’o = 86’ B’PSap, &e., 


from which the equation XX VII. follows immediately, without any intro- 
duction of the auxiliary vectors X, w, v, although these are useful in the 
theory generally. 

(5.) Conversely, if the equation XX VII. were given, and the value of o 
sought, we might operate with the three symbols, 


NOX Cia her. 8 3, 


and so obtain the three scalar equations XX1X., from which the expression 
XXVI. for « would follow. 

(6.) It will be found a useful check on formule of this sort, to consider 
each beta, in what we have called the Standard Form (1.) of op, as being of 
the first dimension ; for then we may say that ¢ and @’ are also of the first 
dimension, but ~ and y of the second, and m of the third; and every formula, 
into which these symbols enter, will thus be homogeneous: a, a’, a’, and A, p, 
v,p, being not counted, in this mode of estimating dimensions, but o being 
treated as of the first dimension, when it is taken as representing op.* 

(7.) And although the trinomial form XV. has been seen to be sufficiently 
general, yet if we choose to take the more expanded form, 


XXXI... gp = SPSap, which gives XXXII... ¢’p = TadPp, 


any number of terms of pp, such as BSap, 'Sa’p, &e., being now included in 
the swm %, there is no difficulty in proving that the equations VIII. and IX. 
are satisfied, when we write, 


* [Compare the first Note to Art. 350.] 


Arts. 347, 348. | STANDARD TRINOMIAL FORM. 489 
XXXIII. .. Uo = EVa0'SB'Bp, with XXXIV... op = SVGP'8a'ap, 
aC XXXV. .. m= 38aa’a”83"B'B = E8BR'B’Sa’a’a. 


(8.) The important property (2.), that the auxiliary function y is changed 
to its own conjugate ~, when ¢ is changed to ¢’, may be proved without any 
reference to the form SSap of gp, by means of the definitions IV. and XI, 
of ¢’ and wy, as follows. Whatever four vectors u, v, 71, and v, may be, if we 
write 


DP.8 Lae Waa Vion, PTE NNN Lge VV uv Ne pudgy, 


adopting here this last equation as a definition of the function W’, we may 
proceed to prove that it is conjugate to ~, by observing that we have the 
transformations, 
XXXVITT... SAW’ = S(Vinn. V. pudgy) = 8. wl V. nV. dudv) 

= Sraigy Svipu - Suipp. Suipv 

= Sud’. Sv¢’m oe Sud’ ‘ Svd’y, 

=f sip u(V. vV. pup 1) = S(Vuv.V. od wid V1) = SYN; ; 
which establish the relation in question, between W and w’. 

(9.) And the not less important property (8.), that m remains unchanged 

when we pass from ¢ to $’, may in like manner be proved, without reference 


to the form XV. or XXXI. of gp, by observing that we have by XXXVILI., 
&e., the transformations, 


XXXIX...5. prAdupy =8. PAWN = SXYOA = MSNA = mSAnv, 
because the equations III. and VIII. give, 


XL... pe = mp, whatever vector p may be; 


so that the value of this scalar constant m may now be derived from the 
original lmear function ¢, exactly as it was in X. or X’. from the conjugate 
function 9’. 
348. It is found, then, that the linear and vector equation, 
I... gp=0, gives II... mp = yo, 


as its formula of solution; with the general method, above explained, of 
deducing m and y) from ¢. We have therefore the two ddentities, 


III... mo = obo, mp = udp; 
or briefly and symbolically, 


IIT’...m=ob= v9; 
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with which, by what has been shown, we may connect these conjugate equations, 
Tl”...m=oW=W@. 
Changing then successively » and v to Wu and wv, in the equation of 
definition of the auxiliary function y, or in the formula, 
WV uv = Ve pug’, 347, XT’., 
we get these two other equations, 
IV...-oV.r/uamViug’v; Vi... PV. Wud’y =m’ Vor; 
in the former of which the points may be omitted, while in each of them 
accented may be exchanged with unaccented symbols of operation: and we 
see that the daw of homogeneity (347, (6.) ) is preserved. And many other 
transformations of the same sort may be made, of which the following are a 
few examples. 
(1.) Operating on V. by Y", or by mp, we get this new formula, 
VI... Vi Way = mo Vp; 
comparing which with the lately cited definition of ~, we see that we may 
change tow, tf we at the same time change to md, and therefore also m to m’; 


¢ being then changed to y’, and y’ to m¢’. 
(2.) For example, we may thus pass from IV. and V. to the formule, 


pe eae oVve'u = Vu’r, AG Vel oV. pup’ v = mV uy 3 


in which we see that the lately cited /aw of homogeneity is still observed. 

(3.) The equation VII. might have been otherwise obtained, by inter- 
changing » and vy in IV., and operating with —- mg, or with - ¥'; and the 
formula VIII. may be at once deduced from the equation of definition of y, 
by operating on it with ¢. In fact, our rule of inversion, of the linear function 
o, may be said to be contained in the formula, 

IX... g°Vav = mV ppp; 


where m is a scalar constant, as above. 
(4.) By similar operations and substitutions, 


X... 6 V. 9 ng’y = mpoVev = V. pyr; 
XI... moV. ¢’'pg’v = m? Vv = WV Veh? ; 
XI... mV. d’'ug’y = m'pVav = VV. Pa | 
XIII... V. gp up?v = VV. g’up’v = Vv; &e. 
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(5.) But we have also, 
XIV...8.AP’ =H. PpPA=S8. pH”, 


so that the second functions ¢* and @” are conjugate (compare 347, LV.); 
hence, by XIII., f° is formed from ¢’, as ~ from ¢; and generally it will 
be found, that if be any whole number, and if we change ¢ to ~”, we change 
at the same time ¢’ to ¢”, ~ to ¥”, W’ to W’, and m to m”. 

(6.) It may also be remarked that the changes (1.) conduct to the 
equation, 

XV... (8S. pAgudy)® = SAS . PAdudy ; 

and to many other analogous formule. 

349. The expressions, 


NOX + Wout vov, NWA+ wet vd 
with the significations 347, XX. of X’, n’, v’, and others of the same type, 
are easily proved to vanish when A, pn, v are complanar,* and therefore to be 
divisible by Sduv, since each such expression involves each of the three 
auxiliary vectors A, wu, v in the first degree only; the quotients of such 
divisions being therefore certain constant quaternions, independent of A, pn, v, 
and depending only on the particular form of $, or on the (scalar or vector, 


but real) constants, which enter into the composition of that given function. 
Writing, then, 
ee on (\'oA a wom ae v'ov) : SAuy, 


IT... ge = (AYA + pe + vv) : SA, 


we shall find it useful to consider separately the scalar and vector parts of 
these two guaternion constants, gq, and g.; which constants are, respectively, of 
the first and second dimensions, in a sense lately explained.t 

(1.) Since VA’pA = wSv@gdr - vSAd’n, &e., it follows that the vector parts 
of g, and q, change signs, when @ is changed to @’, and therefore to ¥’. On 
the other hand, we may change the arbitrary vectors X, pn, v to XN’, pW’, v’, if 
we at the same time change X’ to Vu'v’, or to — ASAuv, &e., and Sruy, or 
SAX’, to — (SAuv)*; dividing then by — SAuv, we find these new expressions, 


and 


TIT... = (AgN + ppy’ + vgv’) : Srp, 
TV... gd = (AWN + pp’ + viv’) : SApr; 


* [By putting vy = xa + yu.) 
t [It may be instructive to the student to reduce these quaternion constants by replacing A, y, 
andy by ai+ yt ch, wity f+ vk, and w"ity"f+2"h.] 
3R2 
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operating on which by 8, we return to the scalars of the expressions I. and 
II., with ¢ and w changed to @¢’ and y’. 
(2.) Hence the conjugate quaternion constants, Kq, and Kq, are obtained 
by passing to the conjugate linear functions ; and thus we may write, 
Vi... Ka = (VA + pb’ t v'G’v) : SApy; 
VI... Ka, = (VWA $+ wa + vv): SApy; 
or, lnterchanging A with A’, &., in the dividends, 
VII... Ka = (Ap’X’ + ud’w’ + vd’v’) : SApy ; 
VIII... Kg, = (AWN + pel’! + vv’) : Bap ; 
where A’ = Vuv, &e., as before. 
(3.) Operating with V . p on Vq,, and observing that 


V. pVX'oA = G{ANNX’p) — NSAG’p, &e., 
while 
P(ASA’p + wSpy’p + vSv’p) = dpSApyv, 
and 
NSAP’ p zi p Sug’ p + v'Sv¢’p = p pSAuv, 


with similar transformations for V. p Vq2, we find that 
EX. Vip VG = bp — gps 
X... V.pVqz = bp — W’p. 
(4.) Accordingly, since 
Se(¢p — ¢'p) = — Se(gp - 9’p) = 9; 


the vector dp — ¢’p, if it do not vanish, must be a line perpendicular to p, and 
therefore of the form, 


and 


».@ IEG gp — ?'p = 2V vp; 
in which y is some constant vector ;* so that we may write, 
XII... gp = gop + Vyp, $'p = pup — Vyp, 


where the function ¢,p is its own conjugate, or is the common self-conjugate part 
of gp and ¢’p; namely the part, 


XIII. . . gop = 3(¢p + $’p)- 
And we see that, with this signification of y, 
XIV... VIN GA + wom t+ v’ov) =- 2ySAuv, or XIV... Vo =- 27; 


* [This vector y has been called the spin-vector of the function ¢.] 
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while we haye, in like manner, 
XV... VOYA + wap + v'by) =- 258Auv, or = XV’... Vn = - 28, 
‘i XVI. ... do — Wp = 2VOp. 
As a confirmation, the part ¢ of @ has by (1.) no effect in Vg,; and if we 
change #A to VyX, &e., in the first member of XIV., we have thus, 
(ASyX’ + wSyp! + vSyv’) — ySQX’ + wy’ + vv’) = ySduv - 8ySAuv. 
(5.) Since VAW’A = - @VAYG’A’, &e., by 348, VII., while we may write, 
by (1.), (2.), and (4.), 
XVII... V(AgX + ug’ + vor’) = - 2y8dpr, 
XVIII... VAN + pb’ + vb’) = — 2dS8Apr, 


or 


and 


( 
XIX... V(A@'N' + d’p’ + v9’v’) = + 2y8ruv, 
XX... VOW AF WY + vv) = + 288Arpmv, 
we have this redation between the two new vector constants, 
XX... 3 =- gy =— oy = - poy 


for , ¢’, and $» have all the same effect, on this particular vector, y. 

(6.) We may add that the vector constant y is of the first dimension, and 
that ¢ is of the second dimension, with respect to the detas of the standard 
form ; in fact, with that form, 347, XV., of ¢p, we have the expressions, 


MX 2 tVea Oe oa) 
XXIII. ..3=3V(V'B". Va'a” + VB"B. Va’a + VRB’. Vad’). 


(7.) If we denote by % and m, what ~ and m become when ¢ is changed 
to go, we easily find that 


XXIV... = Yop —- ySyp + Vip; XXV...wWp = dp — ySyp - Vép; 


so that the se/-conjugate part of Wp contains a term, - ySyp, which involves 
the vector y, but only in the second degree; and in like manner, 


XXVI...m = m + Syd = m - Syoy3 


y again entering only in an even degree, because m remains unchanged, when 
we pass from ¢ to 9’, or from y to — y.* 


and 


* [Expand yVuv = V(pou — Vyu)(pov — Vyv).] 
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(8.) It is evident that we have the relations, 
XXVIL. . . mo = gobo = Wooo } 


and that, in a sense already explained, @, yo, and mm are of the first, second, 
and third dimensions, respectively. 

350. After thus considering the vector parts of the teo quaternion constants, 
gq, and g., we proceed to consider their scalar parts; which will introduce two 
new scalar constants, m” and m’, and will lead to the employment of two new 
conjugate auxiliary functions, yp and x’p; whence also will result the establish- 
ment of a certain Symbolic and Cubie Equation, 


I...0=m-—-m'o+m'¢ - ¢’, 


which is satisfied by the Linear Symbol of Operation, ¢, and is of great 
importance in this whole Theory of Linear Functions.* 


(1.) Writing, then, 
II...m”’=8q, and III...m =Sm, 


we see first that neither of these two new constants changes value, when we 
pass from ¢ to ¢’, or from y to — y; because, in such a passage, it has been 
seen that we only change g, and g, to Kg, and Kg. Accordingly, if we 
denote by m’, and m’, what m’ and m” become, when ¢ is changed to go, we 
easily find the expressions, 


LV...m’=m",; and V...m =m) —-4’. 


* [Or directly, without introducing x or x’, for an arbitrary vector A the relation 
P=ASAPAP*A = ASHAGPZAP?A + PASP?RAAPAA + PASaPAPp?aA 
will generally exist. This may be briefly written in the form, 
2A — m1g°A + MepA — M3A = 0, 
where the coefficients m can only depend on g and A. Operating on this by @ and ¢?, 


pia — mi g°A + map?A — m3pa = 0 
and 
Pra — mgta + mop?A — m3g*A = 0. 


But an arbitrary vector p may be expressed in the form 
LA + YHA + 2H, 
and hence from the three equations, on multiplying by 2, y, and z, and adding, the equation 
pp — mig?p + mapp — msp = 0 


results. This must be identical with the equation found by treating p directly, in the same manner 
as A has been treated, and therefore the coefficients m must be independent of A. The suffixes here 
printed serve to indicate the dimensions of the m. See 347 (6.).] 
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(2.) It may be noted that m”, or my, is of the first dimension, but that 
m and m’, are of the second, with respect to the standard form of ¢; and 
accordingly, with that form we have, 


WI ome = 800 Sao Sar 
VII... m’ = 8(Va'a” . VB"P" + Va"a. VBR" + Vaa’. VPP). 


and 


(3.) If we introduce two new linear functions, yp and y’p, such that 


VIII... x Vuv = V(ud’v — v¢’p), 
aud 
IX... \Vuv = V(ugy — von), 


it is easily proved that these functions are conjugate to each other, and that 
each is of the first dimension ; in fact, with the standard form of ¢p, we have 
the expressions, 


>. Xo = V(aVBp a a VP'p a3 a’ V3"p), 
Niet: X'p = V(BVap aE 2’ Va'p ae Na a; 


and §.AaVBp=S8. pPVad, &e. Also, if y be formed from ¢, as x from ¢, 
it will be found that 


XII... yp =xp - Vyp, and XIIIl...y’p=xp+ Vyp; 


where xo is of the first dimension. 
(4.) Since 
SAA =8. A(up’v = vo’ p) = S(u'o’n +v9'v), 


the expression II. gives, by 349, V., the equation, 
XIV...m’SANV =8.A(b + x)r’, 


and d’ being two arbitrary and independent vectors; which can only be, by 
our having the functional relation, 


XV...¢p + xp = mp; 
or briefly and symbolically, 
KN oy a 6 = or. 


Accordingly it is evident that the relation XV. is verified, by the form X. of 
xp, combined with the standard form of ¢p, and with the expression VI. for 
the constant m’’, 
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(5.) The formula XVI. gives, 
XVII... yo = mo —- ¢? = ox; 


and accordingly the identity of yp and px may easily be otherwise proved, 
by changing mw and v to yu and yy in the definition VIII. of y, and 
remembering that 


Vi. Vulv=moVuv, of =m, and Vyul’'v =- oVvrd'n; 
for thus we have, 
XVIII... yp Vu = V(ud’v - o’n) - 6 V(ug’v — vd’) = oy Ven, 


as required. 
(6.) Since, then, 


S APN = 8. A(uY'y - wn) = Swf + v'p’r), 
the value IIT. of m’ gives, by 349, VI., the equation, 
XIX... m’SAN = S.A + Py), 
A and X’ being independent vectors; hence, 
XX... po + dyp = mp, 
XXI...4+ ox =m’. 


or briefly, 


And in fact, with the standard form of ¢p, we have 
b.@.G A hae oxXp=Xop = V(VB'B’.VpVa'a” + Vp’ .VpVaa + VB". Vp Vaa’) : 


which verifies the equation XX., when it is combined with the value VII. of 
m’, and with the expression 347, X VIII. for Yp. 

(7.) Eliminating the symbol y, between the two equations XVI. and 
XXI., and remembering that gf =~ = m, we find the symbolic expression, 


XXIII... mot = p= m'- mo + 4°; 


and thus the symbolic and cubic equation I. is proved. 

(8.) And because the coefficients, m, m’, m’, of that equation, have been 
seen to remain unaltered, in the passage from ¢ to ¢’, we may write also this 
conjugate equation, 


XXIV. ..0=m-—-m'¢’+ mo” - 9°." 


* [This may also be proved thus:—If p and o are arbitrary vectors, by 348 (4.), 
Sp (p’3 — m''p’? + m'o’ — m) a = So (¢? — mp? + m'b — m) p, 
and therefore vanishes, This requires (¢’3— m'’ o'? + m'o' —m)o=0, as p is arbitrary.] 
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(9.) Multiplying symbolically the equation I. by - m'y%, and reducing 
by Y@ = m, we eliminate the symbol ¢, and obtain this cubic in y, 


XXV...0=m-mmb+mY-wW; 


in which y’ may be substituted for y. 

(10.) In general, it may be remarked, that when we change ¢ to y, and 
therefore w to m@, as before, we change not only m to m’, but also m’ to mm”, 
and m” to m’; while x is at the same time changed to ¢y, or to yg, and the 
quaternion g, is changed to g. Accordingly, we may thus pass from the 
relation XVI. to XXI.; and conversely, from the latter to the former. 

(11.) And if the two new auxiliary functions, y and y’, be considered as 
defined by the equations VIII. and IX., their conjugate relation (3.) to each 
other may be proved, without any reference to the standard form of op, by 
reasonings similar to those which were employed in 347, (8.), to establish the 
corresponding conjugation of the functions y and wy’. 

(12.) It may be added that the relations between ¢, ¢’, x, y’, and m” give 
the following additional transformations, which are occasionally useful : 


XXXVI... @’Vuv = Viuxy + vou) =- V(vxyp + pov); 
XXVIT... pVuv = V(uy’v + vd’n) = - Vivy’un + d’r) 5 
with others on which we cannot here delay.* 
351. The cubic in ¢ may be thus written : 
I...0=mp - mop + m’'d’p — ¢°p ; 


where p is an arbitrary vector. If then it happen that for some particular 
but actual vector, p, the linear function ¢p vanishes, so that gp = 0, ¢’p = 0, 
pp = 0, &e., the constant m must be zero; or in symbols, 


Ee ego 0s and be 08 (Nem. a= Us 


Hence, by the expression 847, XXIII. for m, when the standard form for ¢p 
is adopted, we must have either 


IIT. . . Saa’a” = 0, orelse IV... 80’ B'B = 0; 


so that, in each case, that generally trinomial form, 347, XV., must admit of 


_ [Without introducing x, since for any three vectors m’’SAuv = SA(¢'Vuv + Vugy + Vou), it 
follows, as A is arbitrary, that m'’Vur = ¢ Vuv + Vugy + Vouy. ‘This is equivalent to XXVI.] 
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being reduced to a binomial. Conversely, when we have thus a function of 


the particular form, 
Nivtis op = BSap + [3'Sa’p, 
NigegVaa — 0% 


so that if a and a’ be actual and non-parallel lines, the real and actual vector 
Vad’ will be a value of p, which will satisfy the equation ¢p = 0; but no 
other real and actual value of p, except p = xVaa’, will satisfy that equation, if 
(3 and [3° be actual, and non-parallel. In this case V., the operation o reduces 
every other vector to the fixed plane of (3, 3’, which plane is therefore the locus 
of gp; and since we have also, 


oe eae op = aSBp + aS3’p, 


we see that the /ocus of the functionally conjugate vector, op, is another fixed 


we have then, 


plane, namely that of a, a’. Also, the normal to the latter plane is the line 
which is destroyed by the former operation, namely by ¢; while the normal to 
the former plane is in like manner the dine, which is annihilated by the datter 
operation, o’, since we have 
Vit cue Veo =, 

but not ¢’p = 0, for any actual p, in any direction except that of VBP’, or its 
opposite, which may however, for the present purpose, be regarded as the same.* 
In this case we have also monomial forms for Wo and ~’p, namely 

EX le Vaa sop, end | keep V9 oa ap; 
so that the operation W destroys every line in the first fixed plane (of B, B’), and 
the conjugate operation wW’ annihilates every line in the second fixed plane 
(of a, a’). On the other hand, the operation w reduces every line, which is 
out of the first plane, to the fixed direction of the normal to the second plane ; 
and the operation W’ reduces every line which is out of the second plane, to that 
other fixed direction, which is normal to the first plane. And thus it comes to 
pass, that whether we operate first with ~, and then with ¢; or first with 4, 
and then with W; or first with W and then with 9’; or first with 9’, and then 
with W’; in ail these cases, we arrive at last at a null line, in conformity with 
the symbolic equations, 


XI... pba =e =e’ =m=), 


which belong to the case here considered. 


3 ° . . . ° ;4* AM. . 

* Accordingly, in the present investigation, whenever we shall speak of a ‘‘fived direction,’ or the 
‘direction of a given line,” &e., we are always to be understood as meaning, “ 0” the opposite of that 
direction,’’ 
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(1.) Without recurring to the standard form of pp, the equation 348, VI., 
namely V.Wuy’v = mp Vyy, and the analogous equation V.wuby = md’Vuv, 
might have enabled us to foresee that yp and yp, if they do not both 
constantly vanish, must (if m = 0) have each a fired direction; and therefore 
that each must be expressible by a monome, as above: the fixed direction of 
Wp being that of a line which is annihilated by the operation ¢, and similarly 
for Y’p and ¢’. 

(2.) And because, by 347, XI. and XXV., we have 

PVuv=V.d'ud’v, and wW’Vuv =V. gudy, 
so that the line @’y, if actual, is perpendicular to ~Vuv, and the line gu per- 
pendicular to ~’Vuv, we see that each of the two lines, ~’p and ¢p, must have 
(in the present case) a plane locus; whence the binomial forms of the two 
conjugate vector functions, pp and ¢’p, might have been foreseen: Wp and yp 
being here supposed to be actual vectors. 

(3.) The relations of rectangularity, of the two fixed lines (or directions), to 
the two fixed planes, might also have been thus deduced, through the two 
conjugate binomial forms, V. and VII., without the previous establishment of 
the more general trinomial (or standard) form of op. 

(4.) The existence of a plane locus for gp, and of another for ¢’p, for the 
case when m = 0, might also have been foreseen from the equations, 


S. pAgupy = 8. 9/dd’n9'v = mSApy 5 


and the same equations might have enabled us to foresee, that the scalar 
constant m must be sero, if for any one actual vector, such as X, either A or ¢’A 
becomes nuw//. 

(5.) And the reducibility of the trinomial to the binomial form, when this 
last condition is satisfied, might have been anticipated, without any reference 
to the composition of the constant m, from the simple consideration (comp. 
294, (10.) ), that no actual vector p can be perpendicular, at once, to three 
diplanar lines. 


352. It may happen, that besides the recent reduction (351) of the dinear 
function pp to a binomial form, when the relation 


I... m=0 


exists between the constants of that function, in which case the symbolic and 
cubic equation 350, I. reduces itself to the form, 


IT... g° — m’¢? + m’o = 0, 
3S 2 
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thus losing its absolute term, or having one root equal to sero, this equation 
may undergo a further reduction, by two of its roots becoming equal to each 
other ; namely either by our having 


Ti ee = 0. and Mal View OA — 0 O's 
or in another way, by the existence of these other equations, 
V...m?—-4m’=0, and VI... ¢(¢ - $m”)? =0. 


In each of these two cases, we shall find that certain new geometrical relations 
arise, which it may be interesting briefly to investigate; and of which the 
principal is the mutual rectangularity of two fixed planes, which are the loci 
(comp. 351) of certain derived, and functionally conjugate vectors: namely, in 


the case IIT. IV., the loci of gp and ¢’p; and in the case V. VL., the loci of 
Pp and ©®’p, if 


Vil. Oo 27 end” VIL Pag im 
so that, in this last case, the symbol © satisfies this new cubie, 
PX = (Dee ey). 


while ©’ satisfies at the same time a cubic equation with the same coefficients 
(comp. 380, (8.) ), namely 


Ke Oe Oe Fan), 


(1.) We saw in 351, (1.), (2.), that when m = 0 the line Wp has generally 
a fixed direction, to which that of the line gp is perpendicular ; and that in like 
manner the line ~p has then another fixed direction, to which ¢’p is perpen- 
dicular. If then the plane loci of op and ¢’p be at right angles to each other, 
we must also have the fived lines {’X and Wy rectangular, or 
Al...0=8. bra = SAdn, 
independently of the directions of A and «; whence 


Mi 0 on MIE we = 0, 


since # is an arbitrary vector. 


(2.) Now im general, by the functional relation 350, XXI. combined with 
Yo =m, we have the transformation, 


XLV... P =m’ - ox) = m'h - my; 
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if then m = 0, asin I., the symbol ~ must satisfy the depressed or quadratic 
equation, 


XN oe Us i) ab a 
which is accordingly a fuctor of the cubic equation, 
DON lates On he abe 


whereto the general equation 350, XXY. is reduced, by this supposition of m 
vanishing. 

(3.) If then we have not only m = 0, asin I., but also m’ = 0, as in JIL, 
the condition XITI. is satisfied, by XV.; and the two planes, above referred 
to, are generally rectangular. 


(4.) We might indeed propose to satisfy that condition XIII., by sup- 
posing that we had always, 


ROVE = 0) Vthatis, XVIl ue to 0. 


for every direction of p3; but in this case, the guaternion constant g, would 
vanish (by 349, II.); and therefore the constant m’, as being its scalar part 
(by 350, III.), would stc// be equal to sero. 

(5.) The particular supposition X VII. would however a/ter completely the 
geometrical character of the question; for it would imply (comp. 35], (2.) ) 
that the directions of the lines op and ¢’p (when not evanescent) are fired, 
instead of those lines having only certain planes for their loci, as before. 

(6.) On the side of calculation, we should thus have, for the two conjugate 
Junctions, pp and ¢’p, monomial expressions of the forms, 


DOs 8G eae pe = (Sap, ¢'p = aSPBp } 
whence, by 847, XVIII., and 350, VII., we should recover the equations, 


pp = 0 and m’ = 0. 
(7.) We should have also, in this particular case, 


MUX op 0,411 pla, and XX... oo = 0, it pl. 


so that pp now vanishes, if p be any line in the fired plane perpendiculur to a ; 
and in like manner ¢’p is a null line, if p be in that other fixed plane, which is 
at right angles to the other given line, 3. 

(8.) ZLhese two planes, or their normals a and (3, or the fixed directions of 


the two dines $’p and ¢p, will be rectangular (comp. (1.)), if we have this new 
equation, 


OT re ht 0p 7 00, Ol ah) p10, 
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for every direction of p; and accordingly the expression XVIII. gives 
¢p=SaB.¢o=0, if La, and reciprocally. 


(9.) Without expressly introducing a and (3, the equation 350, XXIII. 
shows that when ~ = 0, and therefore also m’ = 0, as in (4.), the symbol ¢ 
satisfies (comp. (2.) ) the new quadratic or depressed equation, 


AX... 0=¢'- mo; 


which is accordingly a factor of the cubic IV., but to which that cubic is not 
reducible, unless we have thus W = 0, as well as m’ = 0. 

(10.) The condition, then, of the existence and rectangularity of the two 
planes (7.), for which we have respectively go = 0 and ¢’p = 0, without gp 
generally vanishing (a case which it would be useless to consider), is that the 
four following equations should subsist : 


ARIE 50, w= 0 0, cana XVI = 0; 


or that the cubic IV., and its quadratic factor XXII., should reduce them- 
selves to the very simple forms, 


DORN nh Oe amd Oe Ve opel 


the cubic in ¢ having thus its three roots equal, and null, and Wp vanishing. 
(11.) We may also observe that as, when even one root of the general 
cubic 350, I. is zero, that is when m = 0, the vector equation 


5... GA Rae op = 0 


was seen (in 351) to be satisfied by one real direction of p, 80 when we have 
also m’ = 0, or when the cubic in @ has two nudl roots, or takes the form IV., 
then the two vector equations, 


ARV gp =0, vpo=0, 


are satisfied by one common direction of the real and actual line p; because we 
have, by 850, XVII. and XX., the general relation, 


vp = m'p — xop. 


(12.) And because, by 350, XV., we have also the relation yp =m’’p - ¢p, 
it follows that when the ¢hree roots of the cubic all vanish, or when the three 
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scalar equations XXIII. are satisfied, then the three vector equations, 
XXVIII...g¢9 =0, Yo=90, xp =0, 
have a common (real and actual) vector root; or are all satisfied by one common 
direction of p. 
(18.) Since m” - ¢ =x, the cubic IV. may be written under any one of 
the following forms, 


XXIX...0= ¢’y = xg = xd’? = 6. ox = KC, 
in which accented may be substituted for unaccented symbols: and its 
geometrical signification may be illustrated by a reference to certain fixed lines, 
and fixed planes, as follows. 

(14.) Suppose first that m and m’ both vanish, but that m” is different 
from zero, so that the cubic in ¢ is reducible to the form LV., but not to the 
form XXIV. ; and that the operation ~, which is here equivalent to — gx, or 
to — xg, does not annihilate every vector p, so that (comp. (4.) (5.) (6.)) gp 
and ¢’p have not the directions of two fixed lines, but have only (comp. (1.) 
and (3.)) two fixed and rectangular planes, II and II’, as their Joc’; and let the 
normals to these two planes be denoted by A and A’, so that these two 
rectangular lines, A and 2’, are situated respectively in the planes II’ and II. 

(15.) Then it is easily shown (comp. 351) that the operation @ destroys the 
line X’ itself, while it reduces* every other line (that is, every line which is not 
of the form wd’, with Ya = 0) to the plane II LA; and that it reduces every 
line in that plane to a fixed direction, u, in the same plane, which is thus the 
common direction of all the lines ¢’o, whatever the direction of p may be. 
And the symbolical equation, y.@? = 0, expresses that this fixed direction 
pu of ¢’p may also be denoted by ,10; or that we have the equation, 

XXX...0=yu=m"u-gu, if p= ¢’p, 
which can accordingly be otherwise proved: with similar results for the 
conjugate symbols, ¢’ and y’. 

(16.) For example, we may represent the conditions of the present case by 
the following system of equations (comp. 351, V. VII. IX. X., and 350, VI. 
ik 8 Eo. Oye. @ ae 

gp = PSap + 'Sa’p, $’p = aSPp + a'S/'p, 
XXXII... 40 =m’ = 8(Vaa’. VP'3) = SaBSa’p’ - SaB’Sa’p, 
m” = Sa + Sa’p’; 


* We propose to include the case where an operation of this sort destroys a line, or reduces it to 
zero, under the case when the same operation reduces a line to a fixed direction, or to a fixed plane. 
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‘xp = V(aVBp + a’ VP'p) = mp - op, 
x'p = V(BVap + B’Va'p) = mp — ¢’p, 
— Lp = oxp = xop = Vaa'SSp’p, 

- Vp = o'x'p = xX ¢'p = VEP'Saa’p ; 
and may then write (not here supposing X’ = Vu, &c.), 

Ro NiO, Aaa, a 0: 


n= 9B 98, w= ga’ ll pa, Stu =Sd’y'= 0; 
after which we easily find that 

pr =0, g'p lla, gua mn, xu= 05 

GrA=0, Pell, Pw = mn, y'u'= 0. 

(17.) Since we have thus y’y’ = 0, where y’ is a line in the fixed direction 

of 6p, we have also the equation, 

XXXV...0=Spy’n’ =Su’xp, or yo Lp’; 

the locus of yp is therefore a plane perpendicular to the line y’; and in like 
manner, p is the normal to a plane, which is the /ocus of the line y’p. And 
the symbolical equations, ¢. px = 0, ¢*. x = 0, may be interpreted as express- 
ing, that the operation @ reduces every line in this new plane of yp to the 
fixed direction of 10, or of X’; and that the operation ¢? destroys every line 
in this plane L py’; with analogous results, when accented are interchanged 
with unaccented symbols. Accordingly we see, by XXXII., that dyp has 
the fixed direction of Vaa’, or of X’; and that ¢. dx = 0, because od’ = 0. 

(18.) We see also, that the operation gy, or x¢, destroys every line in 
the plane H, to which the operation ¢ reduces every line; and that thus the 
symbolical equations, ¢y.¢ = 0, y~. ¢ = 0, may be interpreted. 

(19.) As a verification, it may be remarked that the fived direction X’, of 
oxp or y¢p, ought to be that of the line of intersection of the two fixed planes 
of gp and yp; and accordingly it is perpendicular by XX XIII. to their two 
normals, X and mw’: with similar remarks respecting the fixed direction A, of 


».@.@.0d Roe er 


>... 2 0 Roa | 


0:0: i ae 


¢ x’p or x’¢’p, which is perpendicular to X’ and to up. 

(20.) Let us next suppose, that besides m = 0, and m’ = 0, we have yp = 0, 
but that m” is still different from zero. In this case, it has been seen (6.) 
that the expression for gp reduces itself to the monomial form, BSap; and 
therefore that the operation @ destroys every line in a fixed plane (1 a), while 
it reduces every other line to a fixed direction (|| (3), which is not contained in 
that plane, because we have not now Saf3 = 0. 
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(21.) In this case we have by (16.), equating a’ or [3’ to 0, the expressions, 
, ’” > 
gp = BSap, $’p = aSBp, m” = Sa <0, 
xp = V.aVBp = (m”- ¢)p,  x’p = V. BVap = (m” - ¢’)p, 


so that the equations X VIII. are reproduced ; and the depressed cubic, or the 
quadratic XXII. in ¢, may be written under the very simple form, 


DD. OG ee 


XA VE. C= ox = x¢- 


(22.) Accordingly (comp. (5.) and (7.) ), the operation @ here reduces an 
arbitrary line to the fixed direction of (3, while y destroys every line in that 
direction; and conversely, the operation y reduces an arbitrary line to the 
fixed plane perpendicular to a, and ¢ destroys every line in that fixed plane. 
But because we do not here suppose that m” = 0, the fixed direction of pp 18 
not contained in the fixed plane of xp; and (comp. (8.) and (10.)) the directions 
of gp and ¢’p are not rectangular to each other. 

(23.) On the other hand, if we suppose that the three roots of the cubic in 
@ vanish, or that we have m = 0, m’= 0, and m”’ = 0, asin XXIIL., but that 
the equation Yp = 0 is not satisfied for a// directions of p, then the binomial 
forms XXXI. of dp and ¢’p reappear, but with these two equations of con- 
dition between their vector constants, whereof only one had occurred before : 


XXXVITI. .. 0 = SafSa’p’ —- SaB’Sa’B, 0 = Saf + Sa’f’. 
(24.) We have also now the expressions, 
XXXIX... xp =- $p, Xp=- 9p; 


and the cubic in @ becomes simply ¢? = 0, as in XXIV. ; but it is important 
to observe that we have not here (comp. (9.)) the depressed or quadratic equa- 
tion ¢* = 0, since we have now on the contrary the two conjugate expressions, 


XL... ¢p = Yp = Vad SB'Bp, $n = ¥'p = VBB'Sa’ap, 


which do not generally vanish. And the equation ¢* = 0 is now interpreted, 
by observing that ¢? here reduces every line to the fixed direction of 910; 
while @ reduces an arbitrary vector to that fiwed plane, all lines in which are 
destroyed by ¢’. 

(25.) In this last case (23.), in which ad the roots of the cubic in ¢ are 
equal, and are nui/, the theorem (12.), of the existence of a common vector root 
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of the three equations XX VIII., may be verified by observing that we have 


now, 
XLI...¢Vaa'=0, YVae'=0, yVaa'=0; 


the third of which would not have here held good, unless we had supposed 
n=), 


(26.) This last condition allows us to write, by (16.), 
Kil. gu 0; on = 0, Nan =O, Var = 0.4 San 0; 


the lines p’ and p thus coinciding in direction with the normals \ and X’, to 
the planes TI and II’; if then we write, 


MOL Tene = VAN, | Vie; se that “Sap — 0, Saw = 0, 


this new vector v will be a line in the intersection of those two rectangular 
planes, which were lately seen (14.) to be the Joci of the lines gp and ¢’p, and 
are now (comp. (17.) ) the loci of yp and y’p; and the three lines p, pw, v 
(or X’, A, v) will compose a vectangular system. 

(27.) In general, it is easy to prove that the expressions, 


B= aB, + 681, P= a’. + UPS, 


a= dat da, a, =ba+t Ua’, 


BG Bi Brae 


in which a, 3, a’, [3’ may be any four vectors, and a, b, a’, b’ may be any four 
scalars, conduct to the following transformations (in which p may be any 
vector) : 


ea: ss Sai + 8a = Saf - Sa’ 3’ ; 
Orso Fe BSaip se [3°:Sa’1p = Sap + [3'Sa’p ; 
XVI oie Va,a’, VPp, = Vad Voip ; 


so that the scalar, SaB + Sa’B’; the vector, BSap + B’Sa’p; and the quater- 
nion,* Vaa' .V (33, remain unaltered in value, when we pass from a given system 
of four vectors af3a’3’, to another system of four vectors a,[3.a’,3’, by expressions 
of the forms XLIV. 

(28.) With the help of this general principle (27.), and of the remarks in 
(26.), it may be shown, without difficulty, that in the case (23.) the vector 


* We have, in these transformations, examples of what may be called Quaternion Invariants. 
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constants of the binomial expression Sap + B'Sa’p for go may, without any 
real loss of generality, be supposed subject to the four following conditions, 


DVI 0 Ss Sap =a b= Sob — sa : 
which evidently conduct to these other expressions, 
XULIX. .. ¢’o = BSaB’Sa’p, ¢’0 = 0; 


and thus put in evidence, in a very simple manner, the general non-depression 
of the cubic ¢° = 0, to the quadratic, ¢? = 0. 

(29.) The case, or sub-case, when we have not only m = 0, m’ = 0, m” = 0, 
but also ~ = 0, and therefore ¢’ = 0, as a depressed form of ¢? = 0, by the 
linear function gp reducing itself to the monomial BSap, with the relation 
Sa3 = 0 between its constants, has been already considered (in (10.)); and 
thus the consequences of the supposition III., that there are (at least) two 
equal but null roots of the cubic in ¢, have been perhaps sufficiently discussed. 

(30.) As regards the other principal case of equal roots, of the cubic 
equation in ¢, namely that in which the vector constants are connected by 
the relation V., or by the equation of condition, , 


L...0 =m’? — 4m’ = (Saf3 + Sa’B’)? - 48(Vaa’.Vp’B) 
= (Saf _ Sa’)? + 48af’8a’B3, 


it may suffice to remark that it conducts, by VI., or by VII. and IX., to the 


symbolical equation, 
LI...0=90, if ®=¢ - 4m’; 


and that thus its ¢nterpretation is precisely similar to that of the analogous 
equation, 


x~’? =0, where x =m’ - 4, ». 8.4 B.S 


as given in (14.), and in the following sub-articles.* 


* [The following resumé of the special cases discussed in recent articles may not be superfluous :— 

Assuming arbitrarily any three constant and diplanar vectors B, (’, and B”, any linear vector 
function ¢p may be resolved along these three vectors; thus op = #8 +. 2’B’ + 2’B”. In this expres- 
sion «, 2’, and «”’ are linear and scalar functions of p, and may consequently be replaced by Sap, 
Sa’p, and Sa’’p. Hence the trinomial form op = BSap + B’Sa’p + B’Sa’’p is established, and the 
function @ is made to depend upon the three vectors a, a’, anda’. When these are given, ¢ is deter- 
mined; and conversely, when @ is given, the three vectors a, a’, and a” are determinate, retaining 
always the same set of vectors of reference B, 6’, and p”. Special cases will arise when special 
relations connect a, a’, and a”. 


If op = 0 for a particular value of p, Sap = Sa’p = Sap = 0 are necessary consequences, and 
3T2 


508 ELEMENTS OF QUATERNIONS. rIIL. m. § 6. 


353. When we have m = 0, but not m’ = 0, nor m’? = 4m’, the three roots 
of the cubic in ¢ are all unequal, while one of them is still nwd/, as before ; 
and the two roots of the quadratic and scalar equation, with real coefficients 


(347), 


Le Ce mies me. 


which is formed from the cubic by changing ¢ to —c, and then dividing by 
c, are also necessarily unequal, whether they be real or imaginary. We shall 
find that when these two scalar roots, ¢,, ¢,, are real, there are then tio real 
directions, p, and p2, in that fixed plane II which is the Jocus (351, 352) of the 
line ¢p, possessing the property that for each of them the homogeneous and 
vector equation of the second degree, 


II... Vp¢p = 0, or ¢p ll p, 


is satisfied, without p vanishing ; namely by our having, for the first of these 
two directions, the equation ? 


uO B ete pp st CiPty or pip — 0, if pi = p ss a C13 
and for the second of them the analogous equation, 
ye ee pp ae C2P2, OF P2P2 = 0, if pr = p Care 


but that no other direction of the real and actual vector p, satisfies the equation 


therefore a, a’, and a” (if actual) must be complanar. But if a, a’, and a’ are complanar, the tri- 
nomial form reduces on rearrangement to the binomial form 


op = (B + 4B") Sap + (8 + a8") Sa’p, 


provided a and a’ are the scalars determined by the relation of complanarity a’ =aa+a’a’. Con- 
versely, if the trinomial reduces to a binomial form, the three vectors a, a’, and a” (if actual) must be 
complanar. 

Further reduction to the monomial form will not be possible unless these three vectors are parallel. 
In general, also, as Wp = Va'a"SB" B’p + Va"'aSBB"p + Vaa'SS'Bp, wp will not vanish identically, or the 
equation y = 0 will not be true, unless the vectors are parallel. his easily follows on replacing p 
successively by B, 8’, and B”. 

Remarking that, when @ is expressible in a binomial form, it reduces those vectors which it does 
not annul to a fixed plane, we may assume a plane containing a pair of arbitrarily chosen vectors 
B and B’, and consider all those functions @ which reduce vectors to this particular plane. Just as in 
the case of the trinomial form, these functions @ may be expressed by the type pp = BSap + B’Sa’p, 
and they depend on and may be determined by the vectors a and a’ if the vectors B and 8B’ are pre- 
served unchanged. 

A second root of the cubic will vanish if m’ = SVaa’VB’s is equal to zero. This may happen in 
two ways—(1) when Vaa’ = 0, in which case the binomial is reducible to the monomial form, and pp 
will vanish for all values of p, or Y= 0; (2) when Vaa’ is actual and perpendicular to VA’, that is, 
when the plane of a and a’ is at right angles to that of 8 and f’. In this latter case, the assumptions 
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V., except that third which has already been considered (351), as satisfying 
the dinear and vector equation, 


View bo = 0, - with? Dp = 0. 


It will also be shown that these tuo directions, pi, p2, are not only real, but 
rectangular, to each other and to the third direction p, when the linear function 
pp is self-conjugate (349, (4.)), or when the condition 


VI...¢’p=¢p, or VI’...S8Adgp = Spe, 


is satisfied by the given form of , or by the constants which enter into the 
composition of that /inear symbol; but that when this condition of self-conju- 
gation is not satisfied, the roots of the quadratic I. may happen to be imaginary: 
and that in this case there exists no real direction of p, for which the vector 
equation II. of the second degree is satisfied, by actual values of p, except that 
one direction which has been seen before to satisfy the Hinear equation V. 

(1.) The most obvious mode of seeking to satisfy II., otherwise than 
through V., is to assume an expression of the form, p = 73 + 2/3’, and to 
seek thereby to satisfy the equation, (¢ + c)o = 0, with gp = BSap + P’'Sa’p, 
by satisfying separately the two scalar equations, 


VII... 0 = #(c + SaB) + 2’8a’, 0 = a’(c + Sa’P’) + w8a'B, 


a = a8" + bV BB’ and a’ =a’ Bp" + b'VBBP’ are legitimate when 4, a’, 6, and 0’ are scalars, while f’’ is 
some vector in the plane of 8 and 8’, and not, as before, diplanar to them. Replacing a and a’, the 
new binomial form, op = (aB + a’B’)SB’’p + (8 + b’B’)SVBB’.p is obtained, and wp = (ad’ — a’d) 
V. 8B’ VBB'SB'Bp. r 

Again, a third root wil vanish if m’’ = SaB + Sa’B’ = S(aB + a’p’)B” = 0, or if B” || V(aB+ aB’) VBP’. 

Examining separately the case in which the symbolic equation of the binomial is depressed to a 
quadratic, it is seen at once that it must be of the form ¢?+2p=0. It cannot be of the form 
~?+ 2p +y=0, for pp, p*p, &c., are in the plane of 6 and f’, and p is not generally in that plane. 
On calculation of $%p, it is found that 


¢°p + «pp = B(SaBSap + Saf’ Sa’p + aSap) + B’(Sa’ BSap + Sa’B’Sa’p + xSa’p) ; 
and if this vanishes for all values of p, 
x =—SaB =—Sa'p’, and Sap’=Sa’B =O. 


The second pair of equations is satisfied by assuming a = V7’p’ and a’ = Vrf, and then from 
the first pair « = — S7’p’8 =— Srp’. Hence, it is easy to see that the general solutions are 


; B’ B a 
a = aVBB’ — x ——, and a = a’ VBP’ + « ——, and that Vaa’ = — (ap + a’p’ + va) : 
VpB” VBp’ VaB' 
From these # = — 4m", and 22 =+ m'=im'?. If vanishes, the function becomes monomial. 


Of course when m is zero, the usual solution mp = Wo of the equation gp = o is nugatory. In this 
case, since p°p — m" pp + m’pp = 0, or o2a — m'’oa + m'pp = 0, the solution is m’p = mo - o0 + 9710, 
and it is indeterminate; if in addition m’ = 0, the solution is mp = o + $-70.] 
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which give, by elimination of a’: 2, the following quadratic in ¢, 
VIII... (¢ + Saf) (c + Sa’P’) = SaP’8Sa‘f, 


which is easily seen to be only another form of I. Denoting then, as above, 
by ¢, and ce, the roots of that quadratic I., supposed for the present to be 
real, we have these two real directions for p, in the plane II of f, (’: 


IX... p. = B(e. + Sa’’) — B’Sa’B = a + Vae'VP'B ; 
X... p2 = B(% + Sa’P’) — B'Sa’B = 6,8.+ Va'VE'B ; 
which satisfy the equations III. and IV. In fact, the expression IX. gives 
op. = 498 +m’ B=-api, or gipi = 9, 
because we may write it thus, 
XI... pi = (m” + 01)B - 98 = - 028 -— 6B =~ 9:8 = — 9B - mer'p; 
and in like manner, the expression X. may be thus written, 
XII... p:= (m” + )8 - 98 -- 8 - $8 - - 98 -- 68 - ma"B, 
and gives, 
pp. = OO3 +m B=- ep, OF gop. = 0. 
(2.) We may also write, 
XII... p’, = B’ (a. + SaB) - BSa>’ = 6,3’ + VaVBP’ = - ¢.(' |I pi; 
XIV... p'2 = B'(@ + Saf3) — BSaf’ = ¢,3’ + VaVBP’ = - 4,19" Il p23 
and shall then have the equations, 
XV...96p1=9, 02-903 
but the directions of p’; and p’, will be the same by VIII. as those of p, and 


px, and so will furnish no new solution of the problem just resolved. 
(3.) Since we have thus, 


XVI... 28" || ¢28 Il p: || ¢¢70, and XVI... ¢,(' || G6 Il pz Il 9270, 
it follows that the operation @, reduces every line in the fixed plane of op to 
the fixed direction of 10; and that, in like manner, the operation ; reduces 
every line, in the same fixed plane of gp, to the other fixed direction of $0. 
(4.) Hence we may write the symbolic equations, 
XVII... ¢:.¢2.6 = 0, Go-Go = 9, 


in which the points may be omitted; and in fact we have the transformations, 


bho eae pipe = orf = (p 2 ¢;) C Ms C2) oe ¢? of mn’ o of Y, 
so that 
pidre f = Gopi. — = We = = 0. 


Arr, 353.] CASE OF UNEQUAL REAL ROOTS. 511 


(5.) If we propose to form zy, from ¢,, by the same general rule (347, 
XI.) by which y is formed from ¢, we have 


XIX... Vuv = V. b'iud’iw = V. (p’u + Cm) (pv + civ), 
and therefore, by the definition 350, VIII. of y, 
2. Ga hip = pp tCLY Ra Cy"), ey ee. Oe Der vh = v7 +aAX + rade 


and in like manner, 
RI bee ae GN ss 
even if m be different from zero, and if ¢,, c, be arbitrary scalars. 
(6.) Accordingly, without assuming that m vanishes, if we operate on ip 
with ¢1, or symbolically multiply the expression XXI. for ~, by gi, we get 
the symbolic product, 


XXIII... oii = (6 + 1) (b+ ax + @*) 
= op +alpy + p) + or(p + x) + 4% 


=m+em + em’ +e3=m, 


where m, is what the scalar m becomes, when ¢ is changed to ¢,, or is such that 
».©.4 Be sine mS uv = NS) ° 9 1A¢ now = S . (pr ar (A) (pu = Cyt) (o’v + Cv) ; 


as appears by the definitions of 9’, ¥, x, m, m’, m”, and by the relations 
between those symbols which have been established in recent Articles, or 
in the sub-articles appended to them. 

(7.) Supposing now again that m = 0, and that ¢, ¢, are the roots of the 
quadratic I. in c¢, we have by XXIIL., 


XXV...¢,=m,=0; andin like manner XXXVI... gi. =m, =0, 


if m, be formed from m,, by changing ¢@ to ¢. 

(8.) Comparing XXV. with XXVII., we may be led to suspect the 
existence of an intimate connexion existing between y and ¢.¢, since each 
reduces an arbitrary vector to the fixed direction of $,70, or of p,; and in fact 
these two operations are identical, because, by XXI., and by the known 
relations between the symbols, we have the transformations, 


XXVIT... d= Pt ay +0) = (m' - mo + go’) + e(m" — @) +c? 
= g — (m" + a) p = 9? + Op = Ho23 
XXVIII... 2 = ¢ + ad = $91; 
while ~ = gigs, as before. 


and similarly 
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(9.) We have thus the new symbolic equation, 
D.O.8 BG ee phihe co 0, 


in which the three symbolic factors, ¢, ¢1, ¢2 may be in any manner grouped 
and transposed, so that it includes the two equations X VII.; and in which 
the subject of operation is an arbitrary vector p. Its interpretation has been 
already partly given; but we may add, that while @ reduces every vector to 
the fixed plane UT, $1 reduces every line to another fixed plane, I, and ¢, 
reduces to a third plane, II.; thus ¢.2, or $291, while it destroys two lines pu, 
p2, and therefore every line in the plane II, reduces an arbitrary line to the 
fixed direction of the intersection of the two planes T1,I., which intersection 
must thus have the direction of ¢°0; and in like manner, the fixed direction 
pi of ¢,70, as being that to which an arbitrary vector is reduced (3.) by the 
compound operation ¢29, or ¢¢2, must be that of the intersection of the planes 
Tif], ; and p:, or g2'0, has the direction of the intersection of III, ; while on 
the other hand ¢$¢, destroys every line in II,, and $4, every line in [],: so 
that these three planes, with their three lines of intersection, are the chief 
elements in the geometrical interpretation of the equation ¢¢i¢2 = 0. 
(10.) The conjugate equation, 
XXX... o''192 = 0, 

may be interpreted in a similar way, and so conducts to the consideration of 
a conjugate system of planes and lines; namely the planes I’, I,, II’, which 
are the loci of ¢’p, ¢1p, ¢ 2p, while the operations 9'19'2, $’2¢'1, and p’@ destroy 
all lines in these three planes respectively, and reduce arbitrary lines to the 
fixed directions of the intersections, II’,1’,, II’,11’, TI’II’:, which are also those 
of ¢710, 9110, o’2°10. 

(11.) It is important to observe that these three last lines are the normals 
to the three first planes, TI, TI’, Tl’; and that, in like manner, the three former 
lines are perpendicular to the three datter planes. To prove this, it is sufficient 
to observe that 


».@.&..G Fae Sp’¢p = Sp¢’p’ =O ee ak ¢ p’ = 0, or that gp + ¢ 10; 
and similarly, ¢’p L $70, &c.* 


* [More symmetrically, without assuming one root to be zero, if > satisfies the symbolical cubic 
(p + ¢1) (p + €2) (p + €3) = 0, it is easy to show that pi, the result of operating by (p + ¢2) (@ + ¢3) on 
any vector p, is parallel to a fixed direction. For a second arbitrary vector o may be expressed in the 
form xp’p + ypp + zp, and so ( + ¢2) (p + e3)o = 2h? p1 + Yopi + 2pi = (we1 — ye + 2)pi (since by the 
symbolical cubic (~ + ¢1)p1 = 0) is likewise |] p1. Thus the operators ( + ¢2) (p + ¢s), (p + ¢3) (P + 41); 
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(12.) Instead of eliminating v’: between the two equations VII., we 
might have eliminated ¢; which would have given this other quadratic, 


XXXII... 0 = 2’Sa’B + we’ (Sa’B’ - Sas) -— v?Saf’ ; 
also, if w’, : 7, and w’,: x, be the two values of 2’: z, then 
XXXII... p: [1 i + 2,8’, po || 2B + 228’, 
XXXIV... aay: (@0', + a's) : 's2’, = - Sa’: (SaB — Sa’P’) : Sa’B ; 
hence the condition of rectangularity of the two lines pi, po, or $170, $270, is 
expressed by the equation, 
XXXV...0=- B*Safd’ + SB’(SaB — Sa’B’) + B’Sa’B=S8. BB’ V(Ba+ B'a’); 


and consequently it is satisfied, if the given function ¢ be self-conjugate (VI.), 
because we have then the relation, 


AXKVIG 2 Voor Vea =O; 

in fact the binomial form of ¢ gives (comp. 349, XXII), 
».0:0. 04 5 Rae ?'p — op = (aSBp x Sap) ais (a’SP'p ps [3'Sa’p) =a pV (Ba a Ba’), 
which cannot vanish independently of p, unless the constants satisfy the con- 
dition XXXVI. 

(13.) With this condition then, of se/f-conjugation of }, we have the relation 
of rectangularity, 

XXX VIII. sae Spipe = ig or go: '0 cs pz 10 ; 

at least if these directions p, and pz be real, which they can easily be proved 
to be, as follows. ‘The condition XXXVI. gives, 


XXXIX...0=S8.aa’V(Ba + (¥'a’) = a’Sa’3 + Saa’(Sa’’ - Saf) - a’Safd’ ; 


and 


and (~ + ¢1) (p + ¢2) reduce any vector to lines parallel respectively to three fixed directions pj, ps, 
and p3. Further, by the property of the conjugate function ¢’, (@’ + ¢1)p is a general expression for a 
vector perpendicular to pi. In the same way ($’ + ¢2) (o’ + ¢3)p is perpendicular to pz and also to ps 
and parallel to a fixed direction p’; which satisfies (p’ + ¢1)p’1 = 0; and p’z and p’s similarly found and 
satisfying (p’ + ¢2)p’2 and (p’ + ¢s)p’3= 0 are at right angles respectively to the planes of ps, pi, and 
of pi, pz. ‘Taking unit vectors through a common origin and parallel to these fixed vectors, Up1, Ups, 
and Ups determine a triangle on the unit sphere and Up’1, Up’2, and Up’s are the vectors to the vertices 
of the supplemental triangle. Again if y is the spin-vector defined in 349 (4.), U( + ¢1)y or its equal 
U(o’ + ¢1)y terminates at the pole of the great circle through Up: and Up’1, and the point determined 
by UVy¢y is the common orthocentre of the two triangles. When the function is self-conjugate, 
the two supplemental triangles coincide, and consequently the solutions of Vpgop = 0 are mutually 
perpendicular (16.). ] 

* [In general by 349 (4.), 2S-ypip2 = S(% — 0’) pipe = (co — c1)Spip2. So if pi is perpendicular 
to pz, y, if it does not vanish, lies in their plane. Conversely, if y lies in the plane of p: and pa, 
either Spip2 = 0, or ¢1 = ¢2.] 
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hence (a’Sa’B — a”?’Saf3’)? = (Saa’)? (Sas - Sa’f’)’, 
a’a”(m’ — 4m’) = aa” { (Sas — Sa’P’)? + 48aB’Sa’B} 
= (a’a” — (Saa’)*) (Sas — Sa’B’)? + (a’Sa’B + a”?Saf3’)? > 0, 
and XL... (Saf3 — Sa’B’)? + 48aB’Sa’B = m? -— 4m’ > 0; > 


so that each of the two quadratics, I. (or VIII.), and XXXIT., has veal and 
unequal roots: a conclusion which may also be otherwise derived, from the 
expressions 9 = aa + ba’, [3’ = ba + aa’, which the condition allows us to 
substitute for 3 and [3’. 

(14.) The same condition XXXVI. shows that the four vectors aBa' 3’ are 
complanar, or that we have the relations, 


XLI... 8a88’= 0, Sa’BB’=0, V(Vaa'.VP'B) = 0; 


hence Vaa’, or ¢70 is now normal to the plane Il; and therefore by (13.), 
when the function o is self-conjugate (VI.), the three directions, 


XLII. + © Py Ply P25 or $70, $110, p10, 


compose a real and rectangular system. 

(15.) In the present series of sub-articles (to 853), we suppose that the 
three roots of the cubic in @ are all unequal, the cases of equal roots (with m= 0) 
having been discussed in a preceding series (3852) ; but it may be remarked, 
in passing, that when a se/f-conjugate function op is reducible to the monomial 
form BSap, we must have the relation VBa = 0; and that thus the dine PB, to 
the fixed direction of which (comp. 352, (5.) and (6.)) the operation ¢ then 
reduces an arbitrary vector, is perpendicular to the fixed plane (352, (7.)), every 
line in which is destroyed by that operation ¢. 

(16.) In general, if ¢ be thus self-conjugate, it is evident that the three 
planes 11’, 11s, TI’, which are (comp. (10.)) the oct of ¢’p, $’1p, 2p, coincide 
with the planes II, Ui, W., which are the loci of dp, dip, d2p- 

(17.) When ¢ is not self-conjugate, so that gp and ¢’p are not generally 
equal, it has been remarked that the scalar quadratic I., and therefore also the 
symbolical cubic in ¢, may have imaginary roots; and that, in this case, the 
vector equation II. of the second degree cannot be satisfied by any real direction 
of p, except that one which satisfies the dinear equation V., or causes ¢p itself 
to vanish, while p remains real and actual. As an example of such imaginary 
scalars, a8 roots of I., and of what may be called imaginary directions, or 
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imaginary vectors (comp. 214, (4.) ), which correspond to those scalars, and are 
themselves imaginary roots of II., we may take the very simple expressions 
(comp. 349, XIT.), 


XLII... ¢p=Vyp, ¢p =- Vyp;3 


in which y denotes some real and given vector, and which evidently do not 
satisfy the condition VI., the function @ being here the negative of its own 
conjugate, so that its se/f-conjugate part d is sero (comp. 349, XIII.). We 
have thus, 


UV vey Uno Oy 1 ig — Oh by On. ie ong, 
and consequently, by the sub-articles to 349 and 350, 
XLV...m=0, m’=-y7', m’=0, do=-ySyp, xe=—- Vyp; 
the quadratic I., and its roots ¢, c, become therefore, 
UV ee on 7 alee ey 


where ,/— 1 is the imaginary of algebra (comp. 214, (3.) ); thus by XX. or 
XXI., and XXII. we have now 


>. 12 fl eee. dio = — ySyo - aVyo +¢"o=(y-a)Vyo, eo = (y- C2) Vyo; 
hence 
ey Sytic = 0, Vytio = ytho, &e., 

2. 032 8 ee pifio = ( a (1)Yie = (y a2 C1) (y = a) Vyo = (y’ . c”)Vyo = 0, 
and in like manner XLVIII’. .. deo = 0; 
if then we take an arbitrary vector o, and derive (or rather conceive as derived) 


from it ¢wo (imaginary) vectors p, and p. by the (imaginary) operations Y, and 
2, we shall have (comp. III. and IV.) the equations, 


D8 Fb. Cas pi = thio, Pipi = 0, pp i> C1 Dts Veidpr pes 0, 
and is Ree! oe Saas eo, h2P2 = 0, ppz ote: C2P25 Vp2pp2 a 0, 


as ones which are at least symbolically true. We find then that the two imagi- 
nary directions, p, and pz, satisfy (at least in a symbolical sense, or as far as 
calculation is concerned) the vector equation II., or that p, and p, are two 
imaginary vector roots of Vodp = 0; but that, because the scalar quadratic I. 
has here imaginary roots, this vector equation II. has (as above stated) no real 
vector root p, except one in the direction of the given and real vector y, which 
satisfies the dinear equation V., or gives gp = 0. 
8U 2 
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(18.) This particular example might have been more simply treated, by a 
less general method, as follows. We wish to satisfy the equation, 


LI. ..0=V.pVyp = pSyp - p*y; 
which gives, when we operate on it by V.y and V.p, these others, 
bit. 20.= Vye.Byp; 0 = p Vivo; 


if then we wish to avoid supposing gp = Vyp = 0, we must seek to satisfy the 
two scalar equations, . 


(a yp en ls 


and conversely, if we can satisfy these by any (real or imaginary) p, we shall 
have satisfied (really or symbolically) the vector equation LI. Now the /irst 
equation LIIT. is satisfied, when we assume the expression, 


TEV: p= (ce + 7) Vyo =Vya. (Cm 4); 


where o is an arbitrary vector, and ¢ is any scalar, or symbol subject to the 


laws of scalars ; and this expression LIY. for p, with its transformation just 
assigned, gives 


TNs oi a) (Vyo)? = 0, if e-y=0; 


the quadratic XLVI. is therefore reproduced, and we have the same imaginary 
roots, and imaginary directions, as before. 

(19.) Geometrically, the imaginary character of the recent problem, of 
satisfying the equation V.pVyp = 0 by any direction of p except that of the 
given line y, is apparent from the circumstance that pp, or Vyp, is here a 
vector perpendicular to p, if both be actual lines; and that therefore the one 
cannot be also parallel to the other, so long as both are real.* 

304. In the three preceding Articles, and in the sub-articles annexed, we 
have supposed throughout that the absolute term of the cubic in is wanting, 
or that the condition m = 0 is satisfied ; in which case we have seen (351) 


* Accordingly the two imaginary directions, above found for p, are easily seen to be those which 
sae modern geometry are called the directions of lines drawn in a given plane (perpendicular here to the 
given line y), to the circular points at infinity: of which supposed directions the imaginary character 
may be said to be precisely this, that each is (in the given plane) its own perpendicular. 

[As additional examples :— 

If $p = qq", it is obvious that ¢' = ¢ 1. This shows that the cubic of ¢ is reciprocal, and it 
es pei be reduced to (@ — 1) (p? -2cos2u@+1)=O0ifw=Lg. The real direction is Vg, and 
the aye directions are the lines to the circular points at infinity in the plane perpendicular to 
Vq. Again, if » changes a into B, B into y, and y into a, the cubic is ¢} -1=0. The directions 
area + wB8 + wy, where w is an algebraic cube root of unity.] 
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that it is always possible to satisfy the linear equation op = 0, by at least one 
real and actual value of p (with an arbitrary scalar coefficient); or by at 
least one real direction. It will be easy now to show, that although con- 


versely (comp. 351, (4.)) the function gp cannot vanish for any actual vector 
p, unless we have thus m = 0, yet there is always at least one real direction for 


which the vector equation of the second degree, 
I... Vodp = 0, 


which has already been considered (353) in combination with the condition 
m= 0, is satisfied; and that if the function ¢ be a self-conjugate one, then 
this equation I. is always satisfied by at least three real and rectangular direc- 
tions, but not generally by more directions than three; although, in this case 
of self-conjugation, namely when 


Rs ¢' p =p, or i era SAdgp = Sega, 


for all values of the vectors p and A, the equation I. may happen to become 
true, for one real direction of p, and for every direction perpendicular thereto : 
or even for all possible directions, according to the particular system of 
constants, which enter into the composition of the function dp. We shall 
show also that the scalar (or algebraic) and cubic equation, 


IIl...0=mimer+m’e+ ec, 


which is formed from the symbolic and cubic equation 350, I., by changing ¢ 
to — c, enters importantly into this whole theory ; and that if it have one real 
and two imaginary roots, the quadratic and vector equation I. is satisfied by 
only one real direction of p; but that it may then be said (comp. 353, (17.)) to 
be satisfied also by two imaginary directions, or to have two imaginary and vector 
roots: so that this equation I. may be said to represent generally a system of 
three right lines, whereof one at least must be veal. or the case II., the 
scalar roots of III. will be proved to be always real; so that 1f mm’, and m’”, 
be formed (as in sub-articles to 849 and 350) from the se/f-conjugate part .p 
of any linear and vector function pp, as m, m’, and m” are formed from that 
function gp itself, then the new cubic, 


IV...0=m+mict+ mC + &, 


which thus results, can never have imaginary roots. 
(1.) If we write, 


V...®p=9p+ cp, Pp=¢'pt+ep, or briefly, V...P=pte, P=¢g' te, 


where c is an arbitrary scalar, and if we denote by ¥, ¥’, and M what y, , 
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and m, become, by this change of @ to » + ¢ or ®, the calculations in 
303, (5.), (6.), show that we have the expressions, 


VL..VePreyte, Pa +ey’ +e, 
and 
VIL... W=m+m'c+ me + &, 
with : | 
VIIL..U= OP = PO= PP’ = yo’, 


(2.) Hence it may be inferred that the functions x, x’, and the constants 
m’, m” become, 
EX eke OP Vr ce, xX’ = DV = y’ + 2¢, 


— ( MW =D,.M =m + 2m’’c + 8e, 
M” =$D/7M = m” + 3c; 
with the verifications, 
XI...@+X=@4+X=M’, OX4+PH0'X 4+ WD, 
as we had, by the sub-articles to 350, 
PO XT UK en 
(3.) The new linear symbol ® must satisfy the new cubic, 
XIL...0=M-W0+ Mo’ - ®; 
which accordingly can be at once derived from the old cubic 350, I., under 


the form, 
XIII...0=m-+m'(c- ©) + m’(e- ©)? + (c- ). 


(4.) Now it is always possible to satisfy the condition, 
SEEN cle 0, 


by substituting for ¢ a real root of the scalar cubic III.; and thereby to 
reduce the new symbolical cubic XII. to the form, 


XV...0=@-WU’@’+ WO; 
which is precisely similar to the form, 
0 = ¢3 - m’¢*? +m’, 352, IL., 


and conducts to analogous consequences, which need not here be developed 
in detail, since they can easily be supplied by anyone who will take the 
trouble to read again the few recent series of sub-articles. 

(5.) For example, unless it happen that Yp constantly vanishes, in which 
case Il” = 0, and ®p (if not identically null) takes a monomial form, which is 
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reduced to zero (comp. 852, (7.)) for every direction of p in a given plane, 
the operation ¥ reduces (comp. 3851) an arbitrary vector to a given direction ; 
and the operation ® destroys every line in that direction: so that, in every 
case, there is at least one real way of satisfying the vector equation Pp = 0, 
and therefore also (as above asserted) the equation I., without causing p 
itself to vanish. 

(6.) And since that equation I. may be thus written, 


G's Be Vp®p =0, or pl p, 
we see that it can be satisfied without bp vanishing, uf this new scalar and 
quadratic equation, 
RVs OO ae Oe comp. 353, L., 
have real and unequal roots, Ci, C.; for if we then write, 
XVIII...@,= 0+ 0, ®,= 0+ 0,, 


the line ®p will generally have for its locus a given plane, and there will be 
two real and distinet directions p, and p, in that plane, for one of which 
®,0, = 0, while ®,o, = 0 for the other, so that each satisfies XVI., or L.; 
and these are precisely the fixed directions of Vip and WV. , if VY, and ¥, be 
formed from ¥ by changing ® to ®, and ®, respectively. 

(7.) Cases of equal and of imaginary roots need not be dwelt on here; 
but it may be remarked in passing, that if the function ¢p have the par- 
ticular form (g being any scalar constant), 


XIX...¢9=g9p, then XX...(g-9))=0, and XXI...M=(9+ ce}; 


the cubic XIV. or III. having thus a// its roots equa/, and the equation I. 
being satisfied by every direction of p, in this particular case. 

(8.) The general existence of a real and rectangular system of three directions 
satisfying I., when the condition II. is satisfied, may be proved as in 
353, (14.) ; and it is unnecessary to dwell on the case where, by ¢wo roots 
of the cubic becoming equal, all lines in a given plane, and also-the normal 
to that plane, are vector roots of I., with the same condition IT. 

(9.) And because the quadratic, 0 = & + m’c + m’ (3538, I.), has been 
proved to have always vea/ roots (358, (13.)) when ¢’p = 9p, the analogous 
quadratic XVII. must likewise then have real roots, Ci, C.; whence it 
immediately follows (comp. XII. and XIII.), that (under the same con- 
dition of self-conjugation) the cubic III. has three real roots, c,¢+ C1, ¢+ C2; 
and therefore that (as above stated) the other cubic IV., which is formed 
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from the self-conjugate part oo of the general linear and vector function », and 
which may on that account be thus denoted, 

XXII... My = 0, has its roots always real. 


(10.) If we denote in like manner by ®; the symbol ¢, +, the equation 
m =m — SyPvy (849, XXVI., comp. 349, X XI.) becomes, 


XXIII... MW = NM, -8yHy; 
whence, by comparing powers of c, we recover the relations, 
m=mM y—y*, and m”’ =m’, as in 350, (1.).* 
(11.) On a similar plan, the equation m¢’Vuv = V. uv becomes, 
XXIV... M8’ Vv = V.b pr, comp. 348, (1.), 


in which w and »v are arbitrary vectors, and ¢ is an arbitrary scalar; or more 
fully, 


XXV...(m+m'e+m’e+c*)(g’ +0) Vuv = V. (Wut ecyu + Cu) (bv +exv +r) ; 
whence follow these new equations, 
XXXVI... (m+ mo’) Vuv = Vide. xv — bo. xu), 
XXVIII... (a + m9’) Vuv = V(uby — vb + xe xv); 
XXVIII... (m” + ¢’)Vuv = V(uxv - vp), 


which can all be otherwise proved, and from the last of which (by changing 
p to ~, &e.) we can infer this other of the same kind, 


XXIX... (m’ + W’)Vuv = V(udyv — voyn). 


(12.) As an example of the existence of a real and rectangular system of 
three directions (8.), represented jointly by an equation of the form I., and 
of a system of three real roots of the scalar cubic III., when the condition II. 
is satisfied, let us take the form 


XXX... op = 9p + VApu = ¢’p, 


g being here any real and given scalar, and d, w any real and non-parallel 


* [If 
pi = popi + Vypi =—cipiy then pi =— (0 +¢1)7!Vyp1 
(mo + m'oer + me'’oe,? + €15)p1 = — V(ho + €1)y(o + ¢1)p1 = V(p0 + e1)yVyp1 
= piSy(o + ¢1)y — ySpi(bo + ¢1)y = piSy(po + ¢1)¥- 
(mo — Sypy) + (m'o — y2)e + moe? + & = 0, 
and this cubic must be identical with m + m’e + mc? + & = 0, as they have three roots common. ] 


From this, ¢1 is a root of 
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given vectors; to which form, indeed, we shall soon find that every self- 
conjugate function ¢,p can be brought. We have now (after some reductions), 


XXXII... Yop = VipuSaAu — VrAuSrpu - g(ASup + wSAp) + g’p, 
NOI ayer (Sun Sip) Boo, 
and 


XXXII... m = (g - BAu) (9? — Nw), mm’ = — Nw? - W9SAw + 8g’, 
m” =—S8rAu+ 39; 


where the part of Ye which is independent of g may be put under several 
other forms, such as the following, 


XXXIV... V(ApuSrpu — AwSApu) = ApuSAu - AuSApy 
= \(pSAu + Sdup)ue = sA(Aup + pAmjm = AASup + wSAp - Apy)u, Ke. 5 
and ©, Y, X, I/, I’, M” may be formed from ¢, w, x, m, m’, m’, by simply 


changing g toc +g. The equation IW = 0 has therefore here three real and 
unequal roots, namely the three following 


RV g ilu Oe oe Dh ore gi 
and the corresponding forms of Wp are found to be, 
XXXVI... ¥p = VAuSAup, Yip =—- ATw + pTA)S.o(ATy + wT), 
Pp = - AT — plr)S. p(ATu — Td). 


Thus ¥p, Vip, and ¥.9 have in fact the three fixed and rectangular directions 
of VAu, ATw + wTA, and ATu — wTA, namely of the normal to the given 
plane of A, uw, and the bisectors of the angles made by those two given 
lines ; and these are accordingly the on/y directions which satisfy the vector 
equation of the second degree, 


XXXVIT...(Vodp = V. pVApu =) VeASup + VpuSrp = 0; 


so that this last equation represents (as was expected) a system of three righ? 
Hines, in these three respective directions. 

(13.) In general, if c, co, c,; denote the three roots (real or imaginary) cf 
the cubie equation I/ = 0, and if we write, 


XXX VIII. ee ®, a p + Ciy P, a 1) + C25 ®; a mW) 7 C35 
the corresponding values of ¥ will be (comp. VI.), 
XXXIX...W,=wd+ ay +e, P= Pt ey + @’, Ws = fb + Cx + 63°; 
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also we have the relations, 


C++ 6; =- mM" =-o-X, 
o. 3 Chere CC, + C30, + C10, = + mM = ox + y 
hee a ee oy; 


whence it is easy to infer the expressions, 
XLI... ®, = (¢ — 3) (Ws - 2), P2=(G-a)1(% - Vs), 
@; = (6, — G2) 7 (V2 -— Vi) 5 

which enable us to express the functions ip, Pp, P:p as binomials (comp. 
351, &c.), when Vip, V.p, Y3o have been expressed as monomes, and to assign 
the planes (real or imaginary), which are the Joci of the Hines Pip, P.p, Psp. 

(14.) Accordingly, the three operations, ®, ®,, ®., by which lines in the 
three lately determined directions (12.) are destroyed, or reduced to zero, and 
which at first present themselves under the forms, 


XLII... ®p = ASup + wSAp, Pip = VApu t+ pTAp, 2 = VApu — pl An, 
are found to admit of the transformations, 
V.p — Vip Vp Vp Vp—WVip 
XLII... £9 = ——.— ; 10 = 20 =a} 
ol Mee ease ee Dl aK 


where VY, V,, ¥, have the recent forms XXXVI., and the loci of ®p, Pp, 
®,0 compose a system of three rectangular planes. 
(15.) In general, the relations (13.) give also (comp. 353, (8.)), 


3 MTV. ae VY; = P,P;, A OP = P,P, W; aa PD, ®P,, 
an 
XLV. ee PY, a OY, = Pf, Tae PD, D.D, == 0, 
whence also, 
VE: oe wiv, a VP; a WY, ca 0, 


the symbols (in any one system of this sort) admitting of being transposed 
and grouped at pleasure; if then the roots of AZ = 0 be real and unequal, 
there arises a system of three real and distinct planes, which are connected 
with the interpretation of the symbolical equation, ®,P,®; = 0, exactly as the 
three planes in 3538, (9.) were connected with the analogous equation ¢¢1¢2 = 0. 

(16.) And when the cubic has to imaginary roots, it may then be said 
that there is one real plane (such as the plane L y in 3538, (18.), (19.)), 
containing the ¢wo imaginary directions which then satisfy the equation I.; 
and two imaginary planes, which respectively contain those two directions, 
and intersect each other in one real line (such as the line y in the example 
cited), namely the one real vector root of the same equation I. 
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355. Some additional light may be thrown upon that vector equation of 
the second degree, by considering the system of the two scalar equations, 


ec Nede —0, and bln Oy 


and investigating the condition of the reality of the two* directions, p, and pz, 
by which they are generally satisfied, and for each of which the plane of p 
and gp contains generally the given line X in I., or is normal to the plane 
locus II. of p. We shall find that these two directions are always real and 
rectangular (except that they may become indeterminate), when the linear 
function ¢ is ‘ts own conjugate; and that then, if A be a root po of the vector 
equation, 


IIT... Vogp = 0, 


which has been already otherwise discussed, the dines p, and p; are also roots 
of that equation; the general existence (354) of a system of three real and 
rectangular directions, which satisfy this equation III. when ¢’p = gp, being 
thus proved anew: whence also will follow a new proof of the reality of the 
scalar roots of the cubic MA =0, for this case of self-conjugation of »; and 
therefore of the necessary reality of the roots of that other cubic, I, = 0, which 
is formed (354, IV. or XXII.) from the self-conjugate part o of the general 
linear and vector function ¢, as IJ = 0 was formed from 9. 

(1.) Let A, uw, v be a system of three rectangular vector units, following in 
all respects the laws (182, 183), of the symbols 7,7, & Writing then, 


IV...p=yu+e2v, andtherefore, Ap=yv-2u, $0 =Yout sor, 
the equation IT. is satisfied, and I. becomes, 
V...0= /7Svou + y2(Svov — Sudu) — 2’Suv 5 
the roots of which quadratic will be real and unequal, if 


VI... (Svdv — Suu)? + 48uprvSvou > 0; 


* Geometrically, the equation I. represents a cone of the second order, with A for one side, and with 
the three lines p which satisfy III. for three other sides; and II. represents a plane through the vertex, 
perpendicular to the side A. ‘The two directions sought are thus the two sides, in which this plane 
cuts the cone. [The general equation of a quadric may be written in the form Sp¢p =1 where the 
function @ is self-conjugate. The cone, through its intersection with a concentric sphere, is 
Sp(~ + 7-*)p = 0 if r is the radius of the sphere. If this touches the plane SAp = 0, it is geometrically 
evident that the edge of contact is a principal axis of the plane section of the quadric as it passes 
through the points of contact of the concentric sections of the quadric and the sphere. The condition 
for contact is A || (p + 7-*)p, or SApp@p = 0, coupled with SAp = 0. ‘The directions of the principal 
axes thus determined are always real whether the plane cuts the quadric in a real curve or not. ] 


3X 2 
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and the corresponding directions of p will be rectangular, if 
VIT...0=S(yi + ev) (Yop + ev) = — (Ye + S182) § 


that is, if 
Nereis Svou = Sugy, 


at least for this particular pair of vectors, u and v. 
(2.) Introducing now the expression, gp = ¢p + Vyp (849, XII.), the 
conditions VI. and VIII. take the forms, 


TX. .. Svpov — Sup)? + 48 (udov)? > 4(Syur)’, and X...Syuv=0; 


which are both satisfied generally when y = 0, or ¢ = $= ¢; the only ex- 
ception being, that the quadratic V. may happen to become an identity, by all 
its coefficients vanishing: but the opposite inequality (to VI. and IX.) can 
never hold good, that is to say, the roots of that quadratic can never be 
imaginary, when @ is thus se//-conjugate. 

(3.) On the other hand, when y is actual, or ¢’p not generally = go, the 
condition X. of rectangularity can only accidentally be satisfied, namely by 
the given or fixed line y happening to be in the assumed plane of p, v; 
and when the ¢evo directions of p are thus not rectangular, or when the scalar 
Syuv does not vanish, we have only to suppose that the square of this scalar 
becomes J/arge enough, in order to render (by IX.) those directions coincident, 
or wmaginary. 

(4.) When ¢’= ¢, or y = 0, we may take yw and »v for the two rectangular 
directions of p, or may reduce the quadratic to the very simple form yz = 0 ; 
but, for this purpose, we must establish the relations, 


D. aan Sugv = Svgu = 0. 


(5.) And if, at the same time, X satisfies the equation III., so that A || A, 
we shall have these other scalar equations, 


D6 Be te Suga = Svgd = SAgu = SAgv ; 
whence 


gm || Ved || uy, and gv || VAp I v, 
XIII... 0=VAgd = Vudu = Voor 3 


A, , v thus forming (as above stated) a system, of three real and rectangular 
roots, of that vector equation IIT. 

(6.) But in general, if III. be satisfied by even two real and distinet 
directions of p, the scalar and cubic equation I/ = 0 can have no imaginary 
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root; for if those two directions give two unequal but real and scalar values, 
ce, and ¢, for the quotient — dp: p, then ¢ and ¢ are two real roots of the cubic, 
of which therefore the third root is also real; and if, on the other hand, the 
two directions p; and p, give one common real and scalar value, such as ¢,, for 
that quotient, then ¢p =- cp, or Pip = (6 + &)p = 0, for every line in the plane 
of pi, p2; so that do must be of the form, — cp + PSp.p2p, and the cudie will 
have at least two equal roots, since it will take the form, 


ATY...0=(e- ¢,)" (c mt G5 Sp:p2(3), 


as is easily shown from principles and formule already established. 

(7.) It is then proved anew, that the equation I = 0 has a// its roots real, 
if ~’p = ¢p; and therefore that the equation I, = 0 (as above stated) can 
never have an imaginary root. : 

(8.) And we see, at the same time, how the scalar cubic M=0 might 
have been deduced from the symbolical cubic 350, I., or from the equation 
801, I., as the condition for the vector equation III. being satisfied by any 
actual p; namely by observing that if ¢p =—- cp, then ¢’p = ¢’p, ¢°p = — ep, 
&e., and therefore Mp = 0, in which p, by supposition, is different from zero. 

(9.) Finally, as regards the case* of indetermination, above alluded to, when 
the quadratic V. fails to assign any definite values to y:2, or any definite 
directions in the given plane to p, this case is evidently distinguished by the 
condition, 


XV... Sugdpu = Sv¢r, 


in combination with the equations XI. 

306. The existence of the Symbolic and Cubic Equation (3850), which is 
satisfied by the linear and vector symbol 4, suggests a Theoremt of Geometrical 
Deformation, which may be thus enunciated :— 

“Tf, by any given Mode, or Law, of Linear Derivation, of the kind above 
denoted by the symbol ¢, we pass from any assumed Vector p to a Series of 
Successively Derived Vectors, pi, pry psy. - + OF b'py $'p; P'p, » +3 and Uf, by con- 
structing a Parallelepiped, we decompose any Line of this Series, such as ps, into 
three partial or component lines, mp, — mp1, mp2, in the Directions of the three 


* It will be found that this ease corresponds to the circular sections of a surface of the second order ; 
while the less particular case in which $’p = gp, but not Sup = Svov, so that the two directions of p 
are determined, real, and rectangular, corresponds to the axes of a non-circular section of such a surface. 

+ This theorem was stated, nearly in the same way, in page 568 of the Lectures; and the problem 
of inversion of a linear and vector function was treated, in the few preceding pages (559, &c.), though 
with somewhat less of completeness and perhaps of simplicity than in the present Section, and with a 


526 ; ELEMENTS OF QUATERNIONS. [ III. 1. § 6. 


which precede it, as here of p, pi, p23 then the Three Scalar Coefficients, m, 
—m, m’, or the Three Ratios which these three Components of the Fourth Line 
ps bear to the Three Preceding Lines of the Series, will depend only on the given 
Mode or Law of Derivation, and will be entirely independent of the assumed 
Length and Direction of the Initial Vector.” 

(1.) As an EHxampile of such successive Derivation, let us take the aw, 


I... pi= gp =-VPpy, p2= 9p =-VBpry, &e., 
which answers to the construction in 305, (1.), &c., when we suppose that 


(and y are wnit-lines. Treating them at first as any two given vectors, our 
general method conducts to the equation, 


PE: we Ps = mp ad mM’ pr + Mm” pay 
with the following values of the coefficients, 


IIl...m=— P*ySpy, m’=- Py’, m”=S8By; 


as may be seen, without any new calculation, by merely changing g, A, and p, 
in 804, XX XIII., to 0, B, and -y. 
(2.) Supposing next, for comparison with 305, that 


IN Go tO a el and Spy =-4 


so that 6, y are unit lines, and 7 is the cosine of their inclination to each 
other, the values III. become, 


slightly different notation. The general form of such a function which was there adopted may now 
be thus expressed : 
gp = =BSap+Vrp, 7 being a given quaternion ; 


the resulting value of m was found to be (page 561), 


m = 3Saa’a’’SB"B'B + S38 (rVaa'’.VB'B) + SrsSaBr — SSarSpér + SrTr?; 
and the auxiliary function which we now denote by y was, 
moo = po = SVaa'Sp’Bo + SV. aV(VBo.%) + (VorSr —VrSor) ; 


where the sum of the two last terms of Yo might have been written as orSr—rSor. A student might 
find it an useful exercise, to prove the correctness of these expressions by the principles of the present 
Section. One way of doing so would be, to treat 8Sap and » as respectively equal to gop + Vyp and 
e+e; which would transform m and Wo, as above written, into the following, 


My —S(y + €) (do +e) (yt+e), and Yoo — (y+) S(y+ €)o+ Vo(go + ¢) (y + €)5 


that is, into the new values which the M and Yo of the Section assume, when &p takes the new value, 
fp = (po t+ c)p + V(y + e)p. 
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and the equation II., connecting four successive lines of the series, takes the 


form, 
oy bec, - ps = Ip + pi — lpr OTe VL le . P3 — pi =— U(o2-- p) 3 


a result which agrees with 805, (2.), since we there found that if p = op, &c., 
the interval PyP,; was = — 71 x PP». 

(3.) And as regards the énversion of a linear and vector function (847), or 
the return from any one line p, of such a series to the line p which precedes it, 
our general method gives, for the example I., by 354, (12.), 


VIII. . . do. = 38 (Bye: + piBy)y; 


Pe," + ypry” 
IX. ..p =¢7p = mop, = - : 
p= pi vp: By + 7B 


and 


a result which it is easy to verify and to interpret, on principles already 
explained. 

357. We are now prepared to assign some new and general Forms, to 
which the Linear and Vector Function (with real constants) of a variable 
vector can be brought, without assuming its self-conjugation ; one of the 
simplest of which forms is the following, 


A cute pp = Va + VApp; with ee ons Yo = g =f ie 


go being here a real and constant quaternion, and Xr, w two real and constant 
vectors, which can adi be definitely assigned, when the particular form of @ is 
given: except that A and mw may be interchanged (by 295, VII.), and that 
either may be multiplied by any scalar, if the other be divided by the same. 
It will follow that the scalar, quadratic, and homogeneous function of a vector, 
denoted by Sp¢p, can always be thus expressed : 


II. . . Sppp = gp’ + Srpup ; 
or thus, 


IT’... Spg¢p = gp? + 2ApSup, if g’=g9 -SAp; 


a general and (as above remarked) definite transformation, which is found to 
be one of great utility in the theory of Surfaces* of the Second Order. 

(1.) Attending first to the case of se/f-conjugate functions gp, from 
which we can pass to the general case by merely adding the term Vyp, and 


* In the theory of such surfaces, the two constant and real vectors, A and mw, have the directions 
of what are called the cyclic normals. 
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supposing (in virtue of what precedes) that aja,a; aré three real and rectan- 
gular vector-units, and ¢,c.c; three real scalars (the roots of the cubic I/, = 0), 
such that ; 

III... dias = (fo + G:)a1 = 0, rae = (ho + C2)az = 0,  daag = (po + C3)as = 0, 


we may write 
1 A eae |) (a,Saip + a,Sa2p ae a;Sazp), 
and therefore 
ae gop = C,a,Saip + C2a9a2p + C3039a30 ; 
so that 
(ee = (C2 _ C:)a,Sa.0 + (¢s - C1) a;Sa30, 


VoL cite es = (¢s = C2) a39.a30 ak (e os C2)a,Saip, 
3p = (1 ras ¢3)a,Saip + (C2 fot C3)a2S.a2p, 


the binomial forms of 1, $2, 3 being thus put in evidence. 
(2.) We have thus the general but scalar expressions : 


VII... — p? = (Saip)? + (Sazp)? + (Sasp)? ; 


Rig GB bere Spdp = Spdop = (C, (Saip)? + €2(Sazp)? + ¢3(Sazp)” 
=— Cp" + (¢2 - 1) (Saze)* + (¢s — ¢) (Sasp)? 
op Baas a) Cao) 
=— ¢3p" — (¢3 — ¢:) (Saip)? — (¢3 — ¢2) (Sazp)” : 


in which it is in general permitted to assume that 
RG a OP Ne an eg ee eC ee 


e and ¢ being veal scalars, and the numerical coefficients being introduced for 


a motive of convenience which will presently appear. 
(3.) Comparing the last but one of the expressions VIII. with II’., we 


see that we may bring Sp¢p to the proposed form II., by assuming, 
XI...AX=ea + a3, w=-ent+ea, g=SrAu- G =—- 4(e1 + 6G), 


because SA = e? — €? = 2 — 3(G; + C3). 
(4.) But in general (comp. 349, (4.)) we cannot have, for a// values of p, 


XII... Sp¢p =Sp¢'p, unless XIII... pp = op, 


that is, unless the se/f-conjugate parts of @ and ¢ be equal; we can therefore 
infer from IT. that ¢.p = gp + VApu, because VApy = VupaA = its own conju- 
gate; and thus the transformation I. is proved to be possible, and real. 
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(5.) Accordingly, with the values XI. of A, uw, g, the expression, 


XIV... ¢ = gp + VApu = p(y — SAu) + ASup + uSAp, 
becomes, 
Ves gop = — 2p + (eas = €a;) S(eas a €a;)p F (e’a; = €a1) S(éas +5 €ai)p 
ae 2e*a,Saip a 2ea;Sasp ; 


which agrees, by X., with VI. 

(6.) Conversely if g, A, and w be constants such that $,0 = go + VApp, then 
b VAu = 9 Vip, where g’ = g — Sdn, as before; hence — gy’ must be one of the 
three roots ¢, ¢2, ¢; of the cubic M, = 0, and the normal to the plane of A, pu 
must have one of the three directions of a, a2, a;; if then we assume, on trial, 
that this plane is that of a, a;, and write accordingly, 


XVI...A=aa+a@a;, w= ba, + b’ax, gd. = ASup + uSAp, 


we are, by VI., to seek for scalars aa’bd’ which shall satisfy the three con- 


ditions, 
VEL, ore 2ab = (, — Cry 2a’ b’ = (3 — Cry ab’ + ba’ ae 0 2 


but these give 
XVIII. . . (2a6’)? = (2ba’)* = (c, - &) (2 - a), 


so that if the transformation is to be a rea/ one, we must suppose that c, - 
and c; — ¢, are either both positive, as in IX., or else both negative ; or in other 
words, we must so arrange the three real roots of the cubic, that c. may be 
(algebraically) intermediate in value between the other two. Adopting then 
the order TX., with the values X., we satisfy the conditions XVII. by sup- 


posing that 
RE 6 a OS ee 


and are thus led back from XVI. to the expressions XI., as the only real ones 
for A, uw, and g which render possible the transformations i. and II.; except 
that A and yw may be interchanged, &e., as betore. 

(7.) We see, however, that in an imaginary sense there exist two other 
solutions of the problem, to transform gp and Sp¢p as above; for if we retain 
the order IX., and equate g’ in II’. to either — c, or —¢3, we may in each case 
conceive the corresponding swm of two squares in VIII. as being the product of 
two imaginary but linear factors; the planes of the two imaginary pairs of 
vectors which result being rea/, and perpendicular respectively to a, and ay. 
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(8.) And if the real expression XIV. for op be given, and it be required 
to pass from it to the expression V., with the order of inequality IX., the 
investigation in 354, (12.) enables us at once to establish the formule : 


D:D. 4 =-g9—-Tdp, G=—-g + Srp, ¢,3=-g9+TrAp; 
RXI a = UAT = g0n),. a= UVa as UAT TEN. 


in which however it is permitted to change the sign of any one of the three 
vector units. Accordingly the expressions XI. give, 


TAu + SAu = 28 =@-—a, TrAw- SdAu = 2c? =e,-@, SAw=9 +e; 
TA = Tu, A-w=2en, VAu=— 2ee’asai = F 2ee'a,, A+ p = 2e’a. 
(9.) We have also the two identical transformations, 
XXIT... SApup = p*TAu + {(SAup)? + (SApT yw + SupTA)?} (TAu - Srp), 
XXITI.. . SApup = - p’TApu — {(SApp)? + (SApT yu - SupTA)*} (TAu + Sap, 


which hold good for any three vectors, X, u, p, and may (among other ways) 
be deduced, through the expressions XX. and XXI., from II. and VIII. 
(10.) Finally, as regards the expressions VI. for dip, &c., if we denote 
the corresponding forms of Jo by dip, &c., we have (comp. 354, (15.) ) these 
other expressions, which are as usual (comp. 351, &e.) of monomial form : 


“Lip = dapsp = (@ — G1) (4 — ¢s)aSanp 5 
XXIV. . .4 dep = dship = (63 — C2) (C2 — Cr)aSazp 5 
Pop = dipsxp = (C1 — C3) (¢3 — 2)aSasp 5 


and which verify the relations 354, XLI., and several other parts of the 
whole foregoing theory. 

308. The general linear and vector function pp of a vector has been seen 
(347, (1.)) to contain, at least implicitly, nine scalar constants ; and accordingly 
the expression 357, I. involves that number, namely four in the term Vqp, on 
account of the constant guaternion go, and five in the other term VApp, each of 
the two untt-vectors, UX and Up, counting as two scalars, and the tensor Try 
as one more. But a self-conjugate linear and vector function, or the se/f-conju- 
gate part dp of the general function gp, involves only siz scalar constants ; 
either because ¢hree disappear with the term Vyp of ¢p3 or because the 
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condition of self-conjugation, 2VBa =2y=0 (comp. 349, XXIT. and 353, 
XXXVI.), which arises when we take for ¢p the form 2(Sap (347, XXXT.), 
is equivalent to a system of three scalar equations, connecting the nine constants. 
And for the same reason the general quadratic but scalar function, Spdp, 
involves in like manner only stv scalar constants. Accordingly there enter 
only six such constants into the expressions 357, IT., II’., V., VIII, XIV. ; 
C1, Cs) 3, for instance, being three such, and the rectangular unit system 
ai, a2, a; answering to three others. The following other general transformations 
of Spgp and gp, although not quite so simple as 357, II. and XIV., involve 
the same number (six) of scalar constants, and deserve to be briefly considered : 
namely the forms, 


I... Spgp = a(Vap)? + 4 (8p)? ; 
II... gop = — aaVap + bBSPo ; 


in which a, b are two real scalars, and a, (3 are two real unit-vectors. We 
shall merely set down the leading formule, leaving the reader to supply the 
analysis, which at this stage he cannot find difficult. 

(1.) In accomplishing the reduction of the expressions, 


Spdp = ¢:(Saip)? + ¢2(Sazp)*? + ¢s(Sasp)*, 307, VIII. 
and 
gop = Ca, Saip ae (20,9029 5 C3a;9a3p, Bl; V.., 


to these new forms I. and II., it is found that, if the result is to be a veal one, 
—a must be that root of the scalar cubic I, = 0, the reciprocal of which is 
algebraically intermediate, between the reciprocals of the other two. It is 
therefore convenient here to assume this new condition, respecting the order of 
the inequalities, 

Tee oe > Gee 


which will indeed coincide with the arrangement 357, IX., if the three roots 
C1y C25 C3, be all positive, but will be incompatible with it in every other case. 

(2.) This being laid down (or even, if we choose, the opposite order being 
taken), the (real) values of a, 0, a, (3 may be thus expressed : 


; : V...a= aa; + Sa3, B = 2a, + % ay 5 
in which 


VI ae Pages ae Cut a ef" me . j 
* e @ wv — a a =] 2 aa iy ere 9 
Cy C3 Cy C3 


3Y 2 
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nig Geos es = 5 b(ax’ + 22’) = — DSaf3 = (say) 0’ 


a 
WIL... hescejabac'e +o: IX...¢7 +9 =e? ty =1; 
X... bas’ = e978; 
XI... ca? + 2? = c16, 63 = 00" = b(SaB)*, ce, = — ab(Sa3)’ ;s 
XII... UB =—- bPSaB = cai + c;8a;; Ke. 
(3.) And there result the transformations : 
XIII. . . p:0 = (1 — ¢2:)a:Saip + (¢3 — )asSasp 


= — ((va, + a3) S(way + 8as)p + — (veya + 8343) S(aweya, + &C3a3) p 3 
1%3 


aD eae pop = CaiSaip a C2029.a2p + ¢3a;9a3p 


C: 
= ¢,(va, + saz) V(wai + 8a3)p + =a (7c,a; + 2Csa3) S(we,a; + SCsa3)p 5 
1%3 


KN: ee Sp¢p oi aay ¢2(V(rai ae a3)p)* + — (S(weia, on C33) p)” 3 


1¢3 


which last, 7f cc; be positive, gives this other real form, 
XVI... Spgp = — N {S(xea, + 2¢3a3)0 + (C¢3)4 V(vai + 2a3)p}; 
1% 


« and 2’ being determined by the expressions VI. 

(4.) Those expressions allow us to change the sign of s:#, and thereby to 
determine a second pair of real unit lines, a’ and (3’, which may be substituted 
for a and 3 in the forms I. and II1.; the order of inequalities III. (or the 
opposite order), and the values IV. of a and d, remaining unchanged. We 
have therefore the double transformations : 


XVII. . . Sopp = - (Vap)? + (61 ~ e2 + &) (Sp)? = - (Va'p)* 
+ (¢, — C, + ¢s) (SP'p)’ 5 
RVI. «+ Gop = c,a Vap + (G — €, + C3) BSB = cna’ Va'p 3g (G mac Pas ¢3) BSP'p. 


(5.) If either of the two connected forms I. and II. had been given, we 
might have proposed to deduce from it the values of ¢,¢2¢3, and of aja,a;, by 
the general method of this Section. We should thus have had the cubic, 


XIX. ..0= My = (¢ + a) {ce + (a — b)e — ab(Sap3)’}; 
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and because the quadratic (c + a)", = 0 may be thus written, 

XX... (c1 + a1)? (Saf3)? — (e1 + a) (a8. (a)? + 5") + a*(Vaf3) = 0, 
it gives two real values of c+ a", one positive and the other negative; if 
then we arrange the reciprocals of the three roots of J/, = 0 in the order III., 
we have the expressions, 
¢, = 3(b - a) + gab /(a? + 2a°D 8. (a)? + 07%); GQ =- a4; 


( 
9.0.4 Re 
le = 3(b - a) — gab of (a* + 2a 08. (a3)? + b°) ; 


the signs of the radical being determined by the condition that (c, - ¢;) : ab'‘SaB)? 
=¢c;'-c;*>0. Accordingly these expressions for the roots agree evidently 
with the former results, IV. and XI., because S. (a3)? = 2(Sa(3)? - 1. 

(6.) The roots c,, c, cs being thus known, the same general method gives 
for the directions of a, az, a3 the versors of the following expressions (or of 
their negatives) : 


dip = acs* (ea + bBSaP) S(csa + bBSal3)o ; 
XXIT. . .1 0 = abVaBS8Bap ; 


Psp = dey *(c,a + bBSaB) S(e,a + bB8a)p ; 

of which the monomial forms may again be noted, and which give, 
XXIV’... a = +U (ea + BB8aB), a,=+ UVa, a; = +U(cqa + bBSaf3). 
(7.) Accordingly the expressions in (2.) give (if we suppose a;a, = + a2), 


oS. BE ae - C3a + bBSaf3 = (¢s = C1) ay, Vaf = (a's a, x2’) Q2, Gat bBSafB 


= (¢, — ¢3)8as ; 


and as an additional verification of the consistency of the various parts of this 
whole theory, it may be observed (comp. 857, XXIYV.), that 


XXIV. oo. acs" (¢sa + bBSaf3)? = (C2 =o ¢;) ( th C3) ab(Vaj3)’ 
= (C3 — &) (@ -—G), -— ae (cat bBSaPB)’ = (¢: — ¢s) (cs — @). 


(8.) As regards the second transformations, XVII. and XVIIL., it is easy 
to prove that we may write, 


XXYV. «a (¢; - C:)a’ = bBaf3 — da, (¢3 = ¢)(3" ai aaBa a bp, 
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XXVI...- (e - 4)? = (0B a3 - aa)*® = (aaa — bf)’; 
so that we have the following equation, 
XXVII. . . (a(Vap)* + 4(SBp)) (@ + 2abS. (as)? + 8?) 
= a(V (bBaf3 - aa)p)’ + b(S(aaBa — bf)p)’, 


which is true for any vector p, any two unit lines a, (3, and any two scalars a, b. 

(9.) Accordingly it is evident from (4.), that ai, a; must be the bisectors 
of the angles made by a, a’, and also of those made by B, (’; and the 
expressions X XY. may be thus written (because b — a = ¢ + ¢3), 


DOO V ELE ee (Cs ie C)a’ = (C3 at Cia 7 2bBSap, (cy a: ¢3)(3” = (¢ E ¢3)3 = 2aaSaf3 3 
whence, by XXIII., we may write, 
XXIX...a+a = 24a, a—a’ = 220;; 


so that a, bisects the internal angle, and a; the external angle, of the lines a, a’. 
(10.) At the same time we have these other expressions, 


XXX... (¢:- 6) (B+ PB’) = 2648 -—aa8aB), (ce; - ce) (B — B’) = 2(¢s8 - aaSaj3) ; 
which can easily be reduced to the simple forms, 
RAAT SO =r a fo — cn Os 


with the recent meanings of the coefficients a’ and 3’. 
(11.) And although, for the sake of obtaining real transformations, we 
have supposed (comp. III.) that 


AXA we (ers 677) (G7 — Ge) 0) 


because the assumed relation a = wa; + ga; between the three unit vectors 
aaias, whereof the two latter are rectangular, gives 2? + 2’ = 1, as in IX., so 
that each of the two expressions VI. involves the other, and their comparison 
gives the ratio, 7 


AAXIIL . oa? 2? = (e,1 = G7") (er! — es), 
yet we see that, without this inequality XXXII. existing, the foregoing 


transformations hold good in an imaginary (or merely symbolical) sense: so 
that we may say, in general, that the functions Sp¢p and ¢,p can be brought 


Arts. 358, 359.] PASSAGE FROM CYCLIC TO FOCAL FORMS. 535 


to the forms I. and IT. in six distinct ways, whereof two are real, and the four 


others are imaginary. 
(12.) It may be added that the first equation XXII. admits of being 
replaced by the following, 


RRKIV | hip —— bee aabaG) S(cB = ausaple, 


with a corresponding form for y,9; and that thus, instead of XXII’., we are 
at liberty to write the expressions, 


XXXYV... a: = U(4 - aaSaf3), a,=UVa3, a; = U(e(3 - aaSaf), 


for the rectangular unit system, deduced from I. or II. 
359. If we call, as we naturally may, the expressions 


E; sas op = C,aiSaip 36 C2,a28.a2p a C3A39A3p, 307, Nosy 
A as Spdp = e,(Saip)? + €2(Sazp)’ + ¢3(Sazp)’, 307, VAiTk. 


and 


the Rectangular Transformations of the Functions ¢,p and Spdp, then by 
another geometrical analogy, which will be seen when we come to speak 
briefly of the theory of Surfaces of the Second Order, we may call the 
expressions, 


III... $0 = gp + Vipp, 307, XLV., 
and 
IV... Sepp = gp* + SApup, aor; iiss 


the Cycle* Transformations of the same two functions; and may say that the 
two other and more recent expressions, 


bare gop = - aaVap - bBSBp, 358, IT., 
and 


VI... Spdp = a(Vap)? + b(8Bp)’, 358, I., 


are Kocalt+ Transformations of the same. We have already shown (357) how 
to exchange rectangular forms with cyclic ones; and also (358) how to pass 
from rectangular expressions to focal ones, and reciprocally : but it may be 
worth while to consider briefly the mutual relations which exist, between 
cyclic and focal expressions, and the modes of passing from either to the other. 


* Compare the Note to Art. 357. 
¢ It will be found that the two real vectors a, a’, of 358, are the two real focal lines of the real or 
wnaginary cone, which is asymptotic to the surface of the second order, Sppp = const. 
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(1.) To pass from IV. to VI., or from the cyclic to the focal form, we 
may first accomplish the rectangular transformation II., with the values 357, 
XX., and XXL, of «4, ¢, ¢3, and of a, a2, a3, the order of inequality being 
assumed to be 


Vie, = Ce Cee as in 857, IX.; 
and then shall have (comp. 358, XV.) the following expressions : 


VIII. . . 4Spgp = (S. p(e8(UA — Up) + e2(UA + Un) )}? 
~ {V. p(c.2(UA + Up) + 04(UA - Un) )}?; 


VIII’. . . 48pgp = - (8. p((— e1)® (UA - Un) + (— 63)* (UA + Un))}? 
+ (V. p((- e)* (UA + Up) + (- ¢3)* (UA - Uy))}? 


TX. . . (¢: — &)’ Spgp = {[V. p(s? Vaw + (— e)* (ATs + wTA))}? 
+{S.p((- ¢,)? VAp - C3" (AT + wTA))}?; 


Keo) Sooo (Vie oy Var eo Ole = cP 
—{S. o(- 2 VAu + (—«)* (AT - wTX))}? 5 


in which it is to be remembered that (by 357, XX..), 
XI...q=-g-TrAp, @=-g+Srdu, eg =-g+Trp; 


and of which al/ are symbolically true, or give (as in LY.) the real value 
ge’ + SApup for Spdp, if g, r, uw, p be real. And in this symbolical sense, 
although they have been written down as four, they only count as three 
distinct focal transformations, of a given and real cyclic form; because the 
expression VIII’. is an immediate consequence of VIII.; and other formule 
IX’. and X’. might in like manner be at once derived from IX. and X. 

(2.) But if we wish to confine ourselves to real focal forms, there are then 
four cases to be considered, in each of which some one of the four equations 
Wile Vil. th xX is t6 be adopted, to the exclusion of the other three. 
Thus, if 

XII. ..¢>¢>¢,>0, and therefore ¢>c¢,!>¢;1>0, 
the form VIII. is the only real one. If 
Be es SOS 0 oy i ee c:7, then X. is the real form. 


If AIV...43>0>4>e, G1>03¢7 > 2,7, the only real form is IX. 
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Finally if RV. 0 ta st Go 64 20 See at Ce, 


that is, if a// the roots of the cubic I/, = 0 be negative, then VIII’. is the form 
to be adopted, under the same condition of reality. 

(3.) When ail the roots ¢ are positive, or in the case when VIII. is the 
real focal form, the unit lines a, (3 in VI. may be thus expressed : 


a= ¥(2) (UX - Uy) + 42) (UA + Un) s 
MV 


C1\2 


2 
B= ¥(3) (OA - Up) + 4(F) (WA + Ua) 
with b=, — ¢ + cs as before (358, LYV.). 


(4.) In the same case VIII., the expressions for 4So¢p may he written 
(comp. 358, X VI.) under either of these two other real forms : 


XVIL .. 48pgo'= Niet + ef) p.UA + (Gf — of) Up. p)i 
XVII’... 4Sp¢o = N{ (cs? + 2) UA. p + (62 — c:*) p - Up}; 
so that if we write, for abridgment, 
XVIII...) =43(e2 + e4)UA, x. = 3 (e# — c.2) Up, 
we shall have, briefly, 
XIX. . . Sodp = N(i0 + pro) = N(ot + Kop). 


(5.) Or we may make 


ie 


dO. Os 4 (e* NS e3*)UA, ae 3 (ey? Ns es *)Un, whence «- 2 =e," 


? 


and shall then have the transformation, 


MOE kag Ne 
mage | 


which may be compared with the equation 281, X XIX. of the e/lipsoid, and 
for the reality of which form, or of its two vector constants, 1, x, it is necessary 
that the roots ¢ of the cubic should all be positive as above. — 

(6.) It was lately shown (in 358, (8.), &c.) how to pass from a given and 
real focal form to a second of the same kind, with its new real unit lines a’, (3’ 
in the same plane as the two old or given lines, a, [3; but we have not yet 
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shown how to pass from a focal form to a cyclic one, although the converse 
passage has been recently discussed. Let us then now suppose that the form 
VI. is real and given, or that the two scalar constants a, 6, and the two unit 
vectors a, 3, have real and given values; and let us seek to reduce this 
expression VI. to the earlier form IY. 

(7.) We might, for this purpose, begin by assuming that 


We art, eo te OS oot ule 


which would give the expressions 858, XXI. and XXII, for e,c.c; and ayaras, 
and so would supply the rectangular transformation, from which we could pass, 
as before, to the cyclic one. 

(8.) But to vary a little the analysis, let us now suppose that the given 
focal form is some one of the four following (comp. (1.)) : 


Oe EE. ve Sp¢p = (SB,e)? — (Vayp)? ; ie. HB heres Spdp = (Va,p)° — (S,p)? ; 
XXIV... Sppp = (8P,p)* + (Vap)?; XXIV’. . . Sopp =-(Vayp)*— (88.p)’5 


in each of which a, and 2, are conceived to be given and real vectors, but not 
generally unit dines; and which are in fact the four cases included under the 
general form, a(Vap)* + b(SPp)’, according as the scalars a and b are positive 
or negative. It will be sufficient to consider the two cases, XXIII. and 
XXIV., from which the two others will follow at once. 


(9.) For the case XXIII. we easily derive the real cyclic transformation, 


XXYV... Sopp = (SB,p)? — (Saop}? + a,’p” 
en S(B, 5 a))p.S (Bo if ty} + agp" 
= gp’ + SApup = (g — SAu)p? + 28AuSup, 


KXVI...rA=Py +m, w=F(Bo—a), 9g = F(a. + B,”) 


where 


and the equations 357, (9.) enable us to pass thence to the two imaginary 
cyche forms. 
(10.) Kor example, if the proposed function be (comp. XIX.), 


DO. G13 8 Roe Sp¢p = N (tp at: PK) = (S(i, ge Ky)p)” = (V(t i Ko)p)”s 
we may write 


2% 
Gy = by Koy go = ty + Kop AM Qlyy MEK J=Buyit Ky} 
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and the required transformation is (comp. 336, XI.), 
XXVIII... N(top + pro) = (0? + k,7)p? + 2x pnp. 


(11.) To treat the case XXIV. by our general method, we may omit 
for simplicity the subindices ,, and write simply (comp. V. and VI.) the 
expressions, 


1.2.4 Bare pp = - aVap e BSBp, end -- AN Spop = (Vap)’ ae (SBp)’ ; 


in which, however, it is to be observed that a and 3, though real vectors, are 
not now unit lines (8.). Hence, because — aVap = aSap — a’p, we easily form 
the expressions : 


AXXI.. .m = a?(Sef)*, mm’ = a®(a? — 6") — (SaB)?, m= Pp? - 20°; 
Yo = VaPSPap - a’(aVap + BVBp) + a‘e 
D.9.. 0 5 ee = VapPpSaB + a(a’ 721 2°)Sap, 


xp = — (aSap + PSBp) + (B° - a’); 
and therefore 


AXAXXITI... M = (ce - a’) (2 + (GB? - a’)e — (SafB)’), 


and 
XXXIV... Vo = VapBSaB + (6? - a?) (co — aSap) — c(aSap + BSBp) + cp 
= (a(a? ~ * - ¢) + BSaB)Sap + (aSaB - eB)SBp + (c + (B" - a°)e - (Sa)%)p. 
(12.) Introducing then a real and positive scalar constant, 1, such that 
XXXY... 7! = (a’ - PB")? + 4(Saf3)? = (a? + B’)? + 4(Vas)’ 
=a’ + (a3)? + (Ba)? + Bt = at + 28. (afd)? + [3 
=a*(a’ + Pa)’ = B°(B* + aa)’ = &e., 
in which (by 199, &c.), 
S . (af3)’ = (Saf3)’ + (Vaj3)* = 2(Saf3)* — a®B* = 2(Vafs)’ + a’p?, 
the roots of If = 0 admit of being expressed as follows: 
AXXVI.. -a =e -P' +7), G=a’, = 3a —-f*-?7); 
and when they are thus arranged, we have the inequalities, 


OVI Laer cy ori s ae ee 
3Z2 
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(13.) The corresponding forms of Vp are the three monomial expressions, 
dip = ¢31 (acs + BSaf3) S(ac; + BSaf3)p, Yo = VaBSBap, 
Wp = ¢r1(aci + BSaf3) S(aci + BSap)p ; 


which may be variously transformed and verified, and give the three follow- 
ing rectangular vector units, 


XXXIX... a, = U(ae; + BSaB), a2=UVaB, a; = U(ac, + BSaf) ; 


>. @. ©, GAGE are 


in connexion with which it is easy to prove that 


T (aes + (3Sa3) = (- C3)2 ( ie C2)% (€ (G mE C3) 2 =7 (Gr a C2)? (— C3), 
Nie a Pas (a - i (Cs — C2); 
\ Tac, + BSafB) = c,3(c3 — C2) (e1 — ¢3)# = 1 (C3 — C2)? c.8 ; 

the radicals being all real, by XX XVII. 

(14.) We have thus, for the given focal form XXX., the rectangular trans- 
Sormation, 

5G Wy eee ae = (Vap)’ + Bee! 
(S(acg e PSaf3)p) c,(Sa3p)? ¢;(S(ac, + BSaf3) p)” 


=a C3(C aE C2)” LG or C2) (¢3 = pig ci (C3 = C2) Y" 


) 


or briefly, 
XLII. . . Sop = (Vap)’ nied = ¢(S.pU(acs + BSaf3)p)* 
a?(S.pU Vas)? + 6(8 . pU (ac, + BSaf3))? 


in which the first term is positive, but the two others are negative, and ¢, ¢; 
are the roots of the quadratic, 


XLII... 0 = 0 + (8? - a’)e — (Saf). 
(15.) We have also the parallelisms, 
XLIV. .. acs + BSaf3 || Be: — aSaB, acy + BSaj3 || Bes - aSaf, 


because 
CC; = — (Saf)? ; 
and may therefore write, 
EVE Spdp = (Vap)? + (SBp) = ¢(S. pU(Be - aSaj3) )? 
+a(S. pU Va)’ +6,(S. pU (Pes a aSa[3))? ; 
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while 
VL outs T (Ba ae aSaf3) = rer? (ey os C2), T (Bes = aSaf3) =?7 (- C3)% (¢3 ae C2)%, 
and 7 = (¢, — ¢,)#, with real radicals as before. 
(16.) Multiplying then by 7°(TVaj3)’, or by (¢, — ez) (4 — ¢s) (¢s — ¢2), we 
obtain this new equation, 
XLVII. .. (e ~ ¢) {(T Va)’ ((Vap)? + (SBp)?) — a?(SaBp)?} 
= (¢, — a’) (SB — SaBSap)’ - (ce — a’) (e,8Bp - aSaB) ; 
which is only another way of expressing the same rectangular transformation 
as before, but has the advantage of being freed from divisors. 
(17.) Developing the second member of XLVII., and dividing by ¢, - ¢,, 
we obtain this new transformation : 
XLVIII. .. (TVaps)*Se¢p = = (Va3)? ((Vap)? + (SBp)’) 
= «*(Sap)* - (SaB)* (Sap}? + 2a’SaBSapSBp + C(SBp)’ 
in which we have written for abridgment, 
D. 4 Bi BE at C = €\C3 — a’(¢ =F C3). 
(18.) The expressions XXXVI. for ¢,, ¢; give thus, 
tor CO =— a4 (Vag. 


and accordingly, when this value is substituted for C in XLVIIL., that 
equation becomes an identity, or holds good for all values of the three vectors, 
a, 2, p; as may be proved* in various ways. 

(19.) Admitting this result, we see that for the mere establishment of 
the equation XLVIL., it is not necessary that ¢, and c, should be roots of the 
particular quadratic XLII. It is sufficient, for ¢iis purpose, that they 
should be roots of any quadratic, 


LI...¢+ Ac+B=0, with the relation LII... Aa? + B+a‘+(VaG)? = 0, 


between its coefficients. But when we combine with this the condition of 
rectangularity, a3 L ay, or 


Lilie 0 = Se (a3 - aSa/3) (c3(3 _ aSa/[3) = A(Saf3)’ BE? 7" a*(Sa[3)’, 


* Many such proofs, or verifications, as the one here alluded to, are purposely left, at this stage, 
as exercises, to the student. 
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we obtain thus a second relation, which gives definitely, for the two coefficients, 
the values, 


EVs A=) oe Saas 


and so conducts, in a new way, to the equation XLIII. 

(20.) In this manner, then, we might have been led to perceive the truth 
of the rectangular transformation XLVII., with the quadratic equation 
XLII. of which ¢, and c, are roots, without having previously found the 
cubic XXXIII., of which the quadratic is a factor, and of which the other 
root isc, =a’. But if we had not employed the general method of the present 
Section, which conducted us to form first that cubic equation, there would 
have been nothing to suggest the particular form XLVILI., which could thus 
have only been by some sort of chance arrived at. 

(21.) The values of a,a,a; give also (comp. 357, VII.), 


LY. ..-p? = (8. pU (Be, - aSaf3))? + (S. pUVaB)? + (S. pU(Bes - aSaf3))? ; 
that is, by XL. and XLYVI., 


LVI. . . cres(e1 — es) (p*(Vaf3)’ - (Saf3p)’) = ¢s(¢s - a”) (8B - SaBSap)? 
— ¢,(¢, — a?) (e388 — SaBSap)’ ; 


and accordingly the values XXXVI. of ¢, c,; enable us to express each 
member of this last equation under the common form, — e¢s(: — ¢s) 
(aSp - Sap)’. 

(22.) Comparing the recent inequalities ¢, > cs > ¢; (XX XVII.) with the 
arrangement 857, IX., we see, by 357, (6.), that for the real cyche trans- 
formation (6.) at present sought, the plane of A, wu is to be perpendicular to 
a; (and not to a, as in 857, (3.), &c.). We are therefore to eliminate 
(e383 -— SaBSap)? between the equations XLVII. and LVI., which gives 
(after a few reductions) the real transformation : 


LVII. . . ((Saf3j* ~ 0,8) ( (Wap) + (8Bp}*) ~ (c.~ a) (Sa8)'p* 
= (8B — SeBSap)? — c:(SaBp)? 
=. p(4[3 a aSaf3 oe ¢,*Vaf3) S. (als 2 aSaf3 a ¢*Vaf3) ; 


which is of the kind required. 
(23.) Accordingly it will be found that the following equation, 
LVIII. . . ((Sa/3)? - cB": (Vap)? + (¢ — a?) (e(SBp)? - p*S(a3)’) 
me (cSBp i SaPSap)’ ve c(Sa3p)’, 
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is an identity, or that it holds good for al? values of the scalar c, and of the 
vectors a, 8, p; since, by addition of c(Vaj3)’%p* on both sides, it takes this 
obviously identical form, 


LIX .. ((Saf)? — ¢f3?) (Sap)? + e(¢ — a’) (SBp)? = (CSBp — SaBSap)? 
~ ¢(a8Bp ~ BSap); 
so that if ¢, be ether root of the quadratic XLIIL,, or if c(¢, - a’) = (SafB)? 
— 3, the transformation LYII. is at least symbolically valid: but we must 
take, as above, the positive root of that quadratic for ¢,, if we wish that trans- 
formation to be a vea/ one, as regards the constants which it employs. And 
if we had happened (comp. (20.)) to perceive this dentity LIX., and to see 
its transformation LVIII., we might lave been in that way led to form the 
quadratic XLAII., without having previously formed the cwlie XX XIII. 
(24.) Already, then, we see how to obtain one of the two imaginary cyclic 
transformations of the given focal jorm XXX., namely by changing ¢ to e; in 
LVII.; and the other imaginary transformation is had, on principles before 


explained, by eliminating (SaPp)? between XLVII. and LV1.; a process 
which easily conducts to the equation, 


LX... (Vap)* + (SBp)* + a'p* = (01 ~ e))or"(SBp ~ SeSap) 
— ¢3 (e383 —- SaBSap)*}, 


where the second member is the swm of two squares (c, being > 0, but ¢; < 0), 
as the second expression LYII. would also become, if c, were replaced by cs. 
Accordingly, each member of LX. is equal to (Sap)? + (S6p)’, if a, ¢; be the 
roots of any quadratic LI., with only the one condition, 


LXI. . . ee; = B = —- (Saf)*; 


which however, when combined with the condition of rectangularity LIILI., 
suffices to give also A = (3? — a®?, asin LIV., and so to lead us back to the 
quadratic XLIII., which had been deduced by the general method, as a 
factor of the cubic equation XX XIII. 

(25.) And since the values XXXVI. of ¢,, ce; reduce, as above, the second 
member of LX. to the simple form (Sap)’ + (Sp)’, we may thus, or even 
without employing the roots c,, c; at all, deduce the following expression for 
the last imaginary cyclic transformation : 


LXILI. . . Spgp = (Va)? + (Sp)? = - a’p? + S(a + J—1P)p.S(a - ,[—18)p, 


544 ELEMENTS OF QUATERNIONS. pilici § 6. 


where ,/—1 is the imaginary of algebra (comp. 214, (6.)) ; while the real scalar 
m of XXXYV. may at the same time receive the connected imaginary form, 


LXIII. . . + = (a? - 8’)? + 4(SaB)? = (a + f- 18)? (a - f- 18). 


(26.) Finally, as regards the passage from the given form XXX., to a 
second real focal form (comp. 358, (4.)), or the transformation, 


LXIV. . . (Vap}? + (S8p)* = (Ve'p)* + (S8'p) 


in which a’ and /3’ are real vectors, distinct from +a and + (3, but in the 


same plane with them, it may be sufficient (comp. 358, (8.)), to write down 
the formule : 


LXY...7°a’ = - (a° + Ba), 2° (3’ = — (B* + aa), 


with the same real value of »* as before; so that (by XXXYV., &.) we have 
the relations, 


TOV ies la ea be Sa’ 3’ = SaB ; 
rat+a)=alr-a’ t+ (3°) -- 2BSaf = — 2(acs3 + Sas) || aa, 
(a - a’) = a(r? + a? — 8") + 2B8aB = 2(ae, + BSaf) || as ; 


(7° + 3’) = B(r? + a - 3°) — 2aSafB = 2(Be, — aSaf) || a, 
((g _ (3) = (0? -~a’ + (3°) + 2aSa/3 =— 2 (Bes -- aSa3) [| ag. 
(27.) We have then the identity, 


Tak VE 


150.1408 Be 


LXIX. .. (Va? + Bafs)p)’ + (S(3 + aBa)p)? 
= (a' + 28. (aB)* + 8") ((Vap)? + (8Sp)’) ; 


with which may be combined this other of the same kind, 


LXX. . . - (V(a* ~ Bup8)p)* + (S(B* - aBa)p)* 
= (at — 28 . (a8) + B') (-(Vap)* + (8Bp;/"), 
which enables us to pass from the focal form XXIII, to a second real focal 


form, with its two new lines in the same plane as the two old ones: and it 


may be noted that we can pass from LXIX. to LXX., by changing 
atoa | F220 


Arts. 859, 560.] BIFOCAL AND MIXED TRANSFORMATIONS, 545 


360. Besides the rectangular, cyclic, and focal transformations of Spdp, 
which have been already considered, there are others, although perhaps of 
less importance: but we shall here mention only two of them, as specimens, 
whereof one may be called the Bifocal, and the other the MMived Trans- 
Sormation. 

(1.) The two lines a, a’, of 859, LXY., being called focal lines,* an 
expression which shall introduce them oth may be called on that account a 

bifocal transformation. 

(2.) Retaining then the value 359, XX XY. of 7%, an introducing a new 
auxiliary constant e, which shall satisfy the equation, 


. PB? -a?=7"e, and therefore II... 4(Saf3)? = r*(1 - &), 
so that 
III. . . 4e?(Saj3)? = (1 - e) (0? - a’)’, 


the first equation 359, LXV. gives, 


. (ea - a’) = 28Saf3, V...7°(eSap — Sa’p) = 2aPSBp ; 
and therefore, with the form 359, XXX. of Sp¢p, 


VI... (1 - &)Segp = (1 - &’) ((Vap)’ + (SBp)") 
= (1 - &) (Vap)?’ + (Sap — Sa’p)? 
= (& — l)a’p’? + (Sap)? - 2eSapSa’p + (Sa’p)’; 


in which a? =a”, by 359, LXVI., so that a and a’ may be considered to 
enter symmetrically into this last transformation, which is of the bifocal kind 
above mentioned. 

(3.) For the same reason, the expression last found for Spgdp involves 
again (comp. 358) si scalar constants; namely, e, T'a(= Ta’), and the four 
involved in the two unit lines, Ua, Ud’. 

(4.) In all the foregoing transformations, the scalar and quadratic 
function Sp¢p has been evidently homogeneous, or has been seen to involve no 
terms below the second degree in p. We may however also employ this 
apparently heterogeneous or mixed form, 


Vi Spgp = g (p - e)* + 25A (p - c)Su(p - 4) + @; 


* Compare the Note to Art. 359 [p. 535]. 
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in which g’, A, x have the same significations as in 357, but e, «, Z are three 
new constants, subject to the two conditions of homogeneity, 


Vii: Te: a ASuz a USAT =; 
IX... fe + 2BAZSuZ + ce = 0, 


and 


in order that the expression VII. may admit of reduction to the form, 
D. Garee Sppp = J p° aa 285A pSup, as in 357, IT’. 


(5.) Other general homogeneous transformations of Sp¢p, which are them- 
selves real, although connected with imaginary* cyclic forms (comp. 857, (7.)), 
because a sum of two squares of linear and scalar functions is, in an imaginary 
sense, a product of two such functions, are the two following (comp. 387, (9.)}: 


XI... Sepp = gp? + SApup = gp? + (SArp)? + (Sup)? ; 
XII. . . Sepp = gp* + SApup = gp? — (SAsp)* — (Susp)? s 
in which (comp. 357, (2.) and (8.)), 
ML ogee eg 
| NEV. = VAW(DAe = Sos a OE EN (De Oa 
an 


KV A VAD tS) = AT dN) (De 2 ne 


so that m1, Ai, pn, and gs, As, ps are real, if g, A, w be such. 
(6.) We have therefore the two new mixed transformations following : 


XVI... Sopp = g:(p — 1)? + (SAu(p — 21)? + (Suu(o — 21)? + 1; 
XVII. . . Sppp = gs(p — &)? — (SAs(p - 23))? — (Sus(p — Ss)? + es; 
with these two new pairs of equations, as conditions of homogeneity, 
XVII... gies + ASA + SZ = 0, 
XIX. . . gre? + (SA)? + (SZ)? + 4: = 0, 
XX... Gxt; — AsSTaA3 — wsSZaus = 0, 
XXII... ses — (SZsA3)? — (SusZ;)? + ¢, = 0. 


and 


* a1 44/—1 mi, and Az + WA —1 us, may here be said to be two pairs of imaginary cyclic 
normals, of that real surface of the second order, of which the equation is, as before, Spdp = const. 
Compare the Notes to pages 527, 634. ; 


Arts. 360, 361. | RECIPROCITY OF FORMS. 547 


361. We saw, in the sub-articles to 336, that the differential, dfp, of a 
scalar function of a vector, may in general be expressed under the form, 


I... d/p = nSrdp, 


where v is a derived vector function, of the same variable vector p, and » is a 
scalar coefficient, And we now propose to show, that if 


II. . . fp = Spgp, 


pp still denoting the linear and vector function which has been considered 
in the present Section, and of which gop is still the self-conjugate part, we 
shall have the equation I. with the values, 


TD est) ood, hee 


so that the part ¢,p may thus be deduced from op by operating with 3dS. p, 
and seeking the coefficient of de under the sign 8. in the result: while there 
exist certain general relations of reciprocity (comp. 336, (6.)), between the 


two vectors p and v, which are in this way connected, as linear functions of 
each other. 


(1.) We have here, by the supposed linear form of op, the differential 
equation (comp. 334, VI.), 


LY... ddp — ado, 


also 


S(dp. gp) =S(pp.dp), and S(p. gdp) = S(¢’p- dp) ; 
hence, by 349, XITI., we have, as asserted, 
a are dSp¢p = S(¢p + ¢ p)dp = 28. pop dp. 


(2.) As an example of the employment of this formula, in the deduction 
of gop from ¢p, let us take the expression, 


VI... dp = SP8ap, 347, XXXTI., 
VIL. . . fo = Spg¢p = BSapSHp, 
VIII... d7/p = 28(6Sap + aSBp)dp. 


which gives, 


and therefore 


Comparing this with the general formula, 


Le: 3d fp = Sydp =f. popdp, 


4A2 
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we find that the form VI. of ¢p has for its self-conjugate part, 


XX... v = pop = $2(PSap + aSPp) ; 


and in fact we saw (847, XXXII.) that this form gives, as its conjugate, the 
expression, 


p.@ Rae ¢'p = TaSPop. 


(3.) Supposing now, for simplicity, that the function @¢ is given, or made, 
self-conjugate, by taking (if necessary) the semisum of itself and its own 
conjugate function, we may write @ instead of gq, and shall thus have, 
simply, 

Mase Goy NAL io = yp, . el Va. Of p — soudp: 


whence also (comp. 348, I. IL.), 
RV pee vat dy, and 2)... Sidp = Body: 
(4.) Writing, then, 
XVII... Fv = Svg7v = m Srv, 
we shall have the equations, 
RVI... Py =fo, XIX... div = 28pdp = 28.9 yd: 


so that p may be deduced from Fv, as v was deduced from fo; and generally, as 
above stated, there exists a perfect reciprocity of relations, between the vectors 
p and v, and also between their scalar functions, fo and Lv. 

(5.) As regards the deduction, or derivation, of v from fp, and of p from 
Fy, it may occasionally be convenient to denote it thus :* 


XX... v=4(S.dp) "df; RX. pa aS -Gn-aky - 


* [Hamilton suggested the notation q = (S.dp)-!d in page 291 of a paper published in the ‘‘Pro- 
ceedings of the Royal Irish Academy,” vol. iii. On the same page he introduced the ‘‘ more general 
characteristic of operation, 

Oe ie Pe | k oo 

a Fe dy + ae = <d, 
in which w, y, and z are ordinary rectangular coordinates,’’ while i, 7, and # are unit vectors parallel 
to the coordinate axes. More recently < has been printed vy, and in accordance with the notation for 
partial differentiation used in the ‘‘ Elements”? vy =iDz+jDy+ Dz. Now if p=ix+ yy + ke, for 
any system of rectangular axes, 


dfp = (daDz + dyD, + dzDz)fp = — Sdpv. Jp. 


Comparing this with dfp = nSvdp, it is evident, as dp may have any direction whatever, that the 
equation my =— Vv. f(p) must be true. Hence it may be inferred that v is independent of any 
particular set of coordinate axes. ] 
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in fact, these last may be considered as only symbolical transformations of the 
expressions, 


MOL odio = 28(do. we Gi Onde p), 


which follow immediately from XIV. and XIX. 

(6.) As an example of the passage from an expression such as fp, to an 
equal expression of the reciprocal form Fv, let us resume the cyclic form 357, II., 
writing thus, 

XXIII. . . Ao = Spdp = gp? + Srpup, 


and supposing that g, A, and ware real. Here, by what has been already 
shown (in sub-articles to 354 and 357), if gp be supposed self-conjugate, as 


in (3.), we have, 
- XXIV. ..v=¢p=gp + VApp; 


XXV... m= (g -—SAp) (9? — Au”) = — C1€203 5 


XXVI... dv = VAvpSdAp — VApSAvp - g(ASuv + wSdAv) + g’v 5* 
and therefore 
XXVIII... mFv = Sv 
= SAvuvSAu + (SAvp)? 29gSAvSuv + ov 
= (9? - Nu’)? + A*(Suv)? + w (Srv)? — 2gSrAv8pv ; 


which last, when compared with 360, VI., is seen to be what we have called 
a bifocal form : its focal lines a, a’ (360, (1.)) having here the directions of d, n, 
that is of what may be called the cyclic linest of the form XXIII. The cyclic 
and bifocal transformations are therefore reciprocals of each other. 

(7.) As another example of this reciprocal relation between cyclic and 
focal lines, in the passage from fp to Fv, or conversely from the latter to the 
former, let us now begin with the focal form, 


XX VEL . fo =Soge = (Vap)’ + (SBp), 309, KX, 


* [Since v= 9p + Apu — Sapp, 
it follows that Avu=gApu t+ A2u2p — AUSApu = (A%u? — g?)p + (Gg — Am)SApe t+ gv. 
From this Savu = (g — SAu)SApp, 


and, on substitution, equation XXVI. may at once be found, remembering that py = mg-1.] 

+ They are in fact (compare the Note to page 527) the cyclic normals, or the normals to the 
cyclic planes, of that surface of the second order, which has for its equation fp = const. ; while they 
are, as above, the focal lines of that other or reciprocal surface, of which y is the variable vector, and 
the equation is Fy = const. 
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in which a and £ are supposed to be given and real vectors. We have now, 
by 359, (11.), 
v=¢o0=-aVap+ PSBp, m= a’(Saf)’, 
»:@.6 0. Sars 
— (dy = VarB8a3 + a(a? - B’)Sav, 
and therefore, 
XXX... mPv = a? (Sa) Pv = Sy 
= SavBvSaf + (a = (3°) (Sav)? 
= — v*(Saf3}’ + Sav((a? - 3*)Sav + 28aB8Hv) 
= — 1°(Saf3)? + SavS(a’ + BaP) v, 


an expression which is of cyclic form; one cyclic line of Fv being the given 
focal line a of fp; and the other cyclic line of Fv having the direction of 
+ (a® + Baf3), and consequently (by 359, LXV.) of $a’, where a’ is the second 
real and focal line of fp. 

(8.) And to verify the equation XVIII., or to show by an example that 
the two functions fp and Fy are equal in value, although they are (generally) 
different in form, it is sufficient to substitute in XXX. the value-X XIX. of v; 
which, after a few reductions, will exhibit the asserted equality. 

362. It is often convenient to introduce a certain scalar and symmetric 
function “of two independent vectors, p and p’, which is “near with respect to 
cach of them, and is deduced from the linear and se/f-conjugate vector function 
pp, of a single vector p, as follows : 


I... f(p, p’) = Ses p) = Sp’hp = Sopp’. 
With this notation, we have 
IT... f(p + p’) = fp + 2f(p, p’) + fp’; 
III... f(p, p’ + p”) = S(p, p’) + S(e, p”) 
ty. fp; p) = Jas Vs. dip — 2/9, dps 
VI... (ap, yp’) = xyf(p, p’), if Ve=Vy=0; 


and as a verification, 


VIL. . . fap) = 2°fp, 


a result which might have been obtained, without introducing this new 
function I. 
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(1.) It appears to be unnecessary, at this stage, to write down proofs of 
the foregoing consequences, II. to VI., of the definition I.; but it may be 
worth remarking, that we ere depart a little, in the formula V., from a 
notation (325) which was used in some early Articles of the present Chapter, 
although avowedly only as a temporary one, and adopted merely for con- 
venience of exposition of the principles of Quaternion Differentials. 

(2.) In that provisional notation (comp. 325, IX.) we should have had, 
for the differentiation of the recent function fp (361, IT.), the formule, 


dtp =f (p, dp), (ps p’), = 28p’op 5 


the numerical coefficient being thus transferred from one of them to the 
other, as compared with the recent equations, I. and V. But there is a 
convenience now in adopting these last equations V. and I., namely, 


dfp = 2f(p, dp), F(p, p’) = Sp’¢p; 


because this function Sp’¢p, or Spdp’, occurs frequently in the applications 
of quaternions to surfaces of the second order, and not always with the 
coefficient 2. 

(3.) Retaining then the recent notations, and treating dp as constant, or 
d’p as null, successive differentiation of 7p gives, by IV. and V., the formule, 


VIII... d’/p=2f(dp); dfp=0; &e.; 
so that the theorem 342, I. is here verified, under the form, 
IX... fp =(1+d+ $d’) fp = fp + 2f(p, dp) + dp ; 
X... &p = f(p + dp), 


or briefly, 


an equation which by II. is rigorously exact (comp. 339, (4.)), without any 
supposition whatever being made, respecting any smallness of the tensor, Tdp. 

363. Linear and vector functions of vectors, such as those considered in the 
present Section, although not generally satisfying the condition of se/f-conju- 
gation, present themselves generally in the differentiation of non-linear but 
vector functions of vectors. In fact, if we denote for the moment such a non- 
linear function by w(p), or simply by wp, the general distributive property 
(326) of differential expressions allows us to write, 


I... dw(p) = p(de), or briefly, I’... dwp = gdp; 
where ¢ has all the properties hitherto employed, including that of not being 
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generally self-conjugate, as has been just observed. There is, however, as we 
shall soon see, an extensive and important case, in which the property of 
self-conjugation exists, for such a function ¢; namely when the differentiated 
function, wp, is itself the result v of the differentiation of a scalar function fp 
of the variable vector p, although not necessarily a function of the second 
dimension, such as has been recently considered (361); or more fully, when 
it is the coefficient of dp, under the sign S., in the differential (361, I.) of 
that scalar function fp, whether it be multiplied or not by any scalar constant 
(such as n, in the formula last referred to). And generally (comp. 346), 
the inversion of the linear and vector function ¢ in I. corresponds to the 
differentiation of the inverse (or implicit) function w; in such a manner that 
the equation I. or I’. may be written under this other form, 


Il... dws = g'do =m do, if a=. 


(1.) As a very simple example of a non-linear but vector function, let us 
take the form, 


III. ..o=w/(p) = pap, where a is a constant vector. 
This gives, if dp = p’, 
IV. . . ¢p’ = ¢dp = dwp = p’ap + pap’ = 2Vpap’ ; 
V. . . SAgp’ = 2Apap’ = 8p’; | 
VI... pA = 2VApa = 2Vapr,  ¢’p’ = 2Vapp’ ; 


so that gp’ and ¢’p’ are unequal, and the linear function gp’ is not self- 
conjugate. 


(2.) To find its self-conjugate part dp’, by the method of Art. 361, we 
are to form the scalar expression, 


Vaile 4 fo = 38p op = p Sup ; 
of which the differential, taken with respect to p’, is 
VIII... $d/p’ = 8. dop’dp’ = 2ap8p'dp’, giving IX... pop = 2p Sap ; 


and accordingly this is equal to the semisum of the two expressions, LV. and 
VI., for ¢p’ and its conjugate. 


(3.) On the other hand, as an example of the self-conjugation of the linear 
and vector function, 


X...dv= dwp = ode, when X’... dfp = 2Srdp = 28 . wpdp, 
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even if the sca/ar function fp be of a higher dimension than the second, let 
this last function have the form, 


XI... fp = Sqpq’py’p, 9,9’, 7’ being three constant quaternions. 
Here 
XID... v = wp = 3V(gpq'pg” + ¢pypg + Y pgp) ; 


XIII... dv = gdp = gp’ = 3V(qp'pq”’ + 9'p'p'9) + 3V(4'p'9''pg + 1 p97) 
+ 3V(q'p'qpd + 909'p' 7"); 
and 


XIV... SAgp’ = 38. 9'pq(Agp’ + p’grA) + &e. = Sp’gd ; 


so that ¢’ = ¢, as asserted. 
(4.) In general, if 8 be used as a second and independent symbol of 
differentiation, we may write (comp. 345, LYV.), 


XY... ddfy = dé, 


where fy may denote any function of a quaternion ; in fact, each member is, 
by the principles of the present Chapter (comp. 344, I., and 345, IX.), an 
expression for the /imit,* 

XVI... lim. nn’| f(g + wg + n’8¢) — f(g + dq) — f(q + n8q) +79}. 


n=0 
N'=O 


(5.) As another statement of the same theorem, we may remark that a 
first differentiation of fg, with each symbol separately taken, gives results of 


the forms, 
VA 2 di fo (5 de). - 4019 — 719, 09) 


and then the assertion is, that if we differentiate the first of these with 8, and 
the second with d, operating only on q with each, and not on dg nor on &, 
we obtain equal results, of these other forms, 


XVIII... dd/g = f(g, dq, 8g) = £(g, 89, dg) = dd7q. 
For example, if 


XIX... fy = qceq, where c is a constant quaternion, 


* We may also say that each of the two symbols XY. represents the coefficient of x!y!, in the 
development of f(q + adq + ydq) according to ascending powers of x and y, when such development 
is possible. 
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the common value of these last expressions is, 
XX... odfy = défy = og.c.dq+ dq.c. dq. 
(6.) Writing then, by X., 
XXI... dfp = 2Bwpdp, ofp = Bwpédp, 
and 


XXII... dwo = ¢dp, with dwp = ddp, as before, 


we have the general equation, 
XXITT. . . S(do. dp) = S(dp. ddp), 


in which dp and dp may represent any two vectors; the hnear and vector 
Junction, ¢, which is thus derived from a scalar function fp by differentiation, is 
therefore (as above asserted and exemplified) aleays self-conjugate.* 

(7.) The equation XXIII. may be thus briefly written, 


XXIV... Sdpdv = Sdpdv; 


and it will be found to be virtually equivalent to the following system of 
three known equations, in the calculus of partial differential coefficients, 


XY. 0) D0) ob by, Dt 


* [If defined by the equation dfp = nSvdp (361, I.) 
is not a constant scalar but a function of p, the function generally ceases to be self-conjugate. For 
example, comparing Afp = 28vdp = 2F'(p)Sudp, 
since dp is arbitrary, y= ~F'(p). Differentiating this again 


dy = ¢dp = wdF + du. F = pSadp + Odp. F, 


if dF =Sadp, and du = dp. 
Here again, as dp is arbitrary, 6( ) = (¢( )— SAC ) )F-}, 
and the conjugate of @ is 6’( ) =(¢( ) —aSa( )) #7. 
Hence the spin-vector of @ is gVAuF-!, or 4VAvF-*. 


This vanishes only when F is some function of f (p), or a constant as may be easily verified, and in 
this case @ is self-conjugate. ] 


t [In terms of the characteristic of operation v, defined in the Note to page 548, it is easy to see 
that 


ddfp = — dSdpv. f = SdpvSdpv. f 
= ddfp = — dSdpv. f= SdpvSipv. f. 


In the transformation of functions involving v, and operating on a single function f(p), or 
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364. At the commencement of the present Section, we reduced (347) the 
problem of the inversion (846) of a linear (or distributive) quaternion function 
of a quaternion, to the corresponding problem for vectors; and, under this 
reduced or simplified form, have resolved it. Yet it may be interesting, and 
it will now be easy, to reswme the Jinear and quaternion equation, 


Il..fger, with IDL... f(+ =0+%; 


and to assign a quaternion expression for the solution of that equation, or for 
the imverse quaternion function, 


ae ee ar 


with the aid of notations already employed, and of results already established. 
(1.) The conjugate of the linear and quaternion function fq being defined 
(comp. 347, IV.) by the equation, 


in which p and g are arbitrary quaternions, if we set out (comp. 3847, XX XT.) 
with the form, 
Vi tfg = (os hee + see tS 


in which s, s,...and ¢, ’,... are arbitrary but constant quaternions, and 
which is more than sufficiently general, we shall have (comp. 847, XXXII.) 
the conjugate form, 
Np Sop, ne DLE Denes 
whence 
Vie = os, a, VL ge = ees 


it is then possible, for each given particular form of the linear function fq, to 
assign one scalar constant e, and two vector constants, ¢, «’, such that 


D.C SO See ag eee era ae 


JS (iz + jy + kz), v =iDz + jDy+ kD; may be treated as an ordinary vector since Dz, Dy, and Dz 
obey symbolically the ordinary laws of scalar multiplication as expressed by XXV. 


Comparing dd fp = 2Sdppdp = SdpvSdpv.f, 
the vector function ¢( )=4vS( )v-4 


since dp and 6p are both arbitrary. Of course v operates on f and not on the vector operated on by ¢. 
This expression for @ shows again that it is self-conjugate. Again, as vf=— 2v, o( )=— VS( )», 
and in this V operates on y and not on the subject of 9. ] 


4B 2 
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and then we shall have the general transformations (comp. 347, I.): 
X...S/7=8.¢/'1 = Bo + Seg; 
XI... V/=Sq+V. fV¢ = So + oVq; 
XII... fy = (e+ e)8¢ + 8e'q + OVG; 


and 


in which Se’g = S.¢’Vq, and ¢Vq or V/Vq is a linear and vector function of 
Vq, of the kind already considered in this Section ; being also such that, with 
the form V. of fg, we have 


XT edo VN tps. 


(2.) As regards the number of independent and scalar constants which enter, 
at least implicitly, into the composition of the quaternion function fq, it may 
in various ways be shown to be sixteen ; and accordingly, in the expression 
XII., the scalar e is one; the two vectors, ¢ and «’, count each as three; and 
the dinear and vector function, pVq, counts as nine (comp. 347, (1.)). 

(3.) Since we already know (347, &c.) how to énvert a function of this 
last kind ¢, we may in general write, 


XIV...7=8r+Vr—S8r + go, where. XV...p=¢°Vram wr; 


the scalar constant, m, and the auxiliary linear and vector function, W, being 
deduced from the function ¢ by methods already explained. It is required 
then to express g, or Sg and Vg, in terms of 7, or of Sr and p, so as to satisfy 
the linear equation, 


XVI... (e+ «)Sq + Se’g + V7 =Sr + gp; 


the constants ¢, «, «, and the form of ¢, being given. 


* [By a method analogous to that of the Note on page 507, if any three diplanar vectors Bi, B2, 
and 63 are chosen, any quaternion function fg may have its vector part resolved along these three 
vectors, so that fg = Biv + Boxe + B3%3 + v4, in which the coefficients x are scalar functions of q, 
and are moreover linear if fg is linear in g. So for a linear function, 


JS = BiSpig + B2Speg + BsSpsq + Spag, 


and in this expression 1, 2, 3, and gy, are four constant quaternions involving sixteen scalar 
constants and determining the function f. Denoting Sp by a, and Vp by a, on rearrangement, 


Jd = (B18a1 + B2Sa2 + B3Saz)Vg + (a1B1 + 4282 + 4383 + as)Sq + SasVa, 
and this is manifestly of the type, 
Sa = (¢ + €)S¢ + Se’g + pVG-] 
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(4.) Assuming for this purpose the expression, 
AVI... g=¢ +p, 
in which q/ is a new sought quaternion, we have the new equation, 


XVIII... 7 =8r + op — fp = 8(r - &p); 
whence 
Ig re oly od, 
and 
XX...g=p+8(r-ep). fl; 


in which p is (by supposition) a known vector, and S(r - ¢’p) is a known scalar ; 
so that it only remains to determine the unknown but constant quaternion, f“1, 
or to resolve the particular equation, 


RX so = en whien AAI, 7, 6 pa 7 fl, 


ec being a new and sought scalar constant, and y being a new and sought vector 
constant. 

(5.) Taking scalar and vector parts, the quaternion equation X XI. breaks 
up into the two following (comp. X. and XI.): 


XXIII... 1 =Sf(e+ y) =ec+8e'y; XXIV...0=Vif(c+y)=ec+ oy; 
which give the required values of ¢ and y, namely, 


AXXY...c=(e-Se¢'s)*, and XXVI...y=- co"; 


whence “pipes 
Ronee 


and accordingly we have, by XII., the equation, 
XXVIII... f(1 - o's) =e —- 8e’g te = V0. 


(6.) The problem of quaternion inversion is therefore reduced anew to that 
of vector inversion, and solved thereby ; but we can now advance some steps 
further, in the elimination of inverse operations, and in the substitution for them 
of direct ones. Thus, if we observe that ¢? = my, as before, and write for 
abridgment, 


XXIX. ..n = me —SeWe = f(m — We), 
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so that » is a new and known scalar constant, we shall have, by XV. XX. 
XXVITI. XXIX., 


XXX...mo=YVr; XXXII... nf(l=m-— ye; 
and 


XXXII... mng = nWVr + (m8r - SePVr).(m - Le), 


an expression from which all ¢nverse operations have disappeared, but which 
still admits of being simplified, through a division by m, as follows. 

(7.) Substituting (by XXIX.), in the term mf/Vr of XXXIT., the value 
me —Se We for n, and changing (by XXX.) ~Vr to mp, in the terms which 
are not obviously divisible by m, such a division gives, 


XXXII... ng = (m - We)Sr + eb Vr - Se Vr + o, 
where | 
XXXIV... 0 =— pSeWe + WeSe'p = V. & Vows. 


But (by 348, VIL., interchanging accents) we have the transformation, 
XR Vows =- o Vedp =- p VeVr, 


because gp = Vr, by XIV. or XV.; everything inverse therefore’ again dis- 
appears with this new elimination of the auxiliary vector p, and we have 
this final expression, 


XXXVI... ng = nf r = (me - See). fr 
= (m — pe)Sr + ebVr — Se’bVr - Ve'e’VeVr, 
in which each symbol of operation governs all that follows it, except where a 


point indicates the contrary, and which it appears to be impossible further to 


reduce, as the formula of solution of the linear equation I., with the form XII. 
of the guaternion function, fa.* 


* [The following solution is possibly more direct. Equating the scalar and vector parts of 
: Sq = (¢ + €)Sq+ Se’'Vo + Vg =7 =Sr+Vr, 
the two equations 
eSq¢+Se'Vg=Sr, and eS¢+ oVq=Vr 
are found. Operating on the second equation by 7}, and replacing Vq in the first, Sg is seen to be 
given by 
(¢ — Se’p-1e)Sq = Sr — Se’ Vr. 


Now qg=8¢+Vq=(1 — pe)S¢ + oVr, 
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(8.) Such having been the analysis of the problem, the synthesis, by which 
an d posteriori proof of the correctness of the resulting formula is to be given, 
may be simplified by using the scalar value XXIX. of f(m — We); and it is 
sufficient to show (denoting Vr by w), that for every vector w the following 
equation holds good, with the same form XII. of /: 


XXXVIT... Sebo - Sew) — f Veo’ Vew = (me - See) .w. 


(9.) Accordingly, that form of / gives, with the help of the principle 
employed in XXXYV., 


thw = e(Seyw + mw), — Sew = —- (e+ 2)Se’do, 
—~SVe'o'Vew = - oVe'¢'Vew = V(Vew. We’) = Sedo — wSe've, 


POV IEE: 


because Swyp’e’ = Se’~w, &.; and thus the equation XXXVI. is proved, by 
actually operating with /. 


(10.) As an example, if we take the particular form, 
XXXIX. .. r= fg = pg + gp, 
in which 


XL. ..p=a+a=a given quaternion, 
we have then, 


AE fi =f Pap, @= 2a, 22 — on, pp = 2ap; 


whence by the theory of linear and vector functions, 


Ma 6 a — 2ap, po = 42°p, m= 8a’, 


and therefore, 
XLITI. . . pe = 8a'a, m- pe = 8a(a-a), n= 16a?(a? - a’); 
so that, dividing by 8a, the formula XXXVI. becomes, 


XLIV. . . 2a(a? - a’)g = a(a - a)Sr + Vr - aS.aVr - aV.aVr, 


or 


XLV... 2a(a + ag = aSr + (a + a) Vr - Sar, 


so on substituting the value of Sq just found, 


(1 — ge) (Sr—Se’p-! Vr) 


<= e — Sep le 


+ plVr. 


It only remains to replace -! by my in order to recover XXXVI.] 
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or 

XLVI... QpqSp =8.rKp + pVr = 18p + V(Vp.Vr), 
or 

XLVII. .. 4pqSp = 2rSp + (pr - rp) = pr+rKp; 
or finally, 
Bie ee ed ae 
PAV EE es oo fo rea iS 

Accordingly, 


XLIX... (pr + 7K yp) + (rp + Kp.r) = 2r(p + Kp) = 478p. 


(11.) In so simple an example as the last, we may with advantage avail 
ourselves of special methods ; for instance (comp. 346), we may use that which 
was employed in 382, (6.), to differentiate the square root of a quaternion, and 
which conducted there more rapidly to a formula (832, XIX.) agreeing with 
the recent XLVIII. 

(12.) We might also have observed, in the same case XXXIX., that 


L...pr-rp =p - q =2V(V(9") .Vq) = 48p.V(Vp.Vq) = 28p . (pq - gp); 


whence pg — gp, and therefore pg and gp, can be at once deduced, with the 
same resulting value for g, or for f77, as before: and generally it is possible 
to differentiate, on a similar plan, the n root of a quaternion. 

365. We shall conclude this Section on Linear Functions, of the kinds 
above considered, by proving the general existence of a Symbolic and Biqua- 
dratic Equation, of the form, 


l..0=n-wfht nf? —wW' fr + ft, 


which is thus satisfied by the Symbol (f) of Linear and Quaternion Operation 
on a Quaternion, as the Symbolic and Cubie Equation, 


fe ee m' +m’ ¢* — ¢°, 350, I., 


was satisfied by the symbol (@) of linear and vector operation on a vector ; the four 
coefficients, n,n’, vn”, n’”’, being four scalar constants, deduced from the function 
J in this extended or quaternion theory, as the three scalar coefficients m, m’, m’’ 
were constants deduced from ¢, in the former or vector theory. And at the 
same time we shall see that there exists a System of Three Auailiary Functions, 
F, G, H, of the Linear and Quaternion kind, analogous to the two vector 
Junctions, ~ and x, which have been so useful in the foregoing theory of vectors, 
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and like them connected with each other, and with the given quaternion 
function f, by several simple and useful relations.* 

(1.) The formula of solution, 864, XXX VI., of the linear and quaternion 
equation fy = 7, being denoted briefly as follows, 


Il... ng = nf r = Fr, 
so that: (comp. 348, III’.) we may write, briefly and symbolically, 
ET of = = 0; 


it may next be proposed to examine the changes which the scalar n and the 
function Fr undergo, when /r is changed to jr + cr, or f to f+ ce, where c is 
any scalar constant; that is, by 364, XII., when e is changed to e + c, and 
ptop+c; ¢,~, and m being at the same time changed, according to the 
laws of the earlier theory. 

(2.) Writing, then, 


IV... fc=ftie, eaet+t, db=Pte, beo= GP t+e, 
and 
V...¢e=Pteyte, m=mt+met+ me + &, 
we may represent the new form of the equation 364, XXXVI. as follows: 
Vise SU pores oOl. NAL ee 


VILL. . . For = (te ~ wpoe)Sr + eapeVrr - Sep. Vr - Ve'g’-VeVr, 


where 


* [That a linear quaternion function satisfies a symbolic quartic may be established as follows: 
On inquiry whether it is possible to determine a scalar ¢ and a quaternion g so that fg + eg = 0, the 


two equations 
(e+ e¢)S¢+Se’'Vg=0, and «S¢+(o+0¢)Vg=0, 


are found by equating to zero the scalar and vector parts. Hence from the second equation 
Vg =—(¢+¢)'eSg, and, on substitution in the first, it appears that ¢ must satisfy the relation 
e+e—Se'(p+e)'e=0. It may be shown without difficulty, as in the text, that this leads to a 
quartic equation in e. 

If c, is any root of this quartic, and if an = — (@ + ¢n)-!e, the quaternion gn = 1 + an will satisfy 
(f+ ¢n)gn = 0. Corresponding to the four values of en are four quaternions, and in terms of these 
any arbitrary quaternion may in general be expressed. 

Assuming 

g = %191 + X2g2 + %3q3 + 14q4, 


and deriving from this the equations 
Vq = Zenon, and Sq= 32a, 
and again from these the equation 


Vq — aiSq = %2(a2 — a1) + %3(a3 — a1) + x4(as — a), 
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and 
IX. .. m, = em, — Bs'yce. 


(3.) In this manner it is seen that we may write, 


X... f= F+¢eG+ &H + e, 
and 
XI... nmantnet+ ne +n + ef; 


where F, G, H, are three functional symbols, such that 
By = (m — s)Sr + eb Vr - SP Vr — Vee’ VeVr ; 
XII. . .4 Gir = (m’ — xe)Sr + (ex + Pp) Vr -Se’y Vr - VeVeVr; 
Hr = (m’” — «)Sr + (e+ x) Vr - Ser; 


H 


and n, 2’, n”’, vn” are four scalar constants, namely, 
n=em—Sepe (as in 864, XXIX,); 


m + em’ — Sé’ye ; 


~> 

~ 
~ 

ll 


m’ + em’ — Be'e; 


~> 
> 
lI 


m”’ +e. 


~ 
~ 
lI 


the scalar 24 is given, on operating by SV(az2 -- a1) (a3 — ai), by 

v4S(azazaq — azaga; + agaia2 — aaza3) = SV¢(azas + azai + a1az) — SgSaiazas, 
and the values of the other scalars may be written down from symmetry (comp. p. 48). In general 
21, X2, #3, and x4 are uniquely determinate provided the four vectors an do not terminate on a common 
plane. Asc varies, the curve traced out by p= — (p+ ¢)le is a twisted cubic and upon this curve 


the vectors an terminate, and consequently their four extremities do not lie on a plane. 
To verify that p = — (@ + c)-1e is a twisted cubic, the equation 


SA(pteyte=1, or Sadce = mc, 


is found determining the values of ¢ for the points in which the curve cuts the arbitrary plane 
Sap +1=0. As this is a cubic equation in ¢, the curve cuts the plane in but three points. 


In general then 
g = %191 + Lag2 + V3qs + Vass. 


Operating on this by f+ ¢, and 
(f + ¢1)9 = x2(c1 — €2)g2 + a3(e1 — ¢3)q3 + X4(C1 — €4)94, 
from which gi has disappeared. Similarly operating by f + ce destroys the term in g2, and finally 
(f+ c4) (f+ ¢3) (f+ ¢2) (f+ a1)g = 0, 


which is equivalent to I.] 


Art. 365. | SYMBOLIC AND BIQUADRATIC EQUATION. 563 


(4.) Developing then the symbolical equation VII., with the help of X. 


and XI., and comparing powers of c, we obtain these new symbolical equa- 
tions (comp. 850, XVI. XXII. XXIIT.): 


=” ma 
XIV. ..4G =n" —-fH =n” - nf +f: 


Fan -fG=an —-n’f+ wf? —f?; 
and finally, 


AV... n= Ffaenf—-nf* + nf — Fs 


which is only another way of writing the symbolic and biquadratic equation I. 
(5.) Other functional relations exist, between these various symbols of 
operation, which we cannot here delay to develop: but we may remark that, 
as in the theory of linear and vector functions, these usually introduce a 
mixture of functions with their conjugates (comp. 347, XI., &ec.). 
(6.) This seems however to be a proper place for observing, that if we 
write, as temporary notations, for any four quaternions, p, q, r, 8, the equations, 


ANI pel pg —¢p3 XS VIL. (pg) = Svar); 
XVIII. . . [pgr] = (gr) + [ra]Sp + [pr ]8¢ + [ap ]8r ; 


XIX... (pers) =8. lors], 


and 


so that [pq] is a vector, (pqr) and (pgrs) are scalars, and | pg] is a qua- 
ternion, we shall have, in the first place, the relations : 


XX... [pg]=-[9p], Lop] =9; 
XXII... (par) = - (gpr) = (qrp) = &e.,  (ppr) = 0; 


XXII... [pyr] = - [gpr]=[grp] = &., [ppr] =0; 
and 


XXITI. .. (pgrs) = - (gprs) = (qrps) = - (grsp) = &e., (pprs) = 0. 


(7.) In the next place, if ¢ be any fifth quaternion, the guaternion equation, 


XXIV... 0 = p(grst) + g(rstp) + r(stpg) + s(tpgr) + t(pqrs), 
402 
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which may also be thus written, 
XXV... g(prst) = p(grst) + (past) + s(prgt) + ¢(prsq),* 
and which is analogous to the vector equation, 
XXXVI... 0 = aSPByéd - BSyda + ySda3 - dSaBy, 
or to the continually occurring transformation (comp. 294, XIV.), 
XXVIT... dSaBy = aSdPBy + BSady + ySaP0, 
is satisfied generally, because it is satisfied for the four distinct suppositions, 
RAVING 9, G= 7, 9-8" gee. 
(8.) In the third place, we have this other general quaternion equation, 
XXIX. . . q(prst) = [rs¢]Spq - [stp] Sra + [tpr'] Seq - [prs] See, 
which is analogous to this othert useful vector formula (comp. 294, XV.), 
XXX... dSaBy = VBySaéd + VyaSBd + VaBSy6 ; 


because the equation X XIX. gives true results, when it is operated on by the 
four distinct symbols (comp. 312), 


D.@.@. Fes PY gs By sf ce h e S 


“ [Or again as a determinant 


if p=wt+iat+jyit ka, &.] 


t The equations XXVII. and XXX., which had been proved under slightly different forms in the 
sub-articles to 294, have been in fact freely employed as transformations in the course of the present 
Chapter, and are supposed to be familiar to the student. Compare the Note to page 485. 


$ Compare the Note immediately preceding. 
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(9.) Assuming then any four quaternions, p, ”, 8, t, which are not connected 


by the relation, 
RXXIE.. (pret) = 0, 


and deducing from them four others, p’, r’, s’, t’, by the equations, 


PY (pret) =f[rst], 1’ (prst) = - [stp], 


0.8.05 8 Fae 
s‘(prst) =f[tpr], t(prst) = — f[ prs], 


in which f is still supposed to be a symbol of linear and quaternion operation 
on a quaternion, the formula XXIX. allows us to write generally, as an 
expression for the function fg, which may here be denoted by 7 (because 7 is 
now otherwise used) : 


XXXIV... ¢7 = fy =p'S8pq + rS8rq + Ssq + U8tq; 


and its siwteen scalar constants (comp. 364, (2.)) are now those which are 
involved in its four quaternion constants, p’, 1’, 8’, v’. 
(10.) Operating on this last equation with the four symbols, 


MOV Sere, Sere boner i tp re, 

we obtain the four following results : 
0.0.41 as begs = (prs) 8pq 3 ((s't’p’) = (0's't’p’) 81g ; 
(ftp'r’) = (stpr’)8sq; — (q’p’r’s’) = (tp’r’s’)8tq ; 


and when the values thus found for the four scalars, 
XXXVIT...Sp9g, Srg, Ssq, Siég, 


are substituted in the formula XXIX., we have the following new formula of 
quaternion inversion : 
XXXVIII. . . (p'’r’s't’) (prst)q = (p’r’s’V’) (pret) fq’ 
= [rst] (yrs) + [stp] (78't’p’) + [tpr] (7t’p’r’) + [prs] (a'p’r’s’) ; 
which shows, in a new way, how to resolve a linear equation in quaternions, 


when put under what we may call (comp. 347, (1.)) the Standard Quadri- 
nomial Form, XXXIV. 
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(11.) Accordingly, if we operate on the formula XXXVIII. with /, 
attending to the equations XX XIII., and dividing by (prst), we get this new 
equation 


DD. ©. BG a (p'r’s't’) fq =p (drat) ne 1 (q's't'p’) ee s(/t'p'r’) se t (q’p’r’s’) : 


whence 


ta=; by XXV. 


(12.) It has been remarked (9.), that p, 7, s, ¢, in recent formule, may be. 
any four quaternions, which do not satisfy the equation XXXII.; we may 
therefore assume, 


Mii ep ls 7%, 8 9 Lk: 
with the laws of 182, &c., for the symbols 7, 7, k, because those laws give here, 
XLI... (lyk) =- 2; 
and then it will be found that the equations XXXIII. give simply, 
XN ep fl, pm 7, 6, Ck. 


so that the standard quadrinomial form XXXIV. becomes, with this selection 
of prst, | 
XLII... fg =f1.8¢ -fi.8ig -f7.8y¢ - fk. Ska, 


and admits of an immediate verification, because any quaternion, g, may be 
expressed (comp. 221) by the guadrinomial, 


XLIV. ..¢=Sq - Wig - y8yq - kSkq. 
(13.) Conversely, if we set out with the expression, 


XLV...g=wtiet+ jy t+ ke, 221, IIL., 
which gives, 
XLVI. . . fy = wfl + afi + uff + sft, 
or briefly, 
XLVII...¢=aw+ bv + cy + da, 
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the letters abede being here used to denote five known quaternions, while wayz 
are four sought scalars, the problem of quaternion inversion comes to be that of 
the separate determination (comp. 312) of these four scalars, so as to satisfy 
the one equation XLVII.; and it is resowed (comp. XXYV.) by the system of 
the four following formule : 


w(abed) = (ebed) ; ax(abed) = (aecd) ; 


AGN ALT 2s 
y (abed) = (abed); (abcd) = (abce) ; 


the notations (6.) being retained. 

(14.) Finally it may be shown, as follows, that the biquadratie equation I., 
for linear functions of guaternions, includes* the cubic I’., or 850, I., for vectors. 
Suppose, for this purpose, that the linear and quaternion function, fy, reduces 
itself to the last term of the general expression 364, XIT., or becomes, 


XLIX... fg = ¢V9q, so that tee 0; ee 0, ley. 
the coefficients n, n’, n”, xn” take then, by XIII., the values, 
nen = nat nea 
and the biquadratic I. becomes, 
LI. ..0=(-m+ m'f- mf? + ff 


But q is now a vector, by XLIX., and it may be any vector, p; also the 
operation f is now equivalent to that denoted by , when the swdyect of the 


* In like manner it may be said, that the ewbic equation includes a quadratic one, when we confine 
ourselves to the consideration of vectors in one plane; for which case m= 0, and also vp = 0, if p be 
a line in the given plane: for we have then gx = m' — y= mi’, or 


g? —m"p+m'=0, 
with this understanding as to the operand. In fact, the cubic gives here (because m = 0), 


3 bes m"” + m’ a 0 ; 
and therefore ¢ ‘ )¢ 


(~? — m"o + m')o = 0; 


if o be already the result of an operation with ¢, on any vector p: that is if it be, as above supposed, 
a line in the given plane. 
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operation is a vector; we may therefore, in the case here considered, write 
this last equation LII. under the form, 


LITT. ..0=(-m+m’'o - m’¢’ + ¢°)p, 


which agrees with 351, I., and reproduces the symbolical cubic, when the 
symbol of the operand (p) is suppressed.* 


* [A few additional remarks may be made concerning the solutions of Vg-lf/gy=0, and of 
Vq}f'q = 0, and the relations connecting them. 

It is easy to see, in various ways, that f and its conjugate f’ satisfy the same symbolic biqua- 
dratic. If, for instance, g and g’ are any arbitrary quaternions 


Sa(ft— a fs taf" —nf + ng =Sq(ft—an fF? + nf? — nf + nq =0 
by I., and therefore as the quaternions are arbitrary, 
(ft — nf +n" fr—nf' +n\q' =0. 
Again, the same property follows from the equation 


é+¢=Se'(p + ¢)te = Se(p’ + c)-'e 
(See the Note to page 561.) 
Now if, as in the Note just cited, gi, q2, g3, and g4 are the solutions of Vg ifg=0, and 
Q’'1y 92, 93, and q's are those of Vql/'q = 9, 


eSqig’2 = — Sfqig'2 = - Sqif’g'2 = e28q19’s, 


as the roots ¢ are the same for f and for its conjugate f’. Hence if ¢ is not equal to ce, it is 
necessary to have Sqig’2 = 0; and, in general, Sgnq’n' = 0, where x is different from x’. 


If then n= 1+ 1, and Cte 1 ob a’ ly &e. as Sqig’z =] a Saja’e = 0. 


Interpreted geometrically this property shows that if vectors are drawn through the origin equal 
tO a1, a2, a3, a4, and to a’1, a2, a’3, and a4; a2, a's, and a4 will terminate on the polar plane of a 
with respect to the unit sphere p?+1=0. In other words, the tetrahedron determined by the 
extremities of a1, az, a3, and ag is the polar reciprocal of that determined by a1, a’2, a’3, and a4. In 
the particular case in which / is self-conjugate, 1 + Saaz = 0, and the tetrahedron is self-reciprocal 
with respect to the unit sphere; or, pepo reference to a sphere, the tetrahedron may be said to be 
orthocentric as the perpendiculars (— a;-!, &c.) from the origin on the faces pass through the 
corresponding vertices. 

Hence, any quaternion g may be expressed in the form (compare again the note to page 561) 


8¢q'1 Sqq'2 Sgq’s S¢q's 
+ + = + 
S991 a Sg2q'e = Sq3q’s Me Sqag's’ 


q=Q1 
and 
S we Sqq'2 S¢q's Sqq's 
IA = Og, OO Baa aes Bae 


may be regarded as a canonical form of a function /. 
It is easy to see from the properties of the reciprocal tetrahedra that the vector 


V(aga4 + asa2 + a2a3) 
Sazazag 


aap 


a=— 


being the negative of the reciprocal of the vector perpendicular on the plane through the extremities 
of a2, a’3, and a’4. | 
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function or quotient, 15. 
quaternion, 294, 350. 
Anti-parallel sections of a cone, 183. 
Apollonius of Perga, locus, 130, 165, 191; cyclic 


cone, 181. 
Arc, vector-, II. 1. §9, 143; associative addition of, 
304. 


representative, 143. 
cyclic, 185, 308. 
Arcual sum, 156, 303, 369. 

addition. See Addition of vector-arcs. 
Area, sign of, 18. 

directed, 482. 

of parallelogram, 246. 

spherical triangle, 364. 

spherical polygon, or curye, 368, 370. 

spherical cap, 482. 
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Arithmetic, illustration of differential from, 434. 
Aspect, of plane, 112; note, 207. 
Associative law for addition of vectors, 7; quater- 
nions, 207; vector-arcs, 304. 
for multiplication of i, 7, %, 159 ; quaternions, 
245; IT. ur. § 2, 308; vectors, 337. 
for multiplication, enunciations of, IJ. 1m. § 1, 
301. 
Asymptote, of hyperbola, 34. 
Atwood’s machine, 100. 
Auxiliary functions, linear vector, 495; quaternion, 
560. 
Ax., symbol for axis of quaternion, 120. 
examples on, 121. 
equals IUV, 208. 
replaced by UV, 334. 
Axes of ellipsoid, principal, 238 ; of quadric, 536. 
of section of quadric, principal, 238, 525. 
Axis of quaternion, 112; II. 1. § 5, 119; differential 
of, 458. 
parabola, 34. 


Barycentres, 85. 
Barycentric calculus, notes, 22, 50, 61, 62, 85. 
Bicouple, 289. 
Bifocal form of linear vector function, 545. 
Binomial form of quaternion, 254. 
of linear vector function, 498. 
Biquadratic equation of linear quaternion function, 
560. 
Biquaternion, 133, 225, 289, 316. 
Biscalar, 225, 289. 
Bisecting sides of spherical triangle, triangle, 358. 
Bisectors of a triangle, 18. 
Bivector, 226. 
Booth, tangential coordinates, note, 40. 


Calculus, Barycentric, notes, 22, 50, 61, 62, 85. 
of functions, 205, 202. 
of finite differences, 83. 
Cap, area of spherical, 482. 
Carnot, on transversals, note 65, note 377. 
Cartesian expressions, 242. 
coordinates, 248. 
Cassinian, 281, 285. 
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Centre of conic inscribed to triangle, 36. 
of homology, 60. 
of involution, 16. 
of ruled hyperboloid, 92; vector to, 96. 
Characteristic of operation. See Symbol. 
Chasles, referred to in notes, 16, 31, 72, 89, 183, 300, 
308, 340. 
Circle, equation of, square of right radial, 134. 
inverse of line, 296. 
vector expression for, 417. 
vector equation of, 349, 355. 
quaternion equation of, 133. 
inscribed or exscribed to triangle, 33. 
to spherical triangle, 401. 
touching three small circles on a_ sphere, 
427. 
Circular group of four points, 297. 
sections of cyclic cone, 184. 
ellipsoid, 232, 239. 
points at infinity, note, 516. 
logarithmic spiral, 419. 
successions, 297, 305, 311. 
Cis (symbol), 260. 
Class, of a curve, 42, 93. 
surface, 88. 
Coefficients of vectors, 9. 
differential, 444, 99. 
Collinear, condition that three points should be, 14, 
52; three right quaternions, 247. 
quaternions, 210. 
Commutative law for addition of vectors, 6; of qua- 
ternions, 176, 207. 
does not hold for addition of vector arcs, 156. 
does not hold for multiplication of quaternions, 
147, 159. 
Complanar, vectors, 14, 340; proportion of, 250, 256. 
termino-, 45, 344. 
points, 14, 45. 
quaternions, 116, 211, 250. 
Complanarity, sign of, 117. 
condition of, of quaternions, 148. 
of vectors, 14, 338. 
of points, 14, 45, 52. 
Complex mean of ” vectors, 85. 
Composition of two quadrantal rotations, 149. 
Concurrence of three lines, 18. 
of four planes, 57, 342. 
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Condition of contact of line and sphere, 224, 427, 
428. 
of parallelism of two vectors, 10, 194, 325. 
perpendicularity, 180, 325, 346. 
collinearity of three right quaternions, 247. 
complanarity of three vectors, 14, 338, 345. 
of versors, 148. 
of concurrence of three lines, 18. 
homosphericity, 352, 354. 
that three points should lie on a line 12, 14; in 
quinary symbols, 52. 
that four points should lie in a plane 14, 45; in 
quinary symbols, 52. 
that three vectors should be termino-collinear, 
14, 343. 
that four vectors should be termino-complanar, 
45, 344. 
that four planes should concur, 57, 342. 
Cone, cyclic or quadric, 95, 181, 304. 
expressed by 8, 181. 
vector expression for, 95, 101. 
of revolution, 183. 
expressed by /, 121; S, 180. 
equation of one sheet of, 121. 
tangent, to sphere, 225. 
cubic, vector expression for, 95. 
Congruence, formula of, for quinary symbols, 51. 
Conic, anharmonic equation of, 32. 
and triangle, 32, 33, 34, 36. 
spherical, 182, 239, 303, 309. 
Conical rotation, 154, 359, 398, 429. 
Conjugate diameters, ellipse, 95; ellipsoid, 95. 
harmonic, 16. 
point of cubic, 41. 
quaternions, 115, 123. 
of vector, 346. 
of linear vector function, 485. 
of linear quaternion function, 555. 
Conjugation, characteristic of, K, 124. 
equation of (linear vector function), 485. 
(linear quaternion function), 55d. 
(pole and polar), 229, 428. 
Constants determining a linear vector function, 486, 
530; quaternion function, 556, 
vector-, of ellipsoid, 201, 236. 
or invariants of linear vector function, 491. 
Constituents of a quaternion, 242. 
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Construction, points of, for plane net, 17, 22. 
for net in space, 61. 
of cubic curve, 38. 
of ellipsoid 234, 
of fourth proportional to three diplanar vectors, 
362. 
of series of spherical parallelograms, 390. 
Continued proportion of complanar vectors, II. 11. § 2, 
256, 251. 

Convention respecting sign of area, 18; of volume, 48. 
sense of rotation, 119; notes, 111, 152, 369. 
position of operator relatively to operand, 110, 147. 

Convergency of series, 269, 424. 

Coordinates of a couple, 254. 
anharmonic, 23, 55; of a plane, 60. 
idea of, foreign to quaternions, note 112. 
tangential, 40. 

Cartesian, 248. 

Cosine of quaternion, 275, 424. 

Couple, 254. 

Criterion as to nature of conic inscribed to triangle, 34. 

Cube-root of quaternion, 256; principal, 257. 

Cube-roots of unity, nine, 291. 

Cubic curve, anharmonic construction of, 38. 
cone, 95. 
of linear vector function, symbolic, 494. 

Curve, vector equation of, 94. 
cubic, with conjugate point, 37, 41. 

Cyclic form of linear vector function, 520, 528, 530, 

538. 
cone, 181, 309. 
planes, normals, of cone, 183, 549. 
of ellipsoid, 232, 235. 
arcs, 185, 308. 
quadrilateral, 296, 347. 
Cyclical permutation of vectors under sign S, 350. 
of quaternions under sign 8, 248. 
law of i, , k, 159. 
Cylinder, of revolution expressed by TV, 195; by V, 
199. | 
tangent to sphere, 201 ; spheroid, 201 ; ellipsoid, 
202. 


Decomposition of vector, 193, 338, 339. 
quaternion g = Tg.Ug, 169 ; 
193. 


g=Sq+ Vg, 


4D2 
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Definite integral, 368, 482. 
Definition of vector, 3. 
sum of vectors, 7; of quaternions, 109. 
addition and subtraction of vectors, 5. 
differential of a vector, formula of, 98. 
of quaternion, note, 35. 
simultaneous differentials, 431. 
qv, 422. 
Deformation of sphere, 232. 
theorem of geometrical, 525. 
Degenerate quaternions, 120, 178, 333. 
Degree of plane curve, 32; of surface, 87. 
of curve, 93. 
De Moivre’s theorem, 264. 
De Morgan, note, 278. 
Denominator, reduction of two quaternions to a com- 
mon, 116. 
Depressed equation of linear vector functions, 501, 
505. 
Derivative of a vector, 99. 
Descartes, notes 394, 404. 
Desk, illustration of quaternion by, 113. 
Developable surface, 100. 
Development of functions of a quaternion, 475. 
Diacentric sphere, 234, 241. 
Diameters, conjugate of ellipse, 95; of ellipsoid, 95. 
Difference of two points, 3; of two vectors, 5. 
of two quaternions, II. 1. § 12, 176. 
finite, 102. 
Differences, finite, equations in, 84. 
and differentials, 434. 
successive, 479. 
Differential quotient, 443. 
of implicit functions of quaternions, 484. 
of n** root of a quaternion, 560. 
Differential of vector, I. m1. § 7, 96, 98. 
of square root, 452; of a product or power, 451, 
476. 
of g1, 439; of Kg, Vg, and Sq, 455; of Tg and 
Ugq, 456. 
finite, 99, 432. 
coefficient, 99, 444. 
quotient, 444. 
Differentials and differences, 434. 
distributive property of, 441. 
successive, 465, 479. 
simultaneous, 431. 
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Differentiation, partial, symbol for, 35; of a vector, 
101; of a quaternion, 446. 
examples of quaternion, III. 1. § 4, 451. 
Dimensions, theory of, applied to linear functions of 
a vector, 488. 
Diplanar quaternions, 116. 
Direct similitude, 115. 
circular succession, 297. 
Directed area, 482. 
Direction, relative, 110, 138. 
Directions of linear vector function, 508, 515, 517. 
Distributive property of multiplication of vectors by 
coefficients, 9. 
of quaternions, 212, 219. 
of sign I, 206; K, 176, 207; 8, 185; V, 204. 
of differential, 441. 
Division of vector by parallel vector, 10. 
of quaternions, defined, 109, 116. 
homographic, 16. 


Effective vector, 3. 
Elimination of a vector, 342, 355. 
of differentials, 448. 
Ellipse, vector expression for, 95, 417. 
section of cylinder, 196, 199, 418. 
Ellipsoid, equation of, 201, 230, 313, 325, 328, 535, 
537 ; bifocal, 545 ; focal, 201, 230, 531; cyclic, 
527. 
circular sections of, 232, 236. 
construction of, 234. 
principal axes of, 238. 
sections of, 238. 
homologies of, and sphere, 315, 232. 
vector-constants of, 201, 236. 537. 
tangent right cylinder to, 202. 
vector expression for, 95. 
Elliptic logarithmic spiral, 419. 
Equality of points, 3, 13. 
vectors, 3. 
quaternions, 109, 115. 
vector-ares, 144. 
Equation of loci involving signs Ax. and Z, 121; 
K, 127; 8, 180, 190; V, 195, 199; T, 165, 
167, 190; U, 142. 
powers of a vector, 417. 
anharmonic of curve, 32 ; local and tangential, 39. 
of surface, 87. 


INDEX TO VOLUME I. 


Equation, vector-, of curve, 94; of surface, 94. 
See Sphere, Ellipsoid, &c. 
exponential, for spherical triangle, 404. 
in finite differences, 84. 
of algebraic form in quaternions 277 ; n* roots 
of, 292. 
of conjugation (poles and polars), 229; (linear 
functions), 485, 555. 
of second degree, homogeneous and vector, 508. 
of six segments, 21, 18. 
symbolic, for linear functions, 494, 560. 
Equi-difference of points, 4. 
Euclid, angle, 120. 
Euler, note 244, 
Evolutionary quaternion, 295. 
Examples, geometrical, on signs 7, Ax. 121; K, 127; 
R, 296; S, 180, 190; T, 165, 167, 190; U, 
142; V, 195, 199. 
depending on power of vectors, 417. 
of quaternion differentiation, 451. 
Excess, spherical, 364. 
Exponential form for sine and cosine, 266, 274. See 
under Ponential. 
equation for spherical triangle, 404. 
transformation of Taylor’s series, 473. 
Exponents, scalar, 264. 
quaternion, 274, 421. 
Exscribed or circumscribed conic, 36. 
Extensions of algebraic notation, 5, 6, 108, 123, 
256. 


Factor, or operator, 108, 135. 
Factorials, notation of, 476. 
Finite difference, 102. 
differences, equation in, 84. 
differential, 99, 432. 
Five quaternions, identical relation connecting, 563. 
vectors, 47. 
Fluxions, note 431. 
Focal property of sphero-conic, 310, 393. 
relations, notation for, 310. 
transformation of linear vector functions, 531, 
535, 538. 
equations of surfaces of the second order, 535. 
lines of cones, 545, 549. 
Foci of involution, 16. 
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Formula (A), 160. 
of congruence, 51. 
of differential, 98, 438. 
of relation between + and -, 5. 
of commutation, 7. 
of association, 7. 
of collinearity of three right quaternions, 247. 
of perpendicularity of two vectors, 325. 
parallelism of two vectors, 325. 
complanarity of three vectors, 338, 247. 
Formule of spherical trigonometry, fundamental, 400. 
Four constituents of quaternion, 242. 
points, group of, linear, 15; circular, 297. 
points, complanarity of, 14, 45. 
vectors, linear equation between, 44, 338. 
proportion of, 250. 
Fourth proportional to three vectors, complanar, 250, 
293; diplanar, 356; rectangular, 377. 
unit in space, 394, 380. 
Fraction, geometric, 107. 
Function, anharmonic quaternion, 294. 
of vectors, a quaternion, 332, 394. 
of three vectors, linear, 338. 
transcendental, of quaternions, 421, 443. 
trigonometrica], of quaternions, 424. 
linear. See Linear functions. 
Functional notation, 205, 202. 
Functions, calculus of, 205, 202. 
Fundamental formule of spherical trigonometry, 400. 


Gauche quadrilateral, 82. 
hexagon in sphere, 305. 
Generation, double, of ruled hyperboloid, 90. 
of ellipsoid, 241. 
Generatrix of ruled hyperboloid, 89. 
Geometric quotient, 107. 
inversion and alteration of, 118. 
Geometrical examples on VY, 195,199; 8, 180; Ax. and 
Z, 121; K, 127; R, 296; U, 142; SandT, 190. 
nets, plane, I. m. § 3, 20; I. um. § 5, 29; in 
space, I. ru. $4, 61. 
illustration of differential, 
vanishing quantities, 470. 
deformation, theorem of, 525. 
‘¢Géométrie supérieure,’’ of Chasles, referred to in 
notes, 16, 72, 89, 300. 


436; of ratio of 
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‘‘Géométrie de position,’’ of Carnot, referred to in 
notes, 377. 

Grammarithm, note, 336. 

Graves, C., note, 308. 

Graves, J. T., note, 276. 

Gravitation, Newton’s law of, 99. 

Group of four points, circular, 297. See Anharmonic. 

Guide-points, 239. 


Half-line or ray, equation of, 121, 142. 
Handle, versor compared to a, 336; note, 345. 
Harmonic section, 16. 
mean of two vectors, 231, 298 ; of m, 300. 
property of quadrilateral, 20. 
of pole and polar, 229. 
polar of point to a triangle, 21. 
Helix, 419. 
Heptagon, inscribed to sphere, 354. 
Hexagon, spherical, 303. 
inscribed to sphere, 305, 354. 
‘¢ Higher Plane Curves,’’ Salmon’s, notes, 37, 40, 41, 
42. 
History of quaternions, notes to, 206, 258, 262, 278. 
Hodograph, 99. 
Homographic division, 16. 
figures, plane nets are, 31; nets in space are, 79. 
property of ruled hyperboloid, 89. 
Homologies of ellipsoid and sphere, 315, 232. 
Homology, centre of, 60; plane of, 60. 
Homosphericity, equation of, 354, 
Hydrostatics, 483. 
Hyperbola, 33. 
Hyperbolic paraboloid, 93, 96. 
Hyperboloid, ruled, anharmonic equation of, 88, 
vector expression for, 95. 
Hypotenuse, proof of theorem of square of, 212. 


I, symbol for index of right quotient, 187. 
is distributive, 206. 
Ax. = IUV, 203. - 
IV =V, 335. 
t, J, k, laws of, II. 1. § 10, 157, 344. 
quaternion in terms of, 242. 
vector in terms of, 344. 
early use of, notes, 160, 345. 
Identification of a right quaternion, with its own 
index, III. 1. § 4, 881; note, 193. 
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Identity connecting three vectors, 337, 344, 375, 
426. 
four vectors, 376. 
five quaternions, 563. 
six spherical arcs, 377. 
on square root of quaternion ( pq?)?, 316. 
Illustration of differential and difference, 434, 436. 
ratio of vanishing quantities, 470. 
a quaternion, 113. 
Imaginary, intersections, note, 87, 223. 
roots of equation of algebraic form, II. 11. § 4, 
289. 
interpreted as geometrically real, 133. 
of algebra, 224. 
roots and directions of linear vector functions, 
515. 
Imponential, 274. 
Indeterminateness of interpretation of V — 1, 133. 
of versor, 139. 
vector-arcs, 145. 
null quaternion, 120. 
directions of linear vector function, 501. 
Index of right quotient, II. 1. § 5, 122. 
symbol of, 187. 
equals right quotient, III. 1. § 4, 331; note, 193. 
Indices of right quotients, quotient of, 175. 
sum of, 206. 
product of, 329. 
Infinity, line at, 27. 
circular points at, note, 516. 
Inflexional tangents to cubic, 37. 
Inscription of polygons in a sphere, 354. 
Integral, definite, 368, 482. 
scalar and vector, 482. 
Integration, 482. 
Interpretation of a product of vectors as a quaternion, 
III. 1. §1, 321, 337, 394. 
of V — 1, 133, 258. 
Intersection, imaginary, note, 87, 223. 
real, 220. 
of line and plane, 47. 
of two planes, 338. 
Invariants, quaternion, 491, 506. 
Inverse or reciprocal of a vector, II. 1. § 7, 293. 
a quaternion, 122; differential of, 439. 
similitude, 115, 129. 
of line, 296; of circle, 296. 


INDEX TO VOLUME I. 


Inversion and alternation, 4, 118, 144. 
geometrical, 293. 
of linear vector function, 485. 
of linear quaternion function, 557. 
Inversor, 135. 
semi-, 135. 
Involution, 16. 
double, 72. 
in space, 295, 300. 


K introduced, 124. 
-examples on, 127. 
differential of Kg, 455. 


Lacroix, referred to in notes, 473. 
Lagrange, referred to in notes, 441, 472. 
Law of the Norms, 173, 244. 
‘‘ Lectures’? referred to in notes, 160, 206, 219, 304, 
311, 315, 345, 354, 380, 479, 525. 
Left-handed, 111. 
tion. 
Lemniscata, 286. 
Length, 163. 
of two lines, relative, 111. 


See Convention respecting rota- 


‘¢ Letters on Quaternions,’’ note 311. 
Limiting ratios, 469. 
Line,* expressed by Z and Ax., 121; K, 127; U, 
142; V, 195. 
anharmonic equation of, 26; coordinates of, 27. 
symbol of ternary, 56; anharmonic, 57; quinary, 
62. 
vector expression for, 15, 94 ; equation of, 195. 
number added to, 335; point, 5. 
at infinity, 27. 
half-, 121, 142. 
rational, 29. 
reflexion of, 129. 
intersection of, and plane, 47; and sphere, 220, 
223. 
of intersection of two planes, 338. 
Lines, relative length and direction of two, 111. 
Linear equation between two vectors, 12. 
three vectors, 13. 
four vectors, 44, 338. 
five quaternions, 563. 
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Linear vector function, inversion of, 485. 
form of, standard trinomial, 486; binomial, 
498; monomial, 501, 505; cyclic, 520, 
528, 535, 588; bifocal, 545; focal, 531, 
538, 535, 538. 
conjugate, 485. 
self-conjugate, 513, 519, 525. 
non-conjugate part of, 492. 
auxiliary (), 485; (x), 496. 
derived, 551. 
symbolic cubic of, 494. 
with equal roots, 500. 
unequal real roots, 509. 
imaginary roots, 515. 
with depressed equation, 501, 505. 
number of constants in, 486, 530. 
powers of, 491. 
system of lines and planes related to, 512. 
dimensions of, 488. 
quaternion function, 485, 555. 
number of constants in, 556. 
standard quadrinomial form of, 566. 
symbolic biquadratic of, 560. 
Local equations, 39. 
Loci, equations of, involving Z, Ax, 121; K, 127; 
R, 296; S, 189, 199; T, 165, 167; U, 142; 
V, 194, 199. 
powers of a vector, 417. 
Locus, Apollonian, 130, 165, 191. 
Logarithm of quaternion, IT. 11. § 4, 268, 275, 421. 
Logarithmic spiral, 418. 


Mean point, projection ot, 19, 81. 
of gauche quadrilateral, 82. 
complex, 85. 
of partial systems, 83. 
proportional between two vectors, 251. 
of two vectors, harmonic, 298; of m, 300. 
of m vectors, simple, 81; complex, 85. 
Mixed transformation of linear vector function, 545. 
Mobius, referred to in notes, 22, 31, 65, 79, 61, $2, 
66, 77. 
Monomial form of linear vector function, 501, 505. 
equations of circle and sphere, 355. 
Mourey, note, 278. 


* The word line is frequently used for vector in the Elements, 


576 


Multiplicand, 147, 110, 159. 
Multiplication of vectors by coefficients, 9. 
of quaternions by coefficients, 119. 
definition of, 116. 
is not commutative, 147. 
is doubly distributive, 219, 212. 
is associative, 245, II. 111. § 2, 308. 
reduced to multiplication of versors, 172. 
of versors illustrated by vector-arcs, 147. 
of i, J, & 159. 
of vectors is associative, 337. 
Multiplier, 147, 110, 159. 


N, symbol for norm, 130. 
Nq, differential of, 455. 
Negative unity, square of right radial, 132, 203. 
square root of, 133, 224, 253, 289. 
square of vector, 345. 
Net, plane geometrical, 20, 29; in space, 61. 
Nets are homographic figures, 31, 79. 
Newton, Principia, note, 97, 431, 471. 
Non-commutative multiplication, 147. 
addition, 156. 
Non-conjugate part of linear vector function, 492. 
Non-scalar, 110. 
Norm, 130, note 128. 
of sum, 189, 219, 476. 
differential of, 455. 
Norms, law of the, 178, 244. 
Normal, cyclic, of cones, 183. 
of ellipsoid, 232, 235. 
Notation, functional, 205, 202. 
simplification of, 334. 
extended meaning of algebraic, 5, 6, 108, 123, 256. 
for focal relations, 310. 
of factorials, 476. 
See Symbol. 
Null quaternion, 125, 139. 
vector, 3. 
vector-are, 146. 
Number of points of construction, 22, 73. 
signless, 111, 170. 
added to line, 335. 
of constants involved in linear vector function, 
486, 530; quaternion, 556. 
Numbers, name ‘“Norm’’ borrowed from theory of, 
note, 130. 
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Oblique cone, 183; note, 181. 
quotient, 321, 337. 
Ohm, note, 276. 
Opening, spherical, 366. 
Operation, characteristic of. See Symbol. 
Operations, calculus of, 202. 
Operator or factor, 108, 135. 
v notes, 548, 554. 
Opposite quaternions, 126. 
vectors, 3. 
Order of curve, &c. See Degree. 
of factors, indifferent when one is scalar, 119. 
generally important, 147, 153, 158. 
Origin of vectors, 12. 
Oval, 279. 


P, symbol for ponential, 268. 
Parabola, inscribed to triangle, 34. 
Paraboloid, ruled, anharmonic equation of, 93. 
vector expression for, 96. 
Paradox, apparent, 149. 
Parallelepiped, volume of, 247, 338. 
Parallelism, condition of, 325. 
Parallelogram, area of, 246. 
spherical, 388. 
Parameters in vector equations, 94. 
Partial differentiation of a vector, 101. 
of a quaternion, 446. 
sign for, 35. 
successive, 479. 
Parts, right, or right quotients, or vector parts, distri- 
butive addition of, 204. 
Pencil of lines, 23, 807; planes, 57. 
Pentagon, inscribed to a sphere, 351. 
Permutation, cyclical, of quaternions under §, 248, 
300": Of Js 1, ck Od. 
Perpendicular, from point on line, 179, 194, 427. 
on a plane, 180, 342, 353. 
Perpendiculars, of triangle, spherical, 217. 
Perpendicularity of two vectors, condition of, 325, 
345. 
Plane, expressed by symbol Z, 121; Ax., 121; K, 
127; T, 165,167; U,143; S, 180. 
vector expression for, 24, 94. 
anharmonic equation of, 56. 
quinary symbol for, 53. OP 
scalar equation of, 180. aes 
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Plane, through three points, 344. 
polar, of point to sphere, 228. 
geometrical nets, 20, 29. 
rational, 54. 
of quaternion, 111. 
and line, intersection of, 47. 
Planes, condition of concurrence of four, 57, 342. 
cyclic of cones, 183 ; of ellipsoid, 232. 
line of intersection of two, 338. 
system of, related to linear vector function, 512. 
Point, symbol of a, quinary, 51; ternary, 25; qua- 
ternary, 55. 
mean, of triangle, 19. 
of gauche quadrilateral, 82. 
in general, 81. 
addition of vector to, 5. 
Points, difference of two, 3. 
equi-difference of two, 4. 
condition for three on a line, 14. 
four in a plane, 14, 45. 
five on a sphere, 354. 
of plane construction, 17, 22. 
of first construction in space, 61. 
of second construction in space, 62; table of 
types, 75; diagram of, 78. . 
group of linear, 15; in space, 294; circular, 297. 
rational, in a plane, 29 ; in space, 54, 79; types 
of, 55. 
circular, at infinity, note, 516. 
Pole and polar of a sphere, 228. 
of plane curves, 35. 
Polygon, area of spherical, 368. 
inscribed in sphere, 347. 
spherical sum of angles of, 415. 
exponential equation for spherical, 404. 
Polynomial equations, 277. 
Poncelet, Traité des Propriétés Projéctive, referred to 
in notes, 60. 
Ponential of a quaternion, II. 11. § 268. 
Position, vector of, 100. 
Positive or signless number, 170; note, 111. 
Power of a vector, a quaternion, 396, 399. 
equation of loci involving a, 417. 
transformations of, 420 ; development of, 476. 
differential of a, 451. 
Powers of quaternions, 264, 274, 421. 
of linear vector functions, 491. 
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Pressure, hydrostatic, 483. 
Principal root of quaternion, 259. 
cube-root, 257. 
amplitude, amo, 263. 
axes of ellipsoid, 238. 
section of quadric, 525. 
Principia, referred to in notes, 97, 431, 471. 
Principles adopted from algebra, 108. 
Product, of quaternions, defined, 109. 
conjugate of, 173. 
differential of, 451. 
reciprocal of, 173. 
scalar of, 187, 245. 
tensor, 171. 
vector of, 245. 
versor, 171. 
of two quaternions, 109, 116, 171. 
of two vectors, interpreted, III. 1. § 1, 321. 
of vectors, 337, 346, 394. 
of two rectangular vectors, 333. 
of indices, 329. 
of sides of a triangle, 348. 
of sides of an inscribed polygon, 347. 
Projection of mean point, 19. 
stereographic, 311. 
of closed figure, 8. 
of line, 179. 
Property, associative, of addition, 7, 207, 304 ; 
of multiplication, 159, 245, 308, 337. 
commutative, of addition, 6, 176, 207. 
distributive, of multiplication, 9, 212, 219. 
harmonic of quadrilateral, 20. 
Proportion of vectors, 118, 175, 250. 
continued, of vectors, 251, 256. . 
mean, of vectors, 251. 
Proportional, fourth, to three complanar vectors, 250. 
diplanar vectors, 362. 
rectangular vectors, 377. 
Provector, 3, 146. 
Pyramid, volume of, 247, 338. 
sign of volume, 48. 


Quadrantal rotations, 149. 
triangle, 377. 
Quadratic equation in quaternions, 281. 
vector equation, 508. 
4E 
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Quadric, ruled hyperboloid, 88, 95. Quaternion, functions of a single: 

focal and cyclic equations of a, 535. imponential, 274. 

bifocal equation of a, 545. inverse, 122. 

axes of plane section of a, 525. linear function of, 485, 555. 

See Ellipsoid and Linear vector function. logarithm, 275, 421. 
Quadrilateral, cyclic, 296, 347. opposite, 126. 

of a plane net, 31. ponential, 268. 

gauche, 82. power, 268, 274, 421. 

harmonic property of, 20. reciprocal, 122. 

area of spherical, 368. root, 259. 

product of sides of, 347. sine, 275, 424. 
Quadrinomial form for quaternion, 242. square, II. 1. § 7, 182, 141, 170, 187. 

linear quaternion function, 565. square root, 188; differential of, 452. 
Qualitative element of a quaternion, note 167. transcendental, functions of a, 421, 453. 
Quantitative element of a quaternion, notes 167, 138. | Quaternions, operations on two : 
Quantities, ratio of vanishing, 470. addition, 176, 116. 
Quaternary symbols, 55. conjugate of product, 173. 
Quaternion, as a factor or operator, 135. division, 116. 

as a fourth proportional, 357, 362. multiplication, 116, 173. 

as a power of a vector, 396, 399. product, 109, 116, 171. 

as quotient of two vectors, 110. quotient, 109, 116, 171. 

general function of vectors is a, 332, 394. reciprocal of product, 173. 

oblique quotient, 321, 337. subtraction, 116. 

product of vectors, 321, 337. sum, 176. 

number added to line, 335. Quaternions, two: 

scalar plus vector, 11, 335. are collinear, 116. 

square root of a positive plus square root of a condition of complanarity, 148. 

negative, 203. equality of, 109, 115. 

Sq + Va, 198. g?, 274, 421. 

Tq Ug, 169. Quaternions, special cases of : 
Quaternion, anharmonic, 294, 296, 350. null, 126. 

binomial, 254. radial, 131. 

development, 473. right part, 192. 

equations, 243. right quotient, 121. 

algebraic, in complanar, 277. scalar, 120. 
general algebraic, 292. vector, 335. 

evolutionary, 295. versor, 143. 

exponents, 274, 421. Quaternions, parts of : 

identities, 426, 563. amplitude, 262. 

integration, 482. angle, 119. 

invariants, 491, 506. axis, 119. 

inversion, 557. four elements of, 112, 113. 

quadrinomial, 242. index of right, 122. 
Quaternion, functions of a single : plane, 111. 

conjugate, 123. scalar, 177. 

cosine, 275, 424. tensor, 167. 

cube root, 256. vector, 192. 
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Quaternions, parts of, versor, 137. 
Quaternions, any number of : 
addition, 207. 
collinear, 210. 
complanar, 250, 116, 211. 
cyclical permutation under 8, 248. 
diplanar, 116. 
multiplication, 245, 219, 301, 308. 
Quaternions, calculus of: 
applications to plane trigonometry, 178, 197, 214, 
208. 
spherical trigonometry, 216, 209. 
history of. See History. 
Letters on, note 311. 
Lectures on. See Lectures. 
Taylor’s series adopted to, 473. 
Quinary symbols, 50. 
types, 55. 
Quotients, of vectors, 107. 
right, 121. 
quotient of, 175. 
sum of, 206. 
index of, 122, 331. 
oblique, 321, 337. 
radial, 131. 
geometric, 109. 
two, with common denominator, 109, 116. 
inversion and alternation of, 118. 
differential, 443. 
of two quaternions, 109, 116, 171. 
scalar of, 187. 


R, symbol for reciprocal, 141, 293, 328. 
Radial quotient, 131. 
right, 132. 
Radical plane, 328, 
Ratio of vanishing quantities, 470. 
Rational points, lines and planes, 29, 54, 79. 
Ray or half-line, equation of, 121. 
Reality of roots of self-conjugate function, 513, 519, 
525. 
Reals, 11, 258. 
Reciprocal of quaternion, 122; development of, 475; 
versor of, 138. 
vector, II. 11. § 7, 293. 
Reciprocity of forms, 547. 
Rectangle, spherical, note, 338. 
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Rectangular vectors, fourth proportional to three, 377. 
versors, multiplication of, 149, 157; vectors, 333. 
system of self-conjugate linear vector function, 

518, 519, 525. 
transformations of self-conjugate linear vector 
function, 528. 
Reduction of two geometric quotients to a common 
denominator, 116. 
of quaternion multiplication, 171. 
of a quaternion to a power of a vector, 399. 

Reflexion of a line, 129, 358. 
successive, 361. 

Regression, edge of, 93, 100. 

Relation connecting three vectors, 337, 344, 375, 426. 

four vectors, 44, 376. 
five vectors, 47. 

six spherical ares, 377. 
five quaternions, 563. 

Relative length and direction, 111, 138. 

Remainder of a series, 474. 

Representative angle, 151. 
arc, 148. 
point, 143. 

Resolution of vector along and perpendicular to given 

line, 193. 
along three given lines, 338. 
perpendicular to three given planes, 339, 
of quaternion. See Decomposition. 

Revector, 3. 

Reversor, 139. 

Revolution, cone of, 183; cylinder of, 195, 199. 
spheroid of, 201. 

Right-hand rotation, 119. 

Right part, 193. 
quotient or quaternion, 121. 

index of, 122. 
identification of, with its own index, III. 
1. § 4, 331; note, 193. 
quotients, quotient of, 175. 
index of sum of, 206. 
radial, 132. 
versor, as unit-line, 335. 

Root of quaternion equation of n** degree, 292. 
square, of quaternion, 188, 452. 
cube, of quaternion, 256 ; nine of unity, 291. 
n*h roots of unity, » geometrically real, 259. 

n(n — 1) imaginary, 290. 
4K2 
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Root, principal, 259. | Series, convergency of, 269, 424. 
of negative unity, imaginary symbol of algebra, remainder of, 474. 
224. of spherical parallelograms, 388. 
of zero, 316. Sign of area of plane triangle, 18. 
of equations of algebraic form, II. 1. § 5, 277. of volume of a pyramid, 48, 342. 
Rotation, convention respecting, 111, 119; notes, 49, of spherical area, 370. 
369. Signless number, tensor a, 170, 111. 
conical, 154, 359, 398. Similitude, 115. 
of solid, 361. Simplification of notation, 334. 
Rotations, composition of two quadrantal, 149. Simultaneous differentials, 431. 
theorem in, 416. Sine, exponential form for, 266, 274. 
Ruled hyperboloid, 88, 95. of a quaternion, 424. 
paraboloid, 96, 93. Solution of the exponential equation, 409. 
Space, scalar unit in, 380. 
S, symbol for scalar, 177. symmetry of, 394. 
examples on S, 180, 190. Sphere, equation of, in terms of, K, 130; S, 180; 
distributive, 185. V. 190; N, 1. 165; 1675-8" =... V4, 200. 
cyclical permutation under, 248, 350. square of a vector, 327. 
S = 4(1+K), 177. monomial, 355. 
=1—Y, 198. Apollonian locus, 130, 165, 191. 
S-1, 202. intersection of right lines and, 220, 223. 
Sq, differential of, 455. of cone and, 181. 
Sadleir, Rev. W. D., note 375. of ellipsoid and, 240. 
Salmon’s Higher Plane Curves, notes, 37, 41, 42. tangent cylinder to, 201. 
Scalar, why so called, 11. tangent cone to, 225. 
of a quaternion, 177, 186. poles and polars of, 228. 
of a product, 245. homologies of ellipsoid and, 315, 232. 
of asum, 185. diacentric, 234, 241. 
unit in space, 380. Spherical parallelogram, 388. 
integration, 482. addition, 406. 
plus vector equals quaternion, 11, 336. area, 364, 368, 482. 
Screw surface, 419. cap, 482. 
Section, harmonic, 16. conic, 182, 239, 309, 310. 
homographic, 16. excess, 364. 
Sections of cone, 181. hexagon, 303. 
of cylinder, 196, 199. opening, 366. 
of ellipsoid, 238. polygon, 414. 
of quadric, principal axes of, 525. sum, 156, 406, 415. 
circular, of cone, 183. tetragonometry, 417. 
of ellipsoid, 232. triangle. See Triangle. 
Segments, equation of six, 18, 21. trigonometry, 209, 216, 325, 358, 400. 
Self-conjugate functions, 513, 519, 525. Spheroid of revolution, 201. 
Semi-inversor, 135. Spiral, 418. 
Sense of rotation. See Convention respecting rotation. | Square of a quaternion, II. 1. § 7, 132, 141, 170, 
Series, ponential, 268. 187. 
exponential, for sine and cosine, 274, 421. of a vector, 327, 345. 
Taylor’s, 102, 473. of a right-radial, 132. 
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Square root of zero, 316. 
of — 1, 133, 224, 253, 289. 
of quaternion, 315, 367, 452. 
on hypotenuse, proof of theorem of, 212. 


Standard form for quaternions, binomial, 264; quad- 


rinomial, 242. 
for vectors, 344. 
for linear vector functions, 486. 

Stereographic projection, 311. 
Sub-contrary sections of a cone, 183. 
Subtraction of vectors, 5. 

of quaternions, 116. 

of amplitudes, 264. 
Succession, direct or indirect, 297. 
Successive differentiation, 465, 480. 
Sum of vectors, 7. 

arcual, 156, 369. 

spherical, 156, 406, 415. 

tensor and norm of a, 189, 219. 

scalar of, 185. 
Summand, 5. 
Supplementary triangle, 217. 
Surfaces, anharmonic equations of, 87. 

vector equations of, 94. 

of second order. See Quadric and Ellipsoid. 


focal and cyclic forms of equations of, 535. 


developable, 100. 
screw, 419. 
Symbol, Am. 262; Am», Amn, 263. 
L, 120; Lu, 268. 
cis, 260. 
Ax. 120; replaced by UV, 334. 
I, 187; suppressed, 334. 
i, j, &, note, 160. 
K, 124. 
1, 276. 
N, 130, note, 128. 
P, 268. 
R, 141. 
S, 177, 166, note, 127; S-'0, 202. 
T, 163, note, 131. 
U, 136; Uo, 140. 
V, 193, note, 124; V-10, 202. 
of complanarity (|||), 117. 
of intersection (OA * BC), 17. 
of focal relation (° -), 393. 
of similarity («), 115. 
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Symbol of inverse similarity («’), 115. 
for vector-arc (nq), 144. 
for spherical addition [(+)], 406. 
fs indeterminate, 133; uninterpreted, 289. 
Symbols, quaternary, 55. 
quinary, 50. 
ternary, 25, 56. 
of algebra, imaginary, 224. 
extended use of, 5, 6, 108, 123, 256. 
+ and —, formula of relation between, 5. 
notes on, 262, 334. 
Symbolic cubic of linear vector function, 494. 
biquadratic of linear quaternion function, 560. 
Symbolical or imaginary, 133, 289. 
Symmetry of space, 394. 
Syntypical points, 55. 
System of six planes, 302. 
lines and planes related to linear vector function, 
512. : 
three right versors, II. 1. § 10, 157. 


T, symbol for tensor, 163. 
examples on, 165, 167, 190. 
Tq, differential of, 456. 
Table of types of points of construction, 75. 
Tangent to a curve, 97. 
cone to a sphere, 225. 
cylinders, 201. 
Tangents, to sphere, 481. 
Tangential coordinates, 40. 
equations, 39. 
Taylor’s series, 102, 473. 
Tension, act of, 164. 
Tensor of quaternion, 167. 
of vector, 163. 
of a scalar, 168. 
of a sum, 189, 219. 
development of, 476. 
Term, 3. 
Termino-collinear vectors, 14, 343. 
complanar vectors, 45, 344. 
Ternary symbols, 25, 56. 
types, 76. 
products of vectors, III. 1. § 6, 337. 
Tetragonometry, spherical, 417. 
Tetrahedron, pyramid or gauche quadrilateral, 82 
Total differentiation, 479. 
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Transcendental functions of a quaternion, 421, 453. 
Transformations from S to T, 190. 
of U, 141. 
of equation of ellipsoid. See Ellipsoid. 
of linear vector functions, 528. 
of powers of vectors, 420. 
of quaternions, 356. 
exponential, 473. 
Transport, 4. 
Transvector, 3, 147. 
Transversal, triangle cut by, 21. 
of spherical triangle, 362. 
Triangle, plane, harmonic relations, 21. 
conics and, 32. 
product of vector sides of plane, 348. 
spherical, area, 364, 
exponential equation, 404. 
sum of angles, 406. 
Trigonometry, plane, fundamental formula, 214; 178, 
197, 265, 272. 
S and V, 208. 


spherical, fundamentalformula, 216; 357, 325, 400. 


Sand V, 209. 

solution of the exponential equation of, 409. 
Trigonometrical functions of a quaternion, 424. 
Trinomial form for vectors, 344, 242. 

linear vector functions, 486. 
Types of points of construction, 55. 


U, symbol for unit-vector, 136. 
for versor, 137. 
examples on, 142. 
Ug, differential of, 456. 
Ultimate ratio, 469. 
Uninterpreted symbol, VA 1.2489: 
Unit-vector, 120. 
conception of right versor as, 335. 
sphere, 120. 
in space, scalar, 380. 
Unity, particular case of radial quotient, 132. 
negative, inversor, 135. 
square of right radial, 132. 
square root of, 133, 224, 253, 258, 289. 
cube root of, principal, 258. 
nine cube roots of, 291. 
geometrically real n** roots of, 259. 
geometrically imaginary n*‘* roots of, 290. 
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V, symbol for vector, or right part, 193; =IV. 335. 
examples on, 195, 197, 199, 208. 
distributive character of, 204. 
q=S8q+ Vq, 193. 

V=1-S=}(1-Q4), 197. 

Vq, differential of, 455. 

Vanishing quantities, ratio of, 470, 483. 

Vection, 5. _ 

Vector, definition of, 3. 
difference of points, 3. 
origin and term of, 3. 
resolution of, 194, 338, 339. 
as a factor, 335. 
trinomial form, 344. 
arc, 3. 

determination of, 144. 
ares, addition of, 147. 
is associative, 303. 
representative of a versor, II. 1. § 9, 143. 
angle, 3. 
representative of a versor, 151. 
associative property of, 304. 
angles, sum of, 156, 406. 
expression of curve, 94; of surface, 94. 
of developable, 100. 
tensor of, 1638. 
versor of, note, 137. 
scalar of, 346. 
reciprocal of, 293. 
conjugate of, 346. 
plus scalar is quaternion, 11, 335. 
is right part of quaternion, 336. 
differentiation of, 98. 
partial differentiation of, 101. 
differential of, 96. 
square of, 327, 345. 
power of, 396, 399, 420, 476. 
called imaginary part, note, 316. 
trinomial form for, 344. 
special case of quaternion, 335. 
addition of, to point, 5. 
or vector-part, of a product, 245. 
of conjugate, 197. 
equation of circle, 349, 355. 
of second degree, 508. 

Vectors, addition, is commutative, 6. 

coefficients of, 9. 
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Vectors, complanar, 340. Velocity, vector of, 99. 

complanarity of three, 338. Version, 164. 
continued proportion of complanar, 251. Versor or radial quotient regarded as a factor, 136. 
determined by three scalars, 341. of quaternion, 137; note, 124. 
division by numbers, 11. of vector, note, 137. 

by parallel vector, 10. of scalar, 139. 

by any vector, 107. of null quaternion, 139. 
elimination of, 342. of conjugate, 138. 
fourth proportional to three, complanar, 250 ; of reciprocal, 138. 

diplanar, 357 ; rectangular, 377. reciprocal of, 138. 
function, linear. See Linear vector function. conjugate of, 139. 
harmonic mean of two, 298. is power of unit vector, cf., 261. 
identities connecting. See Identity. right, as unit-line, 335. 
integrals, 482. depends on relative direction, 138. 
linear relation connecting any four, 44. of sum, 476. 
linear relations connecting any five, 47. of product, 171. 
mean between two, 251. development of, 476. 
multiplication, 323. Versors, condition of complanarity of, 148. 

is associative, 337. equation between, 409. 
null, 3. Volume, sign of a, 48, 342. 
parallel, 10, 325; perpendicular, 325, 345. of parallelepiped, 247, 338. 
product of two, interpreted as quaternion, 321. of sphere, spheric shell, 483. 
product of any number, interpreted as quaternion, 

337, 346, 394. 

product of two rectangular, 333. Maen es ae 
proportion of, 118, 175, 250. 
subtraction, 5. Zero, square root of, 316, 291. 
sum of, defined, 7. null quaternion is, 125. 
termino-collinear, 14, 348. versor of, 139. 
termino-complanar, 45, 344. Zone, area of, 482. 
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